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" Recent Investlgatlon of Température |
Recovery and Heat Transmission on Cones

and Cyhnders in Axial Flow in the N. O L
Aerobalhstlcs Wmd Tunnel |

G. R. EBER* o
L US. Ordnance Laboratory

o . ABSTRACT. :

" The Naval Ordnanice Laboratory research program on the
investigation of aerodynamiic heating effects at supersonic veloc-
ities is outlined briefly. Results of recent experimental investi-
gations on temperature recovery and heat transmission along
the surface of cones and cylindrical bodies in axial flow are pre-
sented: The experiments were conducted in the N.O.L. 40 by 40
em, Aerchallistics Tunnel at Mach Numbers between 1.5
and 5.0, inclusive, and cover the regions of laminar, transition,
and fully developed turbulent boundary-layer flow. The ex-
perimental results are comipared with analytical solutions for
temperature recovery and: heat transfer with laminar and tur-

" bulent boundary layer.  The gualitative effect of the directior of
the heat flow and the surface temperature on the limits of the
transition region is discussed in detail. .

INTRODUCTION

HE NEED FOR ACCURATE HEAT-TRANSFER DATA is
apparent if one considers that the surface of a
supersonic vehicle flying in the atmosphere with 2,500
m.p.h. or a Mach Number of about 3.4 will adopt an
equilibrium temperature of about 540°C. above that of
the ambient air, This rise in temperature is caused by

conversion of kinetic energy of the flying body into heat

by compression and friction in the boundary layer,
which increases the temperature of the air in proportmn
to the square of the speed of the flying body.

How much of the heat produced will be transferred to i
the surface depends greatly on the surface coefficient of
This coefficient in turn depends on the

heat transfer.
flow conditions in the boundary layer.  Our knowledge
of the aerothermodynamic characteristics in supersonic

Presented at the Hypersonic Aerodynamics Session, Nine-
teenth Annual Meeting, 1.A.S., New York, Ianuary 20-February
1, 1951.

* Chief of Aerobalhstlc D1v151on.

flow is rather incomplete. It is, therefore, of great
importance to investigate surface temperatures ann
heat transfer in this range in order to provide the de-
signer with the data that are needed so urgently, :
Considerable theoretical and experimental work has
been expended in recent years on the solution of the
supersonic heat-transfer problem. Despite many valu-
able results that have been obtained, however, we are =
still far from a solution of this problem, especially in the |
region of turbulent-flow boundary layers. More theo-

.retical and experimental work must be done before we

will be able to predict supersomc heat transfer reason- -
ably accurately.

Accordingly, the Naval Ordnance Laboratory

(N.O.L.) has started a comprehensive experimental and -

theoretical research program on stipersonic heat trans-
fer. The experimental program is being conducted in the
White Oak Aeroballistic Research Facility; it consists
of the following phases:
tors, (2) heat-transfer correlations, and (3) bound-
ary-layer transition:

Although this program is far from completlon, some
significant results have already been obtamcd and are
presented here :

EXPERIMENTAL FACILITIES AND INSTRUMENTATION

The principal experimental facility is a 40 by 40 cm.
aeroballistics wind tunnel. = The wind tunnel operates
with atmospheric supply pressure. A range of Mach
Numbers between 1.2 and 6.5 can be covered in this
tunnel by a set of fixed nozzles. (The tunnel, at present
intermittent, is described in detail in reference 1.)

Different models have been employed to produce
laminar, transitional, and turbulent boundary-layer

(1) temperature recovery fac- =~ -
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20° DEGREE CONE MODELS

Three 20° cone models for recoverv-factor and heat-
(a) thin-walled cone, (b) thick-walled
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Fic. 2. Cone-cylinder model.
flow. - For laminar boundary-layer flow, small cones

“have been used. Three typical 20° cone-models are
presented in Fig. 1. The first cone (a) is a thin-walled
copper cone of 0.025-in. wall thickness with several

‘ “thermocouples inserted along the skin of the cone for

surface temperature. measurements. The second cone
(b) has a thick wall of copper, the heat capacity of
which is used for the determination of the average
heat-transfer coefficients. The third cone (c) is a cop-
per cone subdivided into frustra. The latter are ther-
mally insulated from each other to avoid heat flow in
the axial direction and to allow the determination of
local heat-transfer coefficients. Except for the sub-
divided cone, cones with 10, 40, 60, and 80 deg. total
“angle were used throughout the investigation.

For transitional and turbulent boundary-layer flow,
there were employed cone-cylinder models, as shown in
Fig. 2. These models are composed of a 40° cone and
a number of cylindrical sections 2 in. in diameter, up to
2 in. longest. The cylinder can be built up to about 40
in. total length. For insulated surface-temperature
measurements, the sections are made of thermally in-
sulating material; a surface temperature element as

19852

shown in Fig. 2a can be inserted at any desired position
of the cylinder. Four cu-const. thermocouples of low
heat capacity are inserted equally spaced a.round the
circumference of the measuring element.. ‘

For heat-transfer measurements 2-in. sections of
copper rings of 1/s-in. wall thickness are used, as shown
in Fig. 2b. These sections are mounted on a heat-
insulating body. One to four thermocouples are in-
serted in the copper rings; the heat capacity of the
copper ring is used for the determination of the heat-
transfer coefficients in the same way as done with the
cones. ‘

" TEMPERATURE RECOVERY FACTORS

The surface of a body in supersonic flight will assume
its highest temperature after it has been heated up to
the temperature of the inner edge of the boundary layer.
Then the transfer of heat has become zero. This maxi-
mum temperature depends on the energy distribution
in the compressible boundary layer and is usually ex-
pressed in terms of the temperature recovery factor r.
This factor is defined as the ratio of the actual tempera-
ture rise across the boundary layer to the adiabatic tem-
perature rise. The recovery factor, in general, is a
function of the similarity parameters, Reynolds Num-
ber Re, Prandtl Number P?', and Mach Number M.
Thus,

T, — T

S R R,P,M
S J(Re, Pr )

where 7. is the temperature of the insulated surface,
T3 is the ambient air temperature outside of the bound-
ary layer, and 75 is the stagnation temperature.
According to the different energy distribution, we
must expect different recovery factors on bodies with
laminar, transitional, and turbulent boundary layer,

(4) Laminar Boundary-Layer Flow

The results of the temperature measurements with
the thin-walled cones are presented in Fig. 3. The local
recovery factor determined with the local temperature
at the inner edge of the boundary layer is plotted versus
local Mach Number M, for the various comes. The
local Mach Number was determined from the M.LT.
Tables? by disregarding the existence of the boundary
layer itself, which was considered immaterial for the
small cones. The measurements show that the tem-
perature-recovery factor is 0.845 =+ 1 per cent independ-
ent of the Mach Number in the entire range and within
the measurement accuracy in agreement with the the-
oretical value r = +/Pr, provided that the Prandtl
Number is evaluated with the physical properties of
the air at equilibrium temperature, 7.

The obvious independence of Mach Number leads to
the conclusion that the compressibility effect is the
same at all Mach Numbers in the investigated range.
It appears, therefore, that the above simple relation
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‘can be applied with confidence in predicting insulated
surface temperatures for laminar-flow boundary layer
atleast up to M = 5. It must be considered, however,
that the recovery factors are determined at low temper-
atures. It will be necessary to verify the results for
actual flight temperatures : S

The Reynolds Numbers, encountered in the cone
measurements with laminar boundary layer, presented
in Fig. 4, are ranging from 6,000 to 500,000. The

Reynolds Numbers are evaluated on 77 basis—ie.,

from the physical properties of the air at equilibrium
temiperature, the velocity v outside of the boundary
layer, and the length of the cone along an edge. The
investigations with the cones are reported in more detail
in reference 3. ' ,

Transitional and Turbulent Boundary Layer

(B)

For higher Revnolds I\umbers surface temperatures,

were measured along the cylmdncal part of the cone-
cylinder model. The local flow conditions along the
cylinder outside of a boundary layer were taken from
computations provided by the Ballistic Research
Laboratories, Aberdeen, according to a method devel-
oped by Clippinger.* Static pressure taken along the
cylinder was found to be within 2 per cent in agreement
with the data given. by Chppmger s method: -

The temperature recovery factors determined from
- the surface temperature measurements for Mach
Numbers 2.87 and 4.25 are presented as a function of
the cylinder length in Fig. 5. The experiments show
(a) that there is a separation of the data according to
Mach Number for a cylinder length larger than 7 in:
and (b) that for each Mach Number there are generally
two distinct regions—one in which a rather large varia-
tion of tlie recovery factor occurs and one in' which
the recovery factor is essentially comstant. Schlieren
photographs, taken with 0.5 microsec. flashlight (Fig.
6), show that the boundary layer is fully turbulent in
the regicn of constant recovery factors. Hence, the
front portion of the cylinder can be considered as having
transitional flow in’ the boundary layer and the rear

portion as having turbulent flow. No means of de-

termining precisely the beginning of the transition
region on wind-tunriel models has yet been found. The
value of the recovery factor 1 in. behind the leading
edge of the cylinder is 0.89. This is about 4.5 per cent
higher than the laminar value for the cones.. This high
value indicates that some turbulent motion exists al-
ready at this point. As the air moves along the cylin-
der, the turbulent motionn becomes more and more
pronounced, and the recovery factor increases until it
reaches a distinct maximum in the rear portion of the
transition zone. The highest measured values are 0,96
at Mach Number 2.87 and 098 at Mach Number 4.25.
The recovery factor then drops to its turbulent values
of 0.92 at M = 2.87 and 0.97 at M = 4.25. The data
plotted against Reymolds Number are presented in

" per cent higher than at M = 2.87:
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‘Fig. 7.. The Reynolds Numbers are determined on T,
basis in the same way as defined above. . The character-
istic length is the length of the model along the surface.
from the tip of the cone to the respective measuring =
point. - The recovery factor results from the measure-
ments on the cylinder may be summarized as follows:

(a) In the transition region the recovery factor in-
creases to a value that is above that of the turbulent re-
covery factor (an observatmn that was also made re-
cently by Stalder®).. :

(b) The recovery factor is essen‘mally constant once
turbulent flow in the boundary layer is established.

(c) The turbulent recovery factor at M = 4. 25 iS 5

(d) The Reymnolds Number of transition to turbulent

boundary—layer flow is lower for the higher Mach Num-

ber.
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T hese expenmental results dszer rrom the usual con-
cept of turbulent recovery factors deduced from ap-
proximate analyses. These analyses give the recovery

“factor either as a function of the Prandtl Number—i.e.,
r = Pr'* (as, for instance, Ackermann® and Squire”)—or
as a function of Prandtl Number and Reynolds Number
(as, for instance, Sebails) but not as a function including
the Mach Number. More data at low and high stagna-

“tion temperatures are needed to evaluate precisely the
influence of the similarity parameters Re, Pr, and M.
However, it appears that the recovery factor is consid-
erably higher than widely accepted from various analy-
ses and the few experimental data from cones with

- artificially induced turbulence. The insulated surface
temperature of supersonic vehicles with turbulent
boundary layer must be expected to be near the stag-
nation temperature. «

'HEAT TRANSMISSION =

The next question is: How much of the heat pro-
duced in a boundary layer will be transferred to the
solid surface of a body at supersonic .speed? The
measured temperature recovery factors were used to
determine the surface coefficient of heat transfer # and
the nondimensional heat-transfer coefficient Nusselt
Number Nu. ‘The Nusselt Number is, in general, a
function of the Reynolds Number, Prandtl Number,
and Mach Number; thus, ' '

- Nu = h/k = f(Re, Pr, w)

where % is the surface Coefﬁcient of heat transfer, [ is the

" characteristic length, and % is the thermal conductivity
of the air. However, in compressible flow the similarity
parameters referred to free-stream conditions are not
adequate for boundary-layer phenomena. The de-
pendence of viscosity, thermal conductivity, and specific
heat on the temperature suggests new variables that
make the experimental investigations complicated and
the comparison of the available data difficult.

Fic. 6. 40° cone- cylmder model at M = 2.87 in the N.O.L.
40- by 40-cm, Aeroballistics Tunnel.
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' '(A) Lammar Boundary- Layer Flow

Two sets of expenments have been made with la.mmar
boundary—lajy er flow on cones: -In one set, the average
heat transfer over the entire cone was determined with
thick-walled copper cones; in the other set, the local
heat transfer for each section was determmed with the
subdivided 20° cone.

Fig. 8 shows the heat-transfer data from the thlck—
walled copper cones in nondimensional form as Nusselt
Number versus Reynolds Number, The physical prop-
erties of the air are again evaluated at equilibrium
temperature and the velocity at the outer edge of the
boundary layer. The data are obtained for heat flow
in both directions—that is, into and out of the wall of
the cone. The wall temperature, on the average, was
either 25°C. below or above the equilibrium tempera-
ture. Local Mach Numbers at these measurements
ranged from 0.88 to 4.65, inclusive. The data show
that the difference between heating and cooling is small.
As in the case of the recovery factor, no influence of
Mach Number was found. The data can be well rep-
resented by the analytical solution for average heat
transfer over cones, as given in ‘referenceQ,

?\fuav = (.767 Re*3Pr'/

In a similar way, the local values of the heat transfer,
shown in Fig. 9, have been determined for the sub-
divided cone in a range of local Mach Numbers from
1.42 to 4.22. These data show even less evidence of a
separation with respect to heat-flow direction. Again,
the data can be well represented by the corresponding
analytical solution for local heat transfer—viz,,

= 0.575 Re*Pr'”

From these measurements we may conclude that
application of the above heat-transfer correlations to
predict supersonic heat transfer in laminar boundary-
layer flow with reasonable accuracy is justified up to
Mach Numbers of about 5. However, data at higher
wall temperatures and higher supply air temperatures
are still needed to verify the result in the hlgh tempera-
ture range. :

(B) Transitionsl and Turbulent Boundary Layer

The heat transfer for tranmsitional and turbulent
boundary layer was determined with the cone-cylinder
models. The recovery factor for each location along
the cylinder observed under identical flow conditions
was applied for computing the local heat-transfer co-
efficients from the wall-temperature measurements.
These heat-transfer coefficients were converted into
Nusselt Numbers, in the same way as for the laminar
boundary layer, by use of the equilibrium temperature
as reference temperature for the thermal conductivity.
The data, at M = 2.87, were taken with a model made
up of 2-in. copper sections, thermally insulated from
each other. With this arrangement heat transfer occurs
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over the full model 1ength the surface being at uniform
temperature within +5°C. Again the heat transfer is
measured for heat flow into and out of the cylinder wall

at a wall temperature about 25°C. below and above
- equilibrium temperature, respectively. Fig. 10 shows’ -
the. relation: between Nusselt Number and Reynolds:

Number, Contrary to the result fof cones with laminar
 boundary-layer flow, the change in the direction of the
heat flow produces roughly 100 per cent change in the
amount of heat transferred in the transitional, as well as
in the turbulent, flow region. The question whether the

separation of the data is due to the direction of heat -

flow or due to the difference in wall temperature cannot

be answered from these experiments.. Data in a larger

range of wall temperatures are necessary to answer this
question.

The data from the starting sectxon of the cylmder for
the cold model seem to follow the equation for laminar
flow over a flat plate as given by Crocco.’® Taking into
account the ratio of wall temperature and ambient tem-
perature for the flow conditions prevailing on the model
in the wind tunnel the equat:on reads

Nu = (. 293 Reb- "’Prv #

The data for the heated wall indicate an appremable
amount of turbulent motion in the boundary layer. . In
the turbulent-flow region, the heat transfer for heat flow
from the wall to the air follows closely the turbulent
correlation of heat transfer as derived from the momen-
tum-heat transfer analogy by Colburn'* for subsonic
velocities—viz., :

Nu = 0.029 Re®*Pr'?

The data compiled so far are not sufficienit to make any
final conclusions, The data, however, indicate that
small changes of temperature distributions in the bound-
ary layer near the wall are likely to cause large changes
in heat traunsfer.: This is one reason for the nonuni-
formity of the available heat-transfér data. From the
data that we have we must conclude that we cannot ex-
pect a high accuracy in predicting turbulent heat trans-
fer. The application of the well-known Colburn corre-
lation for practical design purposes will give fairly ac-

curate data up to Mach Numbers of about 5, as was -

found at free-flight tests by Fischer and Norris.’? " In the

higher Mach Number region, however, predictions are

uncertain, as recently pointed out by Kaye,” who at-
tempted to determine temperature distributions in a
wing flying at supersonic speeds.

TRANSITION OF THE BOUNDARY LAYER

Considerations of the stability of a laminar boundary
layer are of considerable practical interest because of
the large change in equilibrium temperature, as well as
in heat transfer, associated with the change of bound-
ary-layer flow. Boundary-layer theory shows that
there is a principal difference between subsonic and
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supersonic flow. Whereas in subsonic flow instability
of a boundary layer will occur in all cases for sufficiently
high Reymnolds Numbers, i1 supersonic flow there exists
a critical Reynolds Number above which a boundary
layer will stay laminar.  If the prediction as given in a
theory by Lees and Lin'* %3 is correct, radiative cooling
might be sufficient in partlcular cases to keep a bound-
ary layer laminar.
In Fig. 11, the Reynolds Number of transition which

can be observed in a wind-tunnel test is plotted as a
function of the ratio of wall temperature, T, to ambient
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air temperature, 74, for ratios 7,/7; between 2.3 and
3.0. The transition Reynolds Number increases by a
factor of about 3 when the wall temperature is lowered
over about 100°C. A wall temperature for which a
boundary layer stays laminar over the entire length of
the body has not yet been established.

CONCLUSIONS

The experimental investigations of temperature re-
covery, heat transmission, and boundary-layer transi-
tion in the N.O.L. Aeroballistics Wind Tunnel have
shown the following:

(1) Temperature-recovery factors in a laminar-flow
boundary layer, measured on small cones with total
angles between 10° and 80°, have been found tobe inde-
pendent of Reynolds Number and Mach Number in a
range between M = (.88 and 4.65 and can be repre-
sented by the square root of the Prandtl Number for a
Prandtl Number evaluated at wall conditions.

{2) The transitional recovery factor rises with
Reynolds Number to a maximum that is higher than the
turbulent recovery factor for the same Mach Number.
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(3) The turbulent recovery factor obtained from

“temperature measurements on cylinders at M = 2.87

and 4.25 is found to be independent of Reynolds Num-
ber but 5 per cent hlgher for M 4.25 than it is for
M = '

4 The Nusselt-Reynolds relation for heat transfer
with laminar boundary layers, determined from cones
at Mach Numbers between 0.88 and 4.25, can be
represented by known correlations. No influence of
Mach Number and little influence of the d1rect1on of
heat flow has been found.

(3) Transitional and turbulent heat transfer for a
cone-cylinder model at M = 2.87 shows separation of
the data according to the direction of the heat flow,
There are not sufficient data yet to approve or dis-
approve existing approximate analyses.

(6) All the experimental data on temperature re-
covery and heat transfer are taken between -350°
and +50°C. Verification of the data at higher tem-
peratures will be indispensable for practical applica-
tions.

(7) The Reynolds Number for trans:tlon to turbulent
boundary-layer flow becomes lower for higher Mach
Numbers, For a constant Mach Number, this
Reynclds Number increases as the model wall becomes
cooler. '
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The Lift, Rolling Moment, and

Pitching Moment on Wings in
Nonunmiform Supersonic Flow’

HENRY L. ALDENt anp LEON H. SCHINDELft
Massachusetts Institute of Technology

SUMMARY

A method is developed for comptiting aerodynamic coefficients
of wings in arbitrary nonuniform supersonic flows. = It is shown
that lift, pitching moments, and rolling moments can be obtained
by single integrations without calculation of pressure distribu-
tions as an intermediate stage.. Application of the method to
wings with supersonic leading and trailing edges is formally simi-
lar to conventional strip methods but gives results that are cor-
rect within the limits of three-dimensional linearized theory.

NOMENCLATURE
a = tangent of sweepback angle of leading edge
b = wing span
¢ = wing chord at root
d = tangent of sweepforward angle of trailing edge
e, f = = intersection of Mach line and leading edge
! = rolling moment
m = pitching moment
q = dynamic pressure (free stream)
t = parameter locating spanwise position of upwash pulse
% = velocity perturbation in x-direction
7 = velocity perturbation in y-direction
w = upwash velocity perturbation in z-direction
wp = upwash due to pulse
x ="chordwise coordinate on wing
y = spanwise coordinate on wing
z = vertical coordinate
A.R. = aspect ratio
Cr = lift coefficient
Cp. = pressure coefficient
F(t) = influence function for lift
L = lift
M = Mach Number (free stream)
P(t) = pitching moment influence function
R(t) = rolling moment influence function
U = free-stream velocity
ay = local stream angle at wing tip
g = vVmr-1
1 = spanwise coordinate on wing
£ = chordwise coordinate on wing
© = perturbation velocity potential

INTRODUCTION

’ l VHE' COEFFICIENTS OF LIFT AND PITCHING MOMENT
of supersonic aircraft are known to be affected ap-

Received July 19, 1951.

* This work was carried out as part of the Guided Missiles Pro-
gram (Project Meteor) at the Massachusetts Institute of Tech-
nology and was sponsored by the Bureau of Ordnance of the Navy
Department.

t Naval Supersonic Laboratory.

preciably by downwash flows over tails and aft wings.
In cases where there are stringent requirements on con-
trol and stability of the air frame, these effects must be
included in any accurate performance estimate of wing-
tail combinations. Much work, both theoretical and
experimental, has been carried out on various phases of
the problem, including studies of pressure interference
between wings and bodies and between vertical and
horizontal surfaces of cruciforms, and investigations
into the structure of flow fields behind lifting surfaces.?
If a flow field is known, the problem of downwash effects
is resolved into the calculation of aerodynamic coef-
ficients of tail surfaces that operate within the nonuni-
form supersonic flow. In principle, this calculation
can be carried out by integrating fundamental solutions
of the wave equation? to obtain pressure distributions
and, hence, the aerodynamic coefficients; in practice,
the labor required is enormous. This report deals with
the problem by developing a simple method for the
direct computation of lift, pitching moment, and roll-
ing moment without recourse to the intermediate stage
of pressure “distributions. The general approach em-

‘ploys the idea of lifting strips, as presented by Lager-

strom and Van Dyke? for the case of straight trailing
edges.

Basic EQuATiONs

The theoretical derivation is subject to the restric-
tions of nonviscous linearized theory and is based on the
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standard form of the wave equation for the velocity
potential of small disturbances,

L 0% Q% D%
B ow "oy o Y L

where 0p/0x = u, Op/dy = v, and 0¢/dz = w. The
flow is represented as a stream of velocity U in the x-
direction (see Fig. 1) with perturbations » and w. The
absence of a perturbation in the x-direction (%) implies
a constant-pressure field and no variation of v or w in
the flow direction, a situation that physically corre-
sponds to a downwash field several chord lengths be-
hind a wing or at least far enough downstream for the
flow pattern to have stabilized. Associated with the
field is a velocity potential that satisfies Eq. (1). In
this field is placed a thin airfoil that will disturb the
field in a manner determined mathematically by a
second potential also satisfying Eq. (1). It is this
second potential that will describe the pressures and
aerodynamic behavior of the airfoil and which will be
termed the wing potential ¢ for the purpose of theoreti-
cal development.

The airfoil surfaces under consideration are taken as
flat planar surfaces with supersonic leading and trailing
edges, as well as tip edges that are aligned with the
stream. Within these limitations the wing may have
arbitrary angles of leading-edge sweep, trailing-edge
sweep, and aspect ratio.

The boundary conditions are thus set up for flat
plates, since the increments due to thickness are addi-
tive and can be treated independently. In the plane
of the wing, the flow field has an upward velocity w(y)
and a lateral velocity v(y) which are constant in the
chordwise direction; to ensure that flow over the wing
is tangent to the surface, it is sufficient to specify that
the vertical velocity of the wing potential cancels the
vertical stream velocity or

w(y) + (0p/d5) =0 @)

on the wing in the plane z = 0. Off the wing in the
z = 0 plane, the pressure will be zero.>* Since C, =
—2u/U = 0, ’

% = Jp/dx = 0 3)

off the wing in the plane z = 0. Provided there are
no subsonic edges, Eq. (1), with the boundary condi-
tions expressed in Egs. (2) and (3), determines a wing

‘potential that will vanish at an infinite distance from

the plane of the wing. For the present purpose, the
argument is carried through for wings with supersonic
leading and trailing edges, as indicated in the typical
plan form in Fig. 1. The problem, as stated here, is
completely equivalent to a warped wing in a uniform
flow if small chordwise strips are inclined to the stream
at various angles equal to w(y)/U.

By superimposing fundamental source solutions to
Eq. (1), several authors have been able to demonstrate
that full solutions to the above problem can be expressed
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formally as integrals.. The lift, for example, can be
written as a triple integral with variable limits. The
wing potential, a double integral over the fore-cones of
Mach lines, is given as?

@(x’ y) = \/ (4)
’r 4 Vie—§— By — )
where g(£, 1) = upwash distribution function.” Sample
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areas of integration which would give the ﬁoténtial on
the trailing edge are indicated in Fig. 2, showing that,
for points (x, v) not influenced by tip Mach lines, the
region 4 is the Mach fore-cone, whereas in tip zones
the region is modified as shown. To evaluate the lift
in a field of arbitrary vertical velocities by pursuing
this method is generally impractical: A different ap-
proach is desirable.
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centerline). (¢) P(¢) = pitching moment influence function
(about the mid-chord).
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It is assumed that the upwash can be divided into
elements, ‘as indicated in ‘Fig. 3, with the ‘objective of
computing the increment of lift from a representative
element. "~ The total lift .results from the proper addi-
tion of increments. Specifically, an upwash element or
pulse of unit strength, w,éyp = 1, is placed at spanwise
station, n = £, while everywhere else w = 0.  The
pressure disturbance will spread over the Mach cone
from the leading edge and will produce, upon integra-
tion, an increment of lift which evidently will be a func-
tion of the pulse position ¢ and the geometry of the wing.
The methods of solving for the influence of a single
pulse are relatively simple and stem from application of
the formal solution of Eq. (4) and formulas derivable
from it. For given plan forms, the lift due to a unit
pulse at # can be expressed as F(¢), the integral of pres-
sure over the disturbed region. The total downwash
is a continuous distribution of pulses of various strengths
w(t)di at various positions along the span, with the re-
sult that, if the lift increment is written

dL = [w(t) dt] F()

it follows that the total lift is

b/2

L = f F()w(t) dt (5)
— (/2

The function F(¢) is the influence function for lift;

once it is known for a given plan form, the computation

proceeds by determining the area under a single curve,

a process similar to approximate strip theories.

INFLUENCE FUNCTION FOR LIFT

This computation is most easily carried out by use of
an expression for pressure coefficient derived from Eq.
(4). When the downwash is constant in the chordwise
direction, as assumed here, Mirels® demonstrates that
the difference in pressure coefficients between.the top
and bottom surfaces at a point (x, y) is given by a single
integration

4 (7 h(n)dn
AC(x, ) = —

6
UrJe V(s — 8= By —n)? ©

where % () = upwash velocity = w, and where the
typical paths are along the leading edge between e and
f on Fig. 4. The unit pulse, w,éy = 1, results in zero
upwash except for an extremely narrow zone &y at 7 =
t; at this point, £ = an = af. The radical is substan-
tially constant over the range of ¢ to ¢ + &7, and there-
fore Eq. (6) can be evaluated at once as

4 1 .
AC,(x, y) = ﬁr |:—\/(x —ab)? — By — t)2:| @)

The regions of influence of the pulse in the central and
tip regions are shown in Fig. 5. As a result of the spe-
cial integration limits in the tip area, there is a section
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where the pressure cancels and the value of AC, is zero,
not that given by Eq. (7). *The resultant lift is the
influence function and is given by :

F(1) =gf/3j AC,,dxdy’=

4q dxdy
Ur fﬁ Vi —at)? — By — )2

Fig. 5 shows sample areas of integration. The plan-
form characteristics—chord, span, and leading- and
trailing-edge sweep—will define the exact areas B for a
given Mach Number and will thus determine the shape
of the curve F(f). However, it is significant to note
that in any case the areas B are simply Mach cones
starting at the leading edge and spreading to the trail-
ing edge; near the tip, the Mach line reflects back from
the tip edge. Thus, if the flow were coming from the
opposite direction, these areas would represent the
fore-cones of points on the downstream edge. This
suggests that F(¢) is also the solution to a reverse flow.

(8)

Let it be assumed that there is a reverse flow over
the wing of Fig. 5 at the same Mach Number. Refer-
ence to the integral of potential of Eq. (4) and its areas
of integration in Fig. 2 shows that the areas B of Fig. 5
are fore-cone areas of integration for calculating a re-
verse flow potential at the downstream edge. It iscon-
venient to note in this connection that spanwise loading
is related to the wing potential at the trailing edge
by

dL T.E.
— =q f ACydx =
dy L.E.

49 f TRoe Y
_— I ax = — Tailing
U Jvre ox  ©(Trailing Bde)

A comparison may be made between the influence
function, Eq. (8), and the spanwise loading for a uniform
reverse flow with unit constant upwash. Using Eq.
(4) with g(¢, %) = 1 and using the coordinate system of
Fig. 5 in which the downstream edge for reverse flow is
defined by x =.ay, the resulting span load is

dL 4q dedy
oLy =2 f
ay Uwf 5V(§ — ay)? — Bn — 3)*

By comparison, the function dL/dy(y) is identical with
F(¢). The influence function for lift is, then, the span
loading of the reversed wing flying at a constant angle
of attack. The span loadings for wings of various
plan forms are available,® and they can be used directly
to obtain the influence function, F(). For generalized
trapezoidal wings it is given below. The wing is split
into three spanwise zones, as shown in Fig. 6, having
associated with them, respectively, three formulas for
the influence function.

(9)
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ForZomI:

(c—ai—dt)cosl[ﬁ ——ﬁ(c—at—dt)]+

o~ e
) (c — azf - d;:) cos™1 l-L- - (8 — &) :l} (10)

R B((; — at + di)
" For Zone II:
Fu(l) = ‘ U\/B?— (¢ — at — df) 4 B ' : \ (11)
For Zon@ Iir: o : o , ’
e 4g6-a5-d5 T BtaG—2207, o= 20+ d—db—ap) LT
FHI(i) { _\/62 = Ccos [1 C—i(lt— dt :I —+- “/ . 8 —d - (b —_ 21:)2}’ (12)

: If the \Iach lines from the tip and the root ov: erlap, the mﬁuence function in the overla,ppmg region is"

F@i) = Fl(t) -+ FIII@) - Fn(i)

ExAaMPLE OF Lm CALCULATION

In general application, the lift is computed from Eq. (5) by multiplying the curve F(¢) by w(f) and measuring
the included area graphically. However, for illustration, an example is chosen which can also be calculated:
analytically. Consider a rectangular wing of aspect ratio 2 or greater [for which F(¢) is found by lettingae = d = G
in Egs. (10), (11), and (12)] in a field of linear symmetric upwash (Fig. 7). Thus, for the right half-wing,

Fi(t) = Fn(ff) = 4qc/UB

Lt O ) IR CCR R Rl
U &= ’ ¢ ¢
and w(zf) = [Uag. G/2)1
The product of F() and w(t) is shown by the dotted curve in Fig. 8 and encloses an area that can be evaluated
analytically to give - , ,
o9 b2 '

Cp = gTic FHw(t)dt

= : tdt - 11 —{— — 2 ,
s 1 ‘ ,+ 8b* fcbfzi—(cfm?f o8 ¢ ST
ETE.
. c [4 c . [ ’
= 2ar/B){1 = (1/BAR) + [1/2(BA.R)?]} ‘ o

Lagerstrom and Graham’ treated this case, with the same result, by integrating the pressure coefficients. In
addition, the actual span loading that they obtained is plotted in Fig. 8 for comparison with the product F(f)w(z).
Although both yield the correct lift coefficient upon integration, only the true loading curve could be used to com-
pute the bending moment about the wing root chord, since an attempt to treat F(f)w(t) as a load distribution curve
obviously would produce an erroneous bending moment and is unjustified. Similarly, treating F(#)w(t) as a load
distribution curve in general will not correctly give the roll moment on a wing in a nonuniform stream. To com-
pute roll moments in nonuniform fields it is necessary to use a roll moment influence function analogous to the
1lift function. :

INFLUENCE FUNCTIONS FOR ROLL MOMENTS.

By similar methods it is possible to derive a rolling moment influence function R(#) such that the total rolling
moment around the root chord of a wing is ~

b/2. o
| I = f b2'w(t)R(t)dt , (13)




12 JOURNAL OF THE ABRONAUTICAL SCIENCES—JANUARY, 1952

Consider the contribution to réHing moment due to the unit pulse of Fig. 3. . The pressure at each point within
the disturbed region must be multiplied by its moment arm y and then integrated over the area. _ The pressures
~ are given by Eq. (7) The contribution of a pulse at station { to the rolling moment is now '

ff Ve — aydxiin 2y — )2 - i (14)

‘The integration areas are again those of Fig. 5. As before, this expression is to be compared with the span loading
of a reverse flow. This time the reverse flow contains a linear variation of vertical velocity along the span and is
zero at the root with a slope of one——that is, g(§, n) = 7 in Eq. (4). Again using the coordinate system of Fig. 5,
the span loading in reverse flow is o ‘ ' o

q i nd Edn : ' =
d}’ Q”,f'/i; VI(E — ay)? — By — ) 19

Since the limits of integration are those used previously, Eq. (15) is the same function as Eq. (14). The flow de-
scribed by Eq. (15), or the roll influence function, is equivalent to the span loading of a reverse uniform flow in
which the wing is rolling at 1 rad. per sec. The span loadings on rolling trapezoidal wings have been calculated
by Lagerstrom and Graham.” :

Referring to the zones of Fig. 6 and the work of Lagerstrom and Graham, the influence functions for roll can be
obtained.

Rt =

For Zone I: »
L _d d_fif o
I R Lo T P L 1
' w (8oL - <d2/ﬂ2)1 1 — (/) + d) |
t gt i , d Bt ad\ | dt 20t z” o
(Bb/c) [1 — (d%/87]" L= @/ - d) 1 — (dg/ﬁz) ,
, oo (16)
For Zone I1: '
_ 2 f2fc—Ha+d)] (@/B)lc —ta+d)P
20 = Z{ Vim e el @R | 1
‘ For Zone I11:
¢ Bt d 2 b ;
N LRy oy T I N G |
e (86/0) [l — (@ /62\]“/* 1 — (/0@ + d) )
o td d b
b/z\/ (B —a) — —(B+é)+ 1 ;(3+d) - Zé(d+a) + 5—6—6-(;3+d) B
®/206—-da L 1= (@8 ' 3
' ¢ b 1
26 I_L;(ﬁ~a)_é;(6+d)+l (18)
3¢ b/2 (b/2c)(8 — @)

If the Mach line from the tip and the root overlap, the influence function in the o;rerlapping region is
R = Ri(t) + Riu(®) — Ru(d)

INFLUENCE FUNCTIONS FOR PITCHING MOMENTS

Proceeding in'the same manner, the pitching moment about the 4 axis of F1g 5 is expressed in terms of an in-
fluence function P{#) by

&/2) » ‘
m = f w(t)P(f)di (19)
— (/2 )



LIFT, ROLLING MOMENT, AND PITCHING MOMENT 13

C()mputmg the pltchmg moment of a unit pulse gwes

P) = f / L R @
o \/(x —at)z— B(v~é}2 S ey

Ina umform reverse ﬂow the function P(#) compares with the span load of wings p1tch1ng at 1 rad per sec. about
the downstream % axis. For thls case g(g, 97} - £in Eq. (4), and : ; :

. : tdidy o PRI
—@“ffv : SRR -
» (S—ay) —62(1;—3/) , ' Vi
" Thus Eqgs. (20) and ( ‘?1) are 1dent1ﬁed thlS relatlonsmp is preserved for armtrary ch01ces of the axis of p1tch1ng

moment.
The mﬂuence function curves for pitchlng trapezmdal ngs are:

For Zane I:

R [, | T w( m <

cost| - ‘ C'-{\—[1—a—+d—[—,82—'(03+a)+d2(2a——1>:|><~
ﬁ(l—aé_dt>  .{;. C-; ¢ C,Q 4
N T - ‘ '

| 'fi(l _‘af)+ gl
(24 ¢

. For Zone II: ,
. ‘ . : £ Ny
92 ) i 5\ dz(lﬂaz—d'lE) . (23),
o 2gc* £ o , ¢/ b
PH(Q — L\/ﬁ2 —a,2 (d" —a )(l — d a C) | | 7 a E T

 For Zone I11:

L e [ i t][ ( ¢ t) ( ot t>]7 3
PN ST Jf I DRSNS 2 g2 O [ ENRCRERD:

Pm(ff) Un (8 — a7 a- &c (8* —d?) d? a-]-a(l-e —d )} X

'V(6+ai> (% - 2'9

é’*zf(ﬁ‘ﬁ“f’i’) 3 1—?é ﬁﬁé;d2)~ 1—a£~kdé '
c T/ b VT e

1
cos™t| 1 — - + -
R L RO, 3
i : 9

: SR : -1 -

o1 /(ﬁ—%d)(é—zt) Erion

(ﬂz'—l-&dﬁ)-B(6+d)(ﬁ-2d><-~?g):\ ; ¢ o1 Rl

B —2loat |}
. C &

The influence function in the overlapping regioﬁ is
P(t) = Pul) + Pm(t) — Pr(t)

The axis of moments for these formulas goes through the middle of the wing root chord.
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DiIscussioN

Wing lift, moments of roll, and moments of pitch are
readily computed in downwash fields by Egs. (5),
(13), and (19), respectively. For any wing with super-
sonic leading and trailing edges, the appropriate in-
fluence functions have been identified with load dis-
tributions in reverse uniform flows. The problem of
thickness ratio, not considered in this report, can be
treated independently by the linear theory and is the
same as in the case of uniform flow; previous results
for wave drag due to thickness are valid for nonuniform
flows.

The influence functions may be computed by applica-
tion of Egs. (8), (14), and (20). They are given here
for generalized trapezoidal wings. For rectangular
wings, the functions are illustrated in Fig. 8. Ingeneral
they show, as expected, the effects of three-dimensional
flows in the vicinity of roots and wing tips. In com-
parison with two-dimensional strip theories, the three-
dimensional treatment shows marked differences in
these root and tip regions, confirming the idea that low
aspect ratio wings that consist mostly of root and tip
cannot be treated with any success by two-dimensional
‘concepts.

Inspection of influence functions for lift and pitching
moment shows that it is possible for different distribu-
' tions of downwash to produce the same total lift but
different moments. Thus, the spanwise distribution
" of downwash will have an effect on the chordwise center
of pressure. From the point of view of tail efficiency,
then, the reduction in lift due to downwash might be

expressed in terms of one efficiency, while the moment

efficiency would have a different value because of the

shift in the center of pressure. This fact, which is al-

ready known from experiment, is shown by analysis to

be an inherent feature of nonuniform downwash dis-
~ tributions ﬂowmg over planar tails.

1952 .

. The analysis, however, is restricted by the assump-.
tions of the linearized theory. If, as would be expected,
the importance of wing thickness is similar to that in
the case of uniform flows, the pitching moment should
be modified by a correction such as Busemann’s higher
order approximation, whereas the lift and rolling mo-
ment would be properly predicted for closed proﬁles by
the linear formulas.

The extension of influence functions to include sub-
sonic leading and trailing edges has not been attempted.
Such extension would introduce guestions concerning
the Kutta condition at trailing edges and the proper
application of leading-edge suction and would make the
problem in general more complicated. . The results of
an investigation, however, would be of interest to the
designers of airfoils having highly swept plan forms. =
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The Interpféfa’tiyoﬁ"of Failure Loadsrinﬁfhe‘
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Frames
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SUMMARY
Plastic failure loads on continuous beams and rigid frames of
ductile metal can be simply computed when certain assumptions

concerning the moment-curvature relations are made and when it

is assumed that individual loads remain in constant ratio to each
other during the loading process, so that the load value is de-
fined by a single parameter. The simple theory is mainly con-
cerned with the prediction of the maximum load a structure can
carry before “plastic collapse” occurs. However, in some cases it
will be desirable to estimate some of the deflections, and a case of
a continuous beam is described herein in which the calculation of
plastic failure load may be misleading unless accompanied by a de-
flection analysis. The deflection values that make the plastic
analysis meaningful are calculated for this case by a simple ap-
proximate method that requires little additional labor after the
plastic failure load has been determined. The results are com-
pared with test results previously published by Stiissi and Koll-
brunner*! and by Maier-Leibnitz. 2 The method may be used
for gereral framed structures, and an analysis of a two-story
portal frame is given as a further illustration of its use. i

(1) INTRODUCTION.
HE PLASTIC METHODS OF ANALYSIS and “design for

beams and frames of ductile metal’~" are mainly
concerned with the load at which failure by ‘plastic

collapse” would occur.” The basic assumption of these -

methods is that the bending moment at any cross sec-
" tion cannot exceed a value termed “the fully plastic
moment.” This value corresponds to the spread of
plastic zones across the entire cross section, and, as it is
approached, large changes in curvature can occur, with
negligibly' small changes in bending moment. A “plastic
hinge’”’ is said to occur at a cross section where the fully
plastic moment is developed, since it is assumed that
hinge action can then take place at this cross section
while the bending moment remains constant.

" Under these hypotheses, when the loads on a framed
structure are steadily increased in fixed proportion to
each other, a critical load is finally reached at which the
structure would become a mechanism owing to the
formation of plastic hinges at a sufficient number of
sections. It has been shown®— how this critical load can
be easily calculated as compared with elastic analyses
for highly redundant structures.
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Tests,> & 8 as well as theoretical considerations, show
that in actual structures a certain amount of strain-
hardening always takes place at the cross sections where
plastic hinges form in the theory, so that the load can
be carried slightly above the theoretical collapse value.
In practice, complete collapse, with a drop or total loss
of load-carrying capacity, occurs only when additional
effects arise, such as lateral instability of beams, rupture
of welds, additional moments due to large deflections,
etc. These effects ordinarily appear only after large
plastic deformations have been produced; at loads ex-
ceeding the theoretical collapse valiie.- The collapse
load of the plastic theory then gives a good estimate,
generally conservative, of the observed load at which
small load increases produce much larger deﬂectlons
than at previous load levels.

- Although most of the experimental investigations

have dealt with mild steel structures, the methods “:

should be useful in cases of structures of other metals of
sufficient ductility. The eﬁ'ects of strain-hardening
should be qualitatively the samé: The actual structure
does not collapse at the critical load of the theory but
carries loads more or less higher than this, depending on
the rate of strain-hardening. Further experimental in-
vestigations are needed; questions of failure by rupture -
or by buckling, among others, must be investigated for
the metals that have not yet been studied.

The plastic methods are directly concemed w1th
loads rather than with deflections; although the criterion
of failure is the imminence of large plastic deflections.
In cases where the precise values of the permissible de-
flections themselves are the primaryk;quantities that
control a design, the plastic theory will probably not be
applicable. The exact calculation of deflections in a
partially yielded redundant structure is a formidable
task, especially if measured stress-strain characteristics
are used. Even for simple beams, fairly lengthy calcu-
lations are required,® while, for redundant structures; k
trial-and-error procedures must be carried out based on
extensive preliminary computations.’ Except for re-
search purposes, stich calculations would never be justi-
fied, however. They are necessarily based on assump-
tions as to constancy of physical properties, such as the
yield stress, the strain at which strain-hardening begins,
etc., and as to conditions of end-fixing, rigidity of sup-
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. ports, absence of residual stresses, and the like. Many
tests have shown that in actual structures these
conditions may vary by large amounts quite unpre-
dictably. Moreover, if elaborate calculations to de-
termine deflections had to be made, the great ad-
vantages of the simplicity and directness of the plastic
methods would be lost, and conventional elastxc methods
weuld be better employed.

In many cases, however, fairly rough estimates of de-
flections either at the critical collapse load or at the
normal working loads may be desirable, or necessary,
and it would be useful to have for these cases a method
of estimating important deflections which would require
only a small amount of work beyond that needed for the
usual plastic analysis. The present paper shows how
such deflection estimates can be easily obtained, with
some indications as to their probable accuracy.

~ (2) ContiNvOUS BEAMS

As an example in which deflection estimates are essen-
tial in order to make the plastic analysis fully meaning-
ful, consider the continuous beam and loading shown in
Fig. la. Tests on this type of structure were reported
by Stitssi and Kollbrunner,!' whose main purpose was
to investigate the effect of changing the ratio L;/L; on
. the observed failure load. The concept of failure load

used by Stiissi and Kollbrunner was not the plastic col-
lapse load derived from the fully plastic momeunt values,
which is the basis of present-day methods. They were
concerned with loads at which complete collapse oc-
curred rather than with the load at which a given load
increment first begins to produce much larger plastic
deformatlons than previously.

Let the fully plastic moment of the beam (assumed of
uniform section and material) be M,. Then the load P
has reached the plastic collapse value P, when the bend-
ing morments at the midpoint m and at supports B and
C have reached the magnitude 3,. To calculate P,,
consider the moment equilibrium equation for the
middle span under the given symmetrical loading,

~(1/4)PL2 = M, - (1/2 ME - (z/z)Mc =M, — M

Now, sinég ,Mm < M, M.

SCIEN CFS—-]&\UARY 195’2’

o
2. ’——, ZLL,, it ‘follows.tha»t
e PL; < 4(M, + M,) = 8M, ’ )
The c:itical value P, is therefore given by
| P, = 8(M,/Ls) 3)

‘This is the highest load that can be applied without
violating either the equilibrium conditions or the re-
quirement that the bending moment shall not exceed

the fully plastic moment in magnitude at any section.

If the outer spans were removed, leaving the central
span simply supported, the collapse load P’ would be

P, = 4M,/L, , RNCS

Apparently, therefore, the effect of attaching the outer
spans is to double the load at which plastic collapse
occurs according to the plastic theory, and this result is
true independently of the length L;. However, if 1, is
made extremely large compared to Ls, the middle span
becomes effectively simply supported. There is ap-
parently an inconsistency in the plastic theory, which in
the one case predicts a failure load 43,/ L, and in the
other case predicts twice this value for effectively the
same simply supported beam. Thiswas pointed out by
Stiissi and Kollbrunner, who cited their test results to
show that the failure load of the continuous beam with
large ratios of Li/L, was less than double the failure load
of a beam without outer spans. They concluded, there-
fore, that the “‘moment equalization’” method, as they
called it, was not sound, since it led to an overestimate

.of the failure load in this cagse.

~ There is, in fact, no inconsistency in the plastic
theory. According to this, if there are outer spans of
any finite length, then the rate of increase of deflection
with load is finite, since it is limited by the elastic con-
straint of the outer spans. This is true until the
moments at the supports B and C reach the negative
fully plastic moment, when theoretically the deflection
begins to increase at an infinite rate,

The difficulty in the present example is that if the
ratio L,/ Ly is made extremely large, then a large deflec-
tion of the central span will occur before the moments
Mpand M reach the fully plastic value. Normally, the
plastic failure effect is observed as a transition from
moderate to much higher rates of deflection with load.
In the present case, if L,/L, is made large, this would
become increasingly difficult to observe. It is evident
that the theoretical collapse load may not, in this case,
give a reliable indication of the limiting useful load
that the structure can carry; for, if L,/L, is large
enough, tolerable deflection values would probably be
exceeded before the theoretical failure load is reached.
The usual plastic analysis must therefore, in this case,
be accompanied by an estimate of important deflections.
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To estimate the central deflection 8, in the present

case at the instant when the critical load has just been

reached, we note that continuity of slope still exists
across any section until the full plastic moment is de-
veloped there. Therefore, at a load infinitesimally be-

low the critical value there is continuity of slope across..

the section at C, since it is cbvious in this case that the
fully plastic moment developsfirst at the midpointszand,
finally, at C, leading to plastic collapse.. Free-body dia-
grams of the lengths mC and CD are shown in Fig. 1c,
with the moments and deflections as they would be just
as the failure load is reached. ,

The following two assump’aons will be made:

(1) Each span retains its original flexural rlgxdlty EI
except at the cross sections’ Where fully plastxc moments
are reached. :

(2 Rotations occur freely at constant moment values
at the cross sections Where the fully plastlc moments are
developed. -

The first of these amounts to neglecting the additional
flexibility caused by the spread of plastic zones along the
length of the members. The secondstates that the

strain-hardening at sections where plastic hinges are

formed is to be ignored. The errors caused by these
two assumptions tend to cancel each other, so that the

caleulation of deflections based on them may often be = -

accurate.  This caleulation can be made directly from
the collapse analysis without requiring successive elastic
solutions for the beam as various plastic hinges have
formed..

The last p]astzc hinge havmg formed at C, continuity
of slope just as the collapse load is reached requires
that s :

g(.'i;m ' = 6{}'}) .

these being the clockwise angles of rotation at the ends
at C of the spans Cm and CD, respectively. The slope-
deflection equations® for these spans are

9EI 1 .. - 1..  4FIs,

e G = = M, — =~ M, — -

L " 377 67 Ly ©
(EI/Ly)ber = —(1/3)M, [

‘After equating the expressions for 8o and 8.p and

solving for 8, we obtain
8u = (M,L2/24EI) [1 + 4:<L1/L2)} ®)

This result shows at once that the plastic éollapse
" load calculated for the extreme case in which L; /1y = o
has no practical significance, since the deflection 3§,

* The general form for a span PQ is as follows: “
(EI/Q(HPQ — HPQ’ — §/1) = (1/3)41;{?@ ~ (1/6)Mor

where EI = flexural rigidity {constant), /' = length of span, 8pg
= slope angle of P, #py’ = slope angle at P which given span
loads would prodiwce if the span were simply supported at £ and
@, & = relative displacement of ends, and Mpg, Mgp are end
moments at P, {, respectively. Signs of all slope angles, 8/, and
all end morments are defined by the positive-clockwise convention,

(5).
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is collapse load and 3, is approximate deflection at collapse,
determined by simiple plastic theory.

would also become infinite. This limiting case, how-
ever, is of interest mostly as a mathematical curiosity.
For spans of reasonable length ratios the failure load
and central deﬂection values of the simple plastic
transition from moderate rates of deflection with load
to much higher deflection rates, with useful accuracy.

Stiissi and Kollbrunner!” tested steel beams with span
ratios Li/Ls equal to 3, 2, 1, and 1/;, in addition to a.
simply supported beam. In all cases L, was 60 cm.
However, the only curve for load plotted against central
deflection reproduced in their paper is that for the case
Li/Ly = 2. The measured points given for this case
(beams 532/6 and 534/8) are shown in Fig. 2a, together
with the point corresponding to the calculated collapse
load and central deflection according to the simple
plastic theory. No value of M, is given in the paper;
however, a sufficiently close estimate is obtained by
multiplying the yield moment M, by a shape factor
1.10 appropriate to the rather light I-section wused.
{The dimensions given are shown in Fig. 2a.)

M, = 1.10M, = 1.100,Z (9)

Fig. 2a shows how P, atid §, given by the simple theory
appear in relation to the curve of load vs. midpoint de-
flection measured by Stfissi and Kollbrunner. The
point with coordinates (P, d,) does not fall on the
measured curve. However, the value P, gives a fair



18 "JOURNAL OF THE AERONAUTI
estimate of the plastic failure load, and §, indicates
roughly the magnitude of the deflection at the load at
which large plastic deformations begin to occur. Stiissi
and Kollbrunner gave the total failure load for this
beam as P, = 3.90 tons, without stating precisely what
happened at this load except that “deformation = «.”
Since the usual effect of strain-hardening is to cause the
load-deflection curve to rise steadily until an additional
effect, such as rupture or buckling, causes a drop in the
- load-carrying capacity, it is difficult to interpret the
meaning of P, without supposing that one of these
effects occurred. The failure load P,, with which the
plastic theory is properly concerned, is conservative,

since in almost all cases slightly hlgher loads can be sup-
ported.

Further tests on a beam loaded as shown in Fig. la
and with L,/L; = 2 were made by Maier-Leibnitz,?
The beam tested was of steel, with area 4 = 25.8 cm.?,
section modulus Z = 90 cm.% [ = 453 cm.4, Ly = 60 cm.,
E = 2,085 tons per cm.?, ¢, = 2.455 tous per cmm.’. The
latter is the lower yield stress obtained by averaging
values from four specimens cut from flanges. The
value of M, calculated from the cross-section dimen-
sions (see Fig. 2b), and the above value of o, is 248 ton-
cm., corresponding to a ‘“‘shape factor” of 1.12. With
these values the Egs. (3) and (8) yield the results

P, = 16.5 tons, 8m = 1.45 cm. (103

This point is plotted in Fig. 2b for comparison with the
measured deflection curve. The beam wused in these
tests was strengthened at the supports and load point,
and Fig. 2b shows that this had considerable stiffening
effect. If the value for M, of 262.5 cm, is used, as sug-
gested by Maier-Leibnitz on the basis of tests ona
simply supported and centrally loaded beam, the calcu-
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lated values are P, = 17.5 tons, 8, = 1.54 cm. This
point lies close to the experimental curve. However, it
seemns advisable to calculate A, from . the measured
yield stress and section dimensions in assessing the
simple plastic theory, Maier-Leibnitz did not carry the
test to complete failure and therefore did not obtain a
value of P, correspondmg to that of Stu331 and Koll-
brunner

: As a second example of the estimation of deflections
at the collapse load of the plastic theory, consider
another continuous beam for which Maier-Leibnitz
gave test results.! In this reference tests are described
on the beam shown in Fig. 3a. The supports are at
equal heights. For this steel [-section, the author gave
the value of M, as 660 tons per cm., and further data as
L = 8 cm., [ = 1727 em.b, E = 2100 tons per cm.*
According to the plastic theory collapse occurs when
the magnitudes of the moments at 4 and 7 reach the
value M,. The moment equilibrium equations are

M, = PL+ (1/3)M, (11)
My = PL 4+ (2/3)M, (12)
From Eq. (11), we obtain '
PL = — (1/3) My < (4/3)M, | (13)
Corresponding to the’ upper limit
= (4/3)(M,/L) (14
the set of bending moménts are
| Ms My My, | M. L
— M, M,(2/3)M,|(5/6) M, (15)

The theoretical collapse load is, therefore, as given by
Eq. (14).

To estimate the deflection at the collapse load under the same simplifying assumptions made previously, the

free-body diagrams of Fig. 3b are used.
tinuity of slope across the middle section requires that

. 6’7"13

It is assumed that the last plastic hinge to form is at section 1.

= 8na

Con-

(16)

These angles are given by the appropriate slope-deflection equations, in view of the assumed continuity of slope at

sectlon 1, as

2 EI 1/5
S Gy = —— 2 M) —
3L " 3(6 1’)

2FE 1
5 F{ emA = ( M, ) + P L ~

3 L 3

The value of 8, at collapse is found to be

6, = (103/144)(M,L*/EI) (19)

5 1
S pLt

54 (G/2Le (17

(/oL P o (1%)

Inserting numerical values, the results are

P, = 11.0 tons; = (.833 cm. (20)
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The point with these coordinates is plotted in Fig. 4 for
comparison with the measured load-deflection curve ob-
tained by Maier-Leibnitz. It will be seen that in this

case the calculated point locates accurately the load and *

deflection values when large plastic deflections are im-
minent, . o o

(3) Ricip FRAMES =~ ;
The method of estimating deflections used in the
above examples may be applied to portal frames and
other types of rigid frames such as that shown in Fig.
5a. It is especially advantageous in these cases because
of the high degree of redundancy usually involved. -

The method used depended on an agsumption as to
which: plastic hinge of all the plastic hinges that occur

in the collapse mode of the structure was the last to form.-

In the beam examples taken, the choice of the last plas-
tic hinge to form was obvious.  However, in more com-
plicated frames, it is rarely obvious which hinge will
form last, although usually it is easy to guess where the
first few plastic hinges will occur.  The procedure is to
assume, in turn, that each of the hinges is the last to

occur and, by applying the slope-continuity condition -

to this hinge, to calculate the corresponding value of
some particular one of the deflections of the frame.

The choice of hinge that yields the largest value of that

deflection is the correct one. The reason for this is that
imposing a false continuity condition amounts to re-
moving a “kink”—i.e., a discontinuity in slope which
was produced at that section in the course of bringing
the loads up to the collapse value. However, the only
way such a kink can be removed, while maintaining the
values of the moments that actually oceur at the col-

lapse load, is by a motion of the frame as a mechanism
in the reverse direction to that which would occur in the

actual mode of collapse. Thus, when a condition of

slopé continuity is assitmed across any hinge other than

the one actually formed last, the resulting value of the
deflection may be considered as the true value dimin-

ished by a certain amount due to a backward motion of
the frame as a mechanism. ~No such backward mecha-

nism motion is imposed when the correct choice of hinge
is made, and this corresponds, therefore, to the largest
value determined by the several choices.

~ To illustrate by a simple example, consider again the
continuous beam of Fig. 1. If the last hinge to form is
assumed (erroneously) to be the one at midpoint, then
the condition 8,z = 8,0 is sufficient to determine a

value &,’. The pertinent slope-deflection equations
are
2EIf,s 1 4}21) R
= o My ) I 2
. et (1:5-’ o 1?
2B, 1 4EIN
I R 5m, 22
== (1) &2

Thus, the assumption of continuity of slope at 7 yields
the result
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Comparing this with the result for §, given by Eq. (8),
the above value of §,  is seen to be smaller than 3, for
any value of L; greater than zero. The agreement be- -
tween the two results for the case [, = Oindicates that;
when the beam is clamped at B and C, both plastic
hinges form simultaneously. :
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If the result Eq. (23) is used to compute the discon-
tinuity in slope across the joint C (or B), we find

bep — bom = — (1/3)/(Lad,/EI) (29

The negative sign indicates slope angle values at section
C corresponding to a concave upward shape of the beam.
This absurd result is due to having made a false assump-
tion as to continuity of slope at the midpoint. As
pointed out above, this false assumption corresponds to
removal of a “kink” that actually existed at m by
means of a ‘“‘backward’” mechanism motion of the span
BmC. This suggests that we can obtain the correct re-
sult from Eq. (24) by imposing a ‘‘forward’’ mechanism

motion of magnitude just sufficient to cancel the dis-
continuity given by Eq. (24). In this motion the outer
spans are held rigid, all motion occurring at the hinges
at B, m, and C. The resulting angle change at C,
— Mo, 18 set equal to (1/3)(L4M,/EI). The corre-
sponding increment of deflection A, is given by

L, 1 LyL.M,
Db = o (= Mgn) = &~ %
The result of adding this to the value of §,’ given by
Eq. (23) is ;
L22 ‘le@) »
| b Aby = | — 4+ 0= 98
A=y T e (26)

#

This is identical with the correct result for 8, given by
Eq. (8). The above process provides a check on the
value obtained for 8, which is useful in more compli-
cated problems. :

As an example of deflection calculations for a more
complicated frame, the two-story portal frame shown
in Fig. 5a will be considered. The vertical loads are
taken as W and the horizontal loads as 0.90W each.
All members are taken to have the same fully plastic
moment 3,. The mode of collapse under these circum-
stances is as indicated by Fig. 5b, the black circles
representing plastic hinges. There are six redundant
moments in this structure, and the mode of collapse in-
dicated in Fig. 53b has only six plastic hinges. Thisisa
case of incomplete or local collapse,> © [see Section (5) of
this paper] in which the elastic moments are not com-
pletely determined by the values of the moments at
plastic hinges and conditions of statical equilibrium.
However, the elastic moments can readily be calcu-
lated, the method of least work being especially con-
venient for this purpose. Itis found that there are four
undetermined elastic moments that are related by three
equations of equilibrium. The values of these moments
can be obtained by minimizing the strain energy of the
frame with respect to one of the four moments, taking
proper account of the equilibrium equations but re-
garding the remaining eight moments as constant. The
complete set of moments thus obtained is given in
Table 1. The moment sign convention used in Table 1
is indicated by the dashed lines in Fig. 5a; positive
moments are ones that cause tensile stress in the side of

- the beam adjacent to this line.

The collapse load W, is found to be

W, = 2.13(M,/L) (27)
TasLE 1
Section 4 F ¢ I K L
Bending Moment _,  , _; _; 1 1
M,
Section B ¢ b E H o
Bending Moment 9y gg7 003 087 007 —-093

M,
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The details of the énalysis to determine the collapse load

and the bending moments at collapse need not be given

here; references 3-6 may be consulted if necessary.

The first step in the deflection analysis is to draw the .

free body diagrains of the members of the frame, as
shown in Fig. 5c. Using these, one can then calculate
any one of the deflections, such as the side-sway &5 at
joint B, from an assumption of slope continuity across
any one of the plastic hinges in the collapse mode.
Suppose, for example, that the hinge at L is assumed
to be the last-one to form-—i.e., that ;¢ = f;,. Writing

the slope-deflection relations for members CL and L I we

obtain at once :

' 1 0. 87
‘ _§ ﬂ/fp 6 ‘.LMP + AL == é 71/_[ — é M o AL
BRI ©8)
whence ' ’ : e : ,
Ap = (EI/LY) &, = 0.323M, ©(29)

Now, since sections B and C are not plastic hinges, we

know also that 0p; = fp4 and can write, therefore,

0? M, + - M,,+ 8, = _ogoM Ll +,AB
30
whence , ‘
Ap = (EI/L®é5 = 0.913M, (31)

An assumption of slope continuity at each of the other
five hinge locations leads, after a similar calculation, to a
value of Az [defined as in Eq. (31)].
culations are shorter than that just given; others are
somewhat. longer, but none takes. more than a few
minutes to work out.. It is unnecessary to give the full
details. The results are set out in Table 2. The choice
of F as the last plastic hinge to form leads to the largest
value of 65. It is therefore concluded that this is the
correct choice and that the value of the side-sway at
]emtB when the collapse load is just reached is given by

5 = 1.363(L2M,/EI) (32)

As a check, the altemate procedure used in the pre-
vious beam example may be applied. The (incorrect)
choice of L as the final plastic hinge allows the slope dis-
continuities to be calculated at all of the hinge loca-
tions. For example, the rotation angles at F are found
to be given by

— 0.605(LM,/EI)

s = (33)
frc = — 0.204(LM,/EI) (34)
TABLE 2

Hinge where slope . C .
continuity assumed F - L G I 4 K

Result forLTEI “6p . 1.363 0.913 0.908 0450 0.183 0.178

My

' SIde—sway d1sp1acement at Bequal to

Some of the cal--

From these, the slope diScontinuity (in the sense indi-

cated in Fig. .i)b) is found to be. »
bes — i = —0. gqg(LM JEI) . (35)

'Thé»negat'iv‘e value of this means, of course, that the

choice of L as the location of the last hinge to form is
wrong. However, we can now imagine a motion of the
frame as a mechanism in the actual mode of collapse of
just stch an amount as to remove this slope discontinu-
ity at F.  Let the clockwisé rotation of leg AL be y;
then the relative rotatlon at F is 9&, and th1s is chosen

so that =
20y = 0899(L Mf,, I) - (36)

Corresponding to thlS mechanism motion, there is a

o

= (0.899/2)(L*M; JED)

Adding this to the result for 6 gwen by Eq (31), we
obtam . o '
L 0899 M'“ ~Lé,<ifp‘,

13 —= =1

(OQ 3+ P ) Bl 363 Bl

(38)

which agrees with the result obtained previously by
assuming the last plastic hinge to be that at F. It may
be checked that all of the slope discontinuities are now
positive—i.e., i1 the sense shown in Fig: 5b.

It may be noted that a consideration of deformations-

in the elastic structure will usually indicate which are =

the most severely stressed sections. Inthepresentexam-
ple the joints'at 4, K, I are obviously highly stressed
initially. It would have been a safe guess to assume at

the start that none of these is the last plastic hinge to
form: this would have eliminated about half of the work -

involved in the calculation.

(4) Accuracy ;

As pointed out already the present method of e'sti-w
mating deflectionis depends on assumptions that amount
to neglecting (1) additional flexibility due to spread of
plastic zones along the lengths of members and (2)
stiffening due to strain-hardening at joints where plastic
hinges are assumed to occur.

The accuracy of the method depends on the extent to
which these two effects cancel each other. In the cases
of continuous beams used as examples in this paper, the
bending moments changed in sign at successive joints. -
This meant that the plastic zones were rather localized,
and the additional flexibility due to them was nearly
canceled by the stiffening effect of strain-hardening. In
other cases some members may be in pure bending, or
nearly so, and, if plastic flow occurs in these, the actual
deflections may be considerably larger than those pre-
dicted by the present method. .

The comparisons shown in Figs. 2 and 4 give some in-
dication of the accuracy of the method as applied to
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~continuous beams. Comparisons between deflections

calculated by the simple theory and those observed m -

tests on small-scale portal frames. have been given in
another place.'®* The test results were obtained by
Baker and Heyman® using portal frames of 4-in. span
and 2-in. height and loaded by a horizontal load at the
beam height and a vertical load at the midpoint of the
span. Since the load ratios in these tests were chosen to
cause collapse in all the possible modes, they indicate
what may be expected for portal frames of rectangular
cross section under a wide range of conditions. The
comparison between observed deflection curves and cal-
culated points at collapse shows that in many cases the
~agreement is extremely close. In other cases the calcu-

lated deflection is considerably too large and in others -

too small. However, the agreenient in general is good
enough so that, in view of its simplicity, the method may
be considered a useful means of estimating deflections
at the theoretical collapse load of a structure. Such
tests as these on model frames must, however, eventu-
ally be supplemented by similar tests on full-scale frames
made from standard commercial sections usmg normal
- fabrication procedures.

(5) Serciar Cases

Three tyvpes of collapse under proportional loading
can occur, depending on the structure and the ratios of
the loads. Let # be the number of redundant moments
in a beam or frame. The type of collapse which most
investigators have considered~* is that in which n -+ 1
plastic hinges have formed just as the collapse load is
reached; this may be called “complete’” collapse. The
beams used as examples in this paper failed with com-
‘plete collapse; in both cases # = 1, and there were two
hinges at collapse. However, collapse with fewer than
# -+ 1 hinges will often occur in practical cases. This
has been termed “local” collapse or preferably “incom-
plete” collapse. For example, the two-story frame of
Fig. 5a fails, under the loading shown, with six plastic
hinges as in Fig. 5b. In this structure # = 6, so thisis a
case of incomplete collapse (but the term “local” seems
inappropriate). Finally, a third type of collapse is
possible, although in ordinary structures under normal
loadings it is less likely than the other types. Thisis the
type of collapse in which several hinges form simul-
taneously (in theory) just as the critical failure load is
reached, so that in the collapse mode there are more
than # -+ 1 plastic hinges. As an example, consider
the two-story frame of Fig. 5a, but let the two trans-
verse loads each be W instead of 0.90W. Then the
mode of collapse is actually one with ten plastic hinges,
only the moments Mp and 3y being elastic. This sort
of failure might be termed “overcomplete” collapse.
(Alternatively, the terms ‘‘indeterminate,” “‘determi-
nate,” and “overdeterminate’” might be used to specify
the three types of plastic collapse.)

In the rather special cases of overcomplete collapse,
‘the present method for estimating deflections may be

"THE AERO ALTICAL SCI

INCES—JANUARY, 1952

fdifﬁcult to apply, since in order to calculate one of

the deflections it will often be necessary to assume slope -
- continuity at a group of hinge 10cat10ns rather than at

merely one. Obviously, there may be many more pos-
sible groups than there are plastic hinges. In some
cases, however, such as the portal frames whose test re-
sults and calculated failure points are discussed in
reference 13, the occurrence of more than # -+ 1 hinges
does not present any difficulties that cannot be easily
resolved by the use of a little judgment concerning the
probable behavior of the frame. However, in a more
complicated case, such as the two-story frame cited,
the situation may be awkward. Probably the simplest

‘expedient is to alter slightly the ratios of the applied

loads so that the mode of collapse will be different and
of either the complete or incomplete type. In either of
these cases there will be no difficulty in making the de-
flection analysis as described in this paper. The result-
ing deflection values may either be regarded as suf-
ficiently accurate in themselves or may be taken as a
guide in investigating deflections under the ongmal

loading.
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Simplified Treatment of the Turbulent
- Boundary Layer Along a Cylinder in
Compressﬁ)le Flow

HA\S U ECKERT*
W rzg/zt Air Deuelopment Center '

(1) SumMary

An attempt is made to determine the effect of lateral surface
curvature upon the turbulent boundary layer of ‘a circular cyl-
inder immersed in a compressible fluid with its axis parallel to the
direction of flow. The calculation is carried out by means of the
momentum theorem with the assumptions that the velocity pro-
file (1/7-power law) and an empirical relation that puts the wall
shear stress inversely proportional to the fourth root of the bound-
ary-layer thickness (Blasius Law) dre unaffected by the curva-
ture. Further assumptions are constancy of static pressure and

total energy. ~On this basis the following results are obtained:

Full thickness and displacement thickness are less than on the

flat plate, while momenttum thickness and local and mean fric-
tion coefficients are higher. . For the displacement thickness the
deviation from the flat plate value may become appreciable al-
ready if the ratio of full boundary-layer thickness to cylinder
radius is less than 0.1 and for the full thickness if this ratio is
somewhat above 0.1. The friction coefficients on the other side
are rather insensitive to curvature and deviate appreciably only
if the ratio becomes as large as one. Compressibility in general
somewhat increases the effect of curvature except for the displace-
ment thickness where a slight decrease is found. The reliability
of the basic assumptlons and effects of their variation are dis-
cussed

(2)  INTRODUCTION

N A PRECEDING P&PER an approxnna,mon method

has been presented for freatment of the turbulent
boundary layer on a flat plate in compressible flow
based on von KarmAin’s momentum theorem and- the
assumptions of constant static pressure, constant total
energy, and a velocity distribution according to the
1/7-power law. A shear stress relation involving the
same assumptions has been derived from tests on com-
pressible flow in pipes and applied to the case of the
plate in a manner that is consistent with earlier success-
ful procedures in the incompressible régime.
© In the same way as it has been shown in that paper
already on some parameters for flow in pipes, it can be
proved generally for cases of rotational symmetry that,
if the velocity profile follows a power law, boundary-
layer parameters (as, for instance, mean values for ve-
locity density and temperature or momentum and dis-
placement thickness) can be expressed by corresponding
parameters for two-dimensional flow. These consist
of the ordinary flat plate term based on the same ve-

Received April 20, 1951. Revised and received July 30, 1951.
* Research Engineer, Flight Research Laboratory.

Iocity profile as it occurs on the rotational body and a
second term based on a profile with half the exponent
of the common profile, which may be called second-order
profile. The second term takes account of the lateral
surface curvature. It is negative for axial flow inside
cylindrical surfaces (comcave curvature) and positive
for flow outside such surfaces (convex curvature).t

In the present paper the influence of convex surface
curvature will be investigated. This case has some
practical significance for boundary-layer expetriments
in wind tunnels where, though ultimately data for two-
dimensional flow are desired, cylindrical surfaces are
often preferred to flat platesin order to avoid the margin -
effects. In reverse, the problem emerges if two-di-
mensional data are to be applied to missiles of large
fineness ratio. In cases of model tests with large dif-
ferences in Reynolds Numbeér an additional scale effect
produced by the lateral curvature may have to be
taken into consideration. Finally, the problem is of
some importance for determination of the base pres-

- sure on projectiles since a close relationship between

this quantity and the boundary-layer flow has been dis-
covered in recent years.% *

It can be anticipated that the behavior of the bound-
ary layer along a cylinder will deviate appreciably
from that on a flat plate if the boundary-layer thick-
ness becomes comparable in size to the cylinder radius.
The question is, however, in which way the boundary
layer adapts itself to the changing condition.

Without a detailed knowledge of the mechanism of
turbulence one can suppose merely that the following
two cases form limnits within which the actual behavior
may occur: One of these probable limits is that the
shear stress at the surface, and thus according to the
momentum theorem also the momentum defect of the
fluid, remains unaffected by the lateral curvature.
For equal momentum thickness it follows, out of the
cylinder geometry, that the full thickness of the
boundary layer will be smaller on the cylinder than on
the plate if the simplifving assumption is made that

-the velocity distributions within the boundary layer

23

are the same for cylinder and plate. If this limiting

1 The existence of this relation has been indicated in an earlier
paper by Tetervin.?
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F1c. 1. Nondimensional momentum thickness of second-order

. velocity profile related to same value of first-order profile vs. free-

stream Mach Number for various power law exponents of the
- first-order proﬁle Values refer to ﬂat plate flow,

‘case would be true exact application of friction (and
heat transfer) coefficients from flat plates to cylinders
and vice versa would be possible.

The other limit may be that the full thickness of the
boundary layer remains constant. For same veloeity
distributions this means higher momentum defect
and thus higher shear stress on the cylinder. On this
basis Jakob and Dow’ made an estimation for incom-
pressible laminar and turbulent boundary layers to
find out how closely their measurements of heat trans-
fer from cylinders may represent flat plate values. For
turbulent boundary layers they assumed a velocity
distribution according to the 1/7-power law and ob-
tained for ratios of boundary-layer thickness to cylinder
radius between 0.249 and 0.654 ratios of cylinder to
plate coefficients between 1.075 and 1.196. The au-
thors find no unequivocal support for the existence
of increments of that order by comparing their test
results with flat plate values from other experimentators
and suggest that in the case of the cylinder the higher

“wiping capacity” of the flow will produce a smaller
boundary-layer thickness.

The method proposed in the present paper leads to
results that are intermediate but closer to the first one
of the extreme cases. Instead of keeping the friction
coefficient or the boundary-layer thickness constant, it
is assumed that the relation between friction coefficient
‘and boundary-layer thickness applied to the flat plate
in reference 1 remains applicable to the cylinder. The
assumptions regarding velocity profile, static pressure,
and total energy are also the same as made for the flat
plate in that reference. - ‘

(3) THICcKNESS OF THE BOUNDARY LAYER ON A
CYLINDER

To simplify the calculations it is required that the
direction of the free stream just ahead of the cylinder

leading edge is parallel to the surface, that the boundary”

layer is turbulent from the beginning, and that it starts
at the leading edge with zero thickness.

Under actual conditions these requirements might
be best approximated by equipping the cylinder with

A‘()TICAL SCIENCES—JTANUARY,

‘the velocity outside, the boundary layer.

1952

- -a suitably shaped nosepiece. and sucklng oﬂ the baund—,
, ary layer formed along the nose.

1If no pressure gradient has to be taken into account,
the momentum theorem reads, for this case, i

d

ix .

ou{ll — w)2r(r + y) dy = 2wrr
where x is the distance from the leading edge along the
surface in the flow direction, y is the normal distance
from the surface, and & is the boundary-layer thick-
ness. pand u are density and velocity inside, and U is
7 is the cyl-
inder radius, and 7 is the shear stress at the surface.
All flow characteristics are time-averaged.
The momentum thickness € is defined by

Ty =8 .
= flt;; f_o pulU = ) (1 + 3—’) dy

Where pu is the density outside the boundary layer,
Introducing the ratic 6/6 = Q and splitting the i in-
tegral, the following expression is obtained:

R LN AP
(1-9)3e() e

The first integral apparently represents the ratio of
the momentum thickness to the full boundary-layer
thickness for a flat plate. By applying the same pro-
cedure as described in Part (II1) of reference 1, it can
be shown that the second integral represents half the
value of the same ratio for a plate with a velocity pro-
file of half the exponent.

If the proﬁle isdenoted as

WU = (y/8)"

this relation can be indicated by writing Eq. (2a)

(2

Q=

()

plate plate

Q = O + (8/2) O (4)

plate '
Numerical values of O, as a function of Mach Number
up to Me = 10 are given in Fig. 3 of reference 1 with the

parameter # varying between 5 and 10. The corre-
plate
sponding values of Oy, can also be determined from the

data of Fig. 1 and Eq. (26) of that reference. (Notr:
the term Q is designated by 0 in reference 1.}
To eliminate the wall shear stress 7 from Eq. (1), use

is made of Eq. (34) of reference 1, which is the above-

mentioned relation derived from pipe-flow experiments.
After replacement of the pipe radius d/2 by §, this rela-

tion becomes ) ) N
)1/4 ( 2=“>{(w+1)x‘41—1 : (v}
- R €5
) Ty ,

where py is the free stream viscosity, 'f/'TU is the tem-
perature of the mean state across a pipe section related

= (. 0233
ﬂUU" . (
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to temperature at the axis of that section evaluated -

for 1/7-power law velocity distribution, and w is the ex-
ponent of the viscosity variation power law, in reference
1 taken as 0.8, v

Using the identity © == Q8 and Eqgs. (7) (4) and
(5), we obtam, from Eq. (1),

d

62
—{ 50, i
dx ( ’ + 2r

Ty

The superscript “plate” on Q has been omitted for
simplicity, since only flat plate values of this term appear
in the following. Eq (6) can be redchly integrated
to gwe

4 8

sza%+ gqn -
kd

' i/ T ZGewa ,
00233( p) <[> o x (D)
U. U :

h or, if solved for 8/x and with Upya/uu == Re,

; » AN —(3=w}/5
0.059 9, (%I:) . Re™ '/

U,

= — : 7
(1-{-992”5)’;‘ (72)
9Q, r ‘ :
For 6/r = 0, Eq (75). becomes identical with Eq. (37)
of reference 1 for the plate. Dividing Eq. (7a) by the

plate equation, the effect of convex lateral wall curva-
ture upon the boundary-layer thickness is obtained. .

{0

5 1 § o
T 5 Wy
éaz{’ (1 + 5 £y §> g o ®)
| . g Qn ¥ [ -

2,/ has been plotted versus Mach Number in Fig.
1for# = 5, 7,and 9. This ratio increases with Mach
Number and decreases with #. Both effects are mod-
erate. For Ma = 0, %,/Q, = (n + 2)/(2n + 1), which
for » = 7 yields 0.6. Eq. (8) thus reduces for the in-
compressible case to .

3\ 1 e
. = i7 X )
(%)m. 1+ (/3017 (8,

The ratio §/6, is plotted vs. §/7 in Fig. 2a with
Mach Number as parameter using # = 7 which is con-
sistent with the applied shear stress relation. For
Ma = (O and 8/r = 0.1 the boundary-layer thickness is
about 3 per cent less than on a flat plate under same
conditions; for 8/ = 1 the decrement is about 20 per
cent. Compressibility slightly increases the effect
of curvature.

The fact that Egs. (8) and (8a) and theu' graphical
representation in Fig. 2a are implicit with respect to
8 involves no serious complication for practical pur-
poses. First determine 8, and use §,/7 as independent
variable to obtain a preliminary value for 8/6, from

7 —<3-;.,>/4 R

Eq. (8) or Fig. 2a. With this preliminary value, cor-
rect that initially used §,/r to obtain an improved
value for 8/6,. If §/r > 0.1 it may be necessary t
repeat the operanon

(4} FrictioN COEFFICIENTS

With 8/ known, the ‘coefficients of local and mean -
friction can be found in the following way: ‘
The local friction coefficient 1s defined as*

o= 2r/py U @

With the aid of Eq. (5) and by relating the skin friction
value for the cylinder to that for the plate,

~l——@ﬁW o 0)
Cfpl ) Lo

is obtained. Combinmg‘qu. (10) wiﬂi Eq. (8) yields

g_f_f_ = ( + 2%‘ >%

f Crm 9 Q i
Numerical values for Eq. (11) are plotted vérsﬁs’ 8/r in
Fig. 2b for Mach Numbers 0 and 10.

The effect of curvature on ¢, is small and becemes;
appreciable only if §/r approaches unity.

(11)

[.O
f————
: %E%ﬁ ,
Spe S
NN 09
MafOND
=5 ;\ N | .
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-_L Q_b
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- Fro. 2. Characteristics of the turbulent boundary layer along

a cylinder in compressible flow related to flat plate values vs. the
ratio boundary-layer thickness to radius of the cylinder. 1/7-
power law velocity distribution. Parameter: Mach Number.
(2a) Full thickness of the boundary layer; (2b) local friction
coefficient; (2¢) mean friction coefficient,
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. The mean value of the mctxon coeﬂiment over the

dlstance x1is.

(12)

Cr “E (1/x) '[Oxc,dx ;

 From the integrated momentum Eq. (1) and with
the aid of Egs. (2}, (2a), and (4), the ratio of cylinder
. friction to plate friction is o s

25
. (Qn + Qg;;)
Cr X

- (13)
Cfpg (2(3?22‘; x)Qn ) )
' '.Usmg Eq. (8) to ehmmate /8, from Eq. (12) yields
5 Qg |
& o0 | ”
zm"( +9§"_>”5§ o
97 Q 1

I' The ratio €1/€sp 1s plotted versus §/r in Fig. 2¢ for
Mach Numbers 0 and 10. The deviation from the
plate value is still smaller than for the local friction
coefficient, which is obvious from the fact that the mean
friction coefficient includes all values from the leading
edge where §/7, and thus the curvature effect, is smaller
than at the downstream end position. Eq. (14) and
Fig. 2c also represent the ratio of momentum thickness
on the cylinder to that on the flat plate, as is evident
from Eqs. (4) and (13). '
Ifin Eq. (13) is set 8 = §,,and (y4/Qr = 0.6, then

G/ T = 1+ (3/10) (3/7) (15)

which is the result obtained by Jakob and Dow.?

(5) DispraceMeNT THICKNESS

In determining the influence of the cylinder radius
upon the displacement thickness it must be remembered
that this quantity for higher Mach Numbers becomes
comparable to the full thickness of the boundary layer
itself, and it is therefore not permissible to disregard the
quadratic term as in the case of the momentum thick-
ness.

" From the continuity of mass flow, it follows that

puUnl(r + 6 — 6*)2 e r”’]

-
y=0

where §* denotes the amount of radial displacement a
free-stream line experiences up to its intersection with
the “edge” of the boundary layer. This definition
differs from that used conventionally for cylindrical
surfaces. It is felt, however, to be preferable because
it represents the correct influence upon the potential
flow. :

- After rearrangement and division by 2r78p,U, Eq.
(16) can be written in nondimensional form

pum(r + ) dy (16)

1652

vy | 1 ' o
[y |8 / pUy (y>
——d|= - ——=dl= 17
ﬁ prrU (6> * rJo poU3 ) (17
In the same way as for the momentum thickness, it can
be shown for the displacement thickness by the
procedure in Part (ITI) of reference 1 that as

. ' . plate
5*
fozme()=1-(5)
0 pgU 8/
there is also

B e
(e 0) -3 - 6]
(=) () =1~ (= 19

VA GEORHIR ORI

where again the superscript denotes plate values and the

subscript velocity profile parameters as defined by Eq.

(3). With Eqgs. (18) and (19) and A == §*/3, Eq. (17)

becomes, after rearrangement and canceling out equal

terms on both sides,

(18)

5 5 plate . 5 plate
A, (1 + ~> — A2 — = A+ by (20)
o 2r 2r
or '
plate
46
A, ) 2r\A,
plate = plate (21)
A, 3 A, A,
. 1 + ; 1 e '? m
Z A,

plate
The ratio (As,/A,) which is required for evaluation

of Eq. (21) is plotted in Fig. 8 versus Mach Number
plate

As, has been determined with the
The be-

For

forn =.5,7,and 9.
aid of Eq. (24) and Fig. 1 of reference 1.

plate plate
havior of (Ag,/4,) is similar to that of (Q2n/ Q)

Ma = 0
plate
(Aen/8z) = (m + 1)/(2n + 1)
plate
For values of §/7 up to 0.1, the ratio A,/A, can be calcu-
lated conveniently and with an error of less than 0.5

per cent in one step from Eq. (21) by setting on the
plate

right side A,/A, = 1. For larger values of §/7, one
has to use either successive approximation or the
solution of the quadratic Eq. (20), which is

[1+5()

/ 25 plate 2

NI+ -a)+5

A:

plate .
u~%ﬂ<m

The ratio displacement thickness on the cylinder to
displacement thickness on the plate is
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plate

Lol 5*/6m = (yﬁrallﬂn) (5 502} | (23)
or with Es. (8) and (22) |

[ / 235 plate 52 platel
. 1+——\1+~(1-An)+-(1 Asn)
%p—l’; B : : 1 te 7. - plate "',;"5
S SRR e 56 _*Qn)
, T 1427 ;
% ) - F [ + 9 ?’(Qﬂ ]‘
ey

5%/ 8, is plotted versus 8/7 for » = 7 and Mach Num-
* bers 0, 2, 5, and 10 in Fig. 4.

ness is larger than on any of the other quantities
- considered.. For incompressible flow, about 90 per
cent of the flat plate value are obtained at /7 = 0.1
and only about 30 per cent'at §/7 = 1. Itisnoteworthy
that in this case Mach Number somewhat decreases
the effect of curvature.

(6) SuPPLEMENT

In the absence of experimental data for comparison

with the results above, some considerations are re-’

quired as to the reliability of the basic assumptions and
the effects of modifications to which they may be sub-
jected.

Measurements of turbulent boundary layers in com-
pressible flow are at the present time available only for
two-dimensional cases. For flat plates the velocity
profiles. obtained from Pitot tube readings by Wilsomn,
Young, and Thompson® at Mach Numbers from 1.6 to
2.2 and Reynolds Numbers from 4 X 10°% to 20 X 10°
are in good agreement with the 1/7-power law. Except
for a region in proximity of the wall, the same can be

said about similar tests by Rubesin, Maydew, and.
Varga™ at Mach Number 2.5 and Reynolds Numbers

varying from 2.7 X 10® to 6.2 X 10% Comparison of
the values for §*/x and ¢, derived from these experi-
mental data with the theory of reference 1 indicates
their variation with Re™"*, while the Mach Number
effect appears to be underestimated by that theory.
This does not, however, influence to a great extent the
results of the present paper, since its purpose is mainly
to show differences in the behavior between flow along
cylinders and flat plates where only a second-order
effect of Mach Number comes into play.

At higher Reynolds Numbers it must be expected
that, similarly as for incompressible flow, the 1/7-
power law for the velocity profile and the Re™"* law
for the friction coefficient will no longer hold. The
velocity profile will probably change to a fuller shape,
and the effect of Reynolds Number on skin friction will
become weaker. Both effectsare interrelated. If — 1/
denotes the Reynolds Number exponent, the relation
between m and # can be obtained approximately from
a dimensional analysis by von Kéarmén.'? It reads

As can be seen, the in-
fluence of lateral curvature on the displacement thick-
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m = {n + 3) / 2, which for #n = 9,7 for instance, pre-
dicts an effect of Reynolds Number according to Re™ /s
Eq. (8), which in the general formreads

5 . ‘ 0 . 5 - (- 1)/771 .
s N 2m— 10,7 , ,

1 Wilson® ‘obtained from measurements at thé wind-tunnel

© ¢ wall for Mach Number 2 a velocity profile close to a power law
" with z = 0.

The equivalent flat plate Reynolds \umber was
determined to 50 X 108. .

10 S
LDagn L L
8 —A“ m=51 2 ,,_—_—:;j:jﬁﬁz
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Frc. 3. Nondimensional displacement thickness of second-
order velocity profile related to same value of first-order profile
vs. free-stream Mach Number for various power law exponents of
the first-order profile. Values refer to flat plate flow.
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Fig: 4. Displacement thickness of the turbulent boundary
layer along a cylinder in compressible flow related to flat plate
value vs. the ratio boundary-layer thickness to radius of the
cylinder. 1/7-power law velocity distribution. Parameter:
Mach Number. -
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can be written with the relation above

5 nb 3Ry, 5\ VOt
= = (1 + : -) \ (8)
’ bt N 2m 49, 7
For large values of #, Eq. (8¢) converges toward
8 1Qp, 8\7" o
(1 ° — o) (8d
S+ o e

which for the incompressible case reduces to

@)g(”“ f‘) (=) 80

For 8/r = 1, the value obtained with Eq. (8e) differs
by less than 1 per cent from the one obtained with-Eq.
(Ra) where » = 7. With respect to the small depend-
ence of the ratio Q,,/Q, upon Mach Number, it can be
concluded that Eq. (8d) will give results that are simi-
larly close to the values obtained with Eq. (8) for com-
pressible flow. This means that for n > 7and &7 <1
the ratio /8, is practically independent of #.

The ratios of the local and mean friction coefficients
decrease in steps of about 0.5 per cent if # is increased
in steps of unity between 5 and 9. For n —» <,

6o/ Cu—> €/ —> 1

These results are valid for the assumption that the ve-
locity distribution is not influenced by lateral wall curva-
ture. There is reason to expect, however, that the
profile will be altered by convex curvature toward
larger n—that is, to a fuller shape compared to the flat
plate—because the flux of momentum from the free
stream toward the wall is concentric. This will lead
to higher velocities within the boundary layer and a
stronger velocity gradient near the wall.

An effect in this direction has been noticed for in-
compressible flow by Schultz-Grunow,? who found that
velocity profiles are fuller on flat plates than in pipes.t

In order to allow an estimation of the effect of differ-
ent velocity profiles, some calculations have been car-
ried out assuming » = 9 and an accordingly altered
shear stress relation for the cylinder while retaining
# = 7 for the plate. TFor this condition the ratios of
cylinder to plate values depend, besides on §/7, directly
on the Reynolds Number, and it is found that for Re >
107 the friction coefficients may well exceed those on
flat plates by 20 per cent. It can be supposed that
the effect of curvature on the velocity profile will be-
come significant only if & > 7, but the indication is
given that the results of this paper might be low.

The assumptions of constant total energy aund con-
stant static pressure have been checked experimentally
for two-dimensional flow at Mach Number 2.8 by Spi-
vack.'Y Variations of these quantities with wall dis-

T The fact that this difference is rather small in view of the
differences in the flow geometry may be due to the pressure drop
_inherent to subsonic pipe flow which tends to compensate the
effect of the concave wall curvature,
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tance by about 5. per, cent have been roticed: The in-

. fluence upon integral pammeters that enter the present

analysis is irrelevant.

It may be added that for a laminar boundary layer
and incompressible flow the problem has been treated
more fundamentally by starting with the differential
form of the boundary-layer equation in a paper by
Seban and Bond.!! Results given for the local friction
coefficient are similar to those of the present paper but
indicate a stronger effect of lateral curvature. For the
behavior of the displacement thickness, no clear result
has been obtained because of the limited number of
terms retained in the series expansion.

(7) CoNcLUDING REMARKS

The results obtained by the approximation method
above indicate that the growth of the turbulent bound-
ary layer along a cylinder becomes considerably slower
compared to the flat plate if the boundary-layer thick-
ness approaches the dimension of the cylinder radius.
The effect is still more pronounced on the displacement
thickness.

- More important for engineering purposes, however,
might be that the influence upon the mean friction co-
efficient comes out to be extremely small and hardly
exceeds the uncertainty of present-time experimental
determinations even if the boundary-layer thickness
equals the cylinder radius. This would substantiate
the use of flat plate values for cylinders and vice versa.
The reliability of this conclusion depends, of course,
upon that of the assumptions involved, mainly the in-
variance of velocity distribution and shear stress law
with curvature radius. It can be expected, however,
that the results will, by their presentation as fractions
of corresponding plate wvalues, not be sensitive to
variation of parameters that simultaneously affect
conditions at both cylinder and plate. This is evident
from the small influence of Mach Number.

If at higher Mach Numbers or higher Reynolds Num-
bers the actual behavior of the turbulent boundary layer
on the plate does not follow the relations of reference
1, then a similar deviation differing only by higher
order effects will also exist for the cylinder and quali-
tatively useful results can be expected by basing the re-
sults of this paper on improved plate values as they may
be given, for instance, by the theories developed in
references 7 or 8.

Once dependable relations for the case of the flat
plate are established, it will be desirable to check also
in particular the effect of lateral curvature upon the
boundary layer by appropriate experiments.
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On the Fli cht Dynamlcs of Slender
Spemai Purpose Alrcraf‘t

R.M. ROSENBERG* AND GEORGE STONERT
Boeing Airplane Company k

SUMMARY

In this paper, general equations of motion are derived for
slender special-purpose aircraft of nearly circular cross section.
It is shown that considerations of steady roll and lack of eircular
symmetry of cross section lead to Mathieu equations. ~Aero-
dynamic force derivatives for flight not near the flutter speed are
given which appear to be useful in that their application has re-
sulted in theoretical predictions that agree satisfactorily with
flight experience.. Finally, some possible iustabilities are dis-
cussed. The method is illustrated by an example.

INTRODUCTION

FROM THE STANDPOINT of the flight dynamics of
modern  special-purpose aircraft such as missiles,
it is of interest to develop fairly general equations gov-
erning the flight of a slender, essentially cylindrical
body that is elastic in a sense to be defined later. The
solution of these equations leads to the analysis of os-
cillations that may occur in flight and which may be-
come unstable under certain unfavorable circumstances.
The results of the theory presented here have been com-
pared with flight experience, and astonishingly good
agreement was achieved.

THE DEGREES OF FREEDOM

in the xz-plane leads to a displacement +(x, {). Both
vibrations are restricted to occur in the fundamental
modes only, and no elastic deformations, except for the
two listed, are considered. The nomenclature regarding
the kinematical and dynamic quantities referring to the

" elastic degrees of freedom are listed in Table 2 Where'

The aircraft under consideration is assumed to be.

slender and to possess geometric, elastic, and inertial
characteristics having nearly circular symmetry with
respect to all points on a 10ng1tudma1 axis through the
body of the aircraft.

The right-handed orthogonal xyz-system of coor-
dinates is fixed in the craft; it coincides with the prin-
cipal axes, and the x-axis is positive in a forward direc-
tion. Inmasmuch as the coordinate system is right-
handed, the positive direction of all other quantities
relating to the coordinate system are now defined..

The nomenclature and sign convention of the rigid-
body degrees of freedom and of certain kinematical and

‘dynamic quantities relating to them are defined in
Table 1. All velocities, forces, and moments are posi-
tive in the direction of positive displacements.

In addition to the degrees of freedom defined in Table
1, the aircraft is considered to be elastic in the sense
that it can execute beam bending vibrations. A vibra-
thIl in the xy-plane leads to a displacement o(x, ¢); that

Received March 1 1851.
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d/dt = D.
o is posmve in the direction of poszhve Yo7 is pos-
itive in the direction of positive z.- All other directional

quantities in Table 2 are positive when they act in the
direction of positive displacements ¢ and +. :

The aircraft under consideration is assumed to have
certain controls having principal actions as listed in
Table 3. These are described with reference to an axis
system fixed in the aircraft—i.e., they are those seen
by an observer on the aircraft. Thus, a side force, for
instance, may give rise to a displacement that would ap-
pear vertical to an observer on the ground if the appli-
cation of that force had been precededby a roll displace-
ment of 90°. The symbols in the right-hand column
are regarded as indicating the degree of application of
the controls leading to the responses indicated in the
left-hand column of Table 3. All control actions are
positive in that direction in which they give rise to re-
sponses in a positive direction.

THE BENDING VIBRATIONS

In ‘an aircraft capable of roll, the inclusion of the
vibrational degrees of freedom presents considerable
difficulties. : ~ :

Consider that the aircraft is not rolling and that
bending vibrations are set up in the xz-plane, say. If
the aircraft is now given a displacement in roll, the
plane of the bending vibration does not rotate with the
aircraft; it tends to remain fixed in space.! Let the
plane of bending vibrations be the sx-plane, and, before
rolling, the s-axis coincides with the z-axis. When a
rolling displacement ¢(f) takes place, the s-axis re-
mains fixed in space, the z-axis remains fixed in the air-
craft, and the angle between the two is @(f). The vi-
brational displacement = now has a y-component equal
to 7(x, ) sin () and a z-component equal to r{x, ?)
cos ¢(t). Obviously, these displacements introduce
nonlinearities into the equations of motion which render
analytical treatment extremely difficult. If the roll is
steady at the angular velocity py, the components be-
come r(x, {) sin pof and r{x, t) cos pof. In this simpli-
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fied case, the wvibrational displacements introduce
periodic coefficients into the equations of motion which
also make the analysis difficult. Finally, if the air-
craft has unequal stiffness in mutually perpendicular
directions of beam bending, then the spring restraint
“becomes, even in steady roll, a periodic function of time.
Again, the system of equations will have periodic co-
efficients leading to Mathieu equations. Because of
the difficulties resulting from a consideration of roll,
“the analysis will be carried out for a nonrolling aircraft,
ore(t) = p(H)=0.

‘When no roll is pemutted the vibrational displace-
ments are : : = T8

ao(?) f1lx) }
To(8) fa(x)

where J12(x) are the mode shapes satisfying

?ffl,goc) dm =0

where dm is an elemental mass located at x and the
symbol f; indicates integration . along the entire
- length of the aircraft.

V olx, t) =

7{c, t) = @

@

PROCEDURE OF ANALYSIS

The general procedure of analysis will be to write
one equation of motion in each degree of freedom.
Each equation will be of the form ¢ = f/m, where
is an acceleration, linear or angular, f is a force or
torque in the direction of the acceleration, and = is a
mass or inertia. i

‘Because of the essentially aerodynamic nature of the
problem in hand, the natural dependent variables are
the velocities rather than the displacemients.  An ex-
_ception to this occurs in the vibrational degrees of free-
‘dom because v1brat1onal displacements, as Well as ve-

TaBLE 2
Natural
Dlsplacement Velocity Acceleration  Forces Freguencies
o g = D¢ & = DZ2¢ P @)
T 7 = Dy ¥ o= D2y Q wg
TABLE 3
Principal Action Symbol
Thrust 3
Side force P
Vertical force ¢
Roll torque [
Pitch torque 3
Yaw torque ¥

4 2 ay N C

locities, produce changes in angle of attack. Thus, as
far as the vibrational degrees of freedom are concerned,
the displacements wﬂl be regarded as the dependent
variables.

Inasmuch as the coordinates move in space, the ac-
celerations in the equations of motion are the absolute
accelerations of a moving coordinate system. These
will, however, differ from the well-known forms of
these accelerations in that they contain contributions
from the vibrational degrees of freedom. The forces
(or torques) in the equations of motion are the summa-
tions of all forces that are not inertial in origin. They
arise from two sources: One type of force is that arising
from the motion of the aircraft. This type of force
consists of such quantities as lift, drag, pitching mo-
ments, aerodynamic damping, and others, and these
will be regarded as response forces; thus, they will
appear on the left-hand side of the equations of motion.
‘The second contribution is introduced by activation
of the controls. The forces arising from this source
will be regarded as exciting forces and will appear on the
right-hand side of the equations,

The solutions of the equations of motion give the
time histories of the motions; thus, they must clearly
depend on the manner of activation of the controls that
cause the motion. The equations here derived are
completely general in this respect, and the investigator
may search for steady-state solutions by introducing
periodic control activation, or he may obtain transient
solutions to unit-step or arbitrary control activation.
The theory here presented was actually applied to
transient solutions resultmg from unit-step control
motion. :

THE ACCELERATIONS

Derivation of the linear accelerations presents no
great difficulty. They are easily shown to be, respec-
tively (for p(f) ==0), :

a, = (du/dt) + (w + 7)g — (v + &)?’
= (dv/dt) + (do/dt) + ur
= (dw/dt) + (drv/dt) — ug

&)

Eqgs. (3) are obtainable from purely kinematical con-
siderations. , -

The angular accelerations must be derived from dy-
namic relations. They are obtained from Euler’s equa-
tions of inertia moments of a body rotating about a fixed
point coinciding with the center of gravity, and their
simple form used here requires that the coordinate axes
coincide with the principal axes,



CFLIGHT DYNA

The derivation of the angular acceleration about the
x-axis will be shown here. For the other accelerations,
only the results are listed.

The angular velocity vector: &, whose components
are the angular velocities about the xy and s-axes, re~
spectively, is ; . :

- 5=qit r]_e
The velomty of a point P located at
7= + }’J + zk

is

§ = F = 0+ t@} + v,k
Whére" AR ‘
n=GE+1g— b+ aor
vy = X7
v, = —xq

Then, the angular momentum of a mass dm located at
Pis

=7Fdmi
= N1+ N7+ AR
‘Where . k ’
Ap = = dm L(y -+ !T)Z’z (3 + 7)911]
7\ = dm [(z + 1), — x2,]
= dm [xv, — (y + o) @'z]

"I‘he inertia moment due to the mass dm about the %

axns is ,

dl = (d)u-/dt) g Ay = 7’)\

ém{ —x6q — x(y + a)q — Xr7 - x(z + 7
G+ G+ art Lo a>r~
[0+ a2~ =+ 1% .

The total momentis . =~ - .
= —q'[x(y—fr a>dm—f[g;(g+7)dm;
q"'-[(zwa) (y+o)yém+r‘*‘f(y+a} (z + T)dm+
qr[f<y+ o)t dm f(2+7)2dm:]
g6 f wfi(x) k dx — riy f falx) k dx

By making use of the following notations

fdm = m; dm

ffidx = X,
: ! : .

©or

“a
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Where & = dm/dx is the mass per unit length and use
has been made of Eqgs. (1). ~ It can be shown that, if the
vibrational displacements o and 7 are sufficiently small,
the above expression fcr the moment ‘can- be approxi-

mated by : o

= k(Ck—' B)gr — qc’r{)[&fl(x)x dx —’ri—ojxfg(x}ﬁx‘ dx

where higher terms of the small quantities and products
of inertia with regard to the vibrations have been neg-
lected. ' Finally, the acceleration about the x-axis is
obtained by dividing the expression for the moment -
by the moment of inertia of the body about the x-ax15, :

o= [, e é"?‘] "o
1 ; o
[Z [ xfg(x)’x dx:] rr'g 4
Because the rolling velocity vanishes identically, par-
ticularly simple expressions for the other two angular

accelerations are obtained in an exactly analogous man-
ner. They are ,

TrE EQUATIONS OF MOTION

C~ B
A

©

ag = dq/dt Y )

Assuming that the force per unit length X, parallel

-to the x-axis, is a inear function of all variables and of

all controls, the equation of motion of an elemental

- length of the aircraft (of length dx and mass dm) may.

be written as

‘ (ZZ — 7o+ qw — ?’Uof; +,§?’0f2> dm =

{ZX'{& + ZX,] + X, ooft + X&&Ofl +
% J
X;fofg + Xﬁofz}dﬁ? (6)

where 4 can take on the values u, v, @, ¢, r; j can take
on the values £, », {, p, B, v; the subscripts denote par-
tial differentiation; and the bar denotes forces per unit
length.

and of Eqs (2), the integral of Eq. (6) over the aircraft leﬁgth is
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D) — rv + qw ~ {Z X+ oo fX“fl dx + D(ao)fX,fl dx + Tafx,f2 dx + D(ro)f X.fo dx} = X,
i
L B @
Similar equations for the forces parallel to the y- and z-axes are found to be N
D{”) + wr —{ZY@?: + UG[?Jl dx + D{%}[ﬁ;ﬁ dx + 7g , ?}ﬁdx +- D("'O)[Kfﬁ dx} = ZY;]
i : . J } .
. D(‘w} —‘léq — {ZZ,@ + cro-[Z,fl dx + D(GQ)[Z&fl dx + T{)‘[ZT.}% dx + ,D(Tg)\[z,rfz (fx}= EZ‘;]'
, ' ' 9y
The equations of torques about the coordinate axes are obtained similarly to Egs. (7) to (9). Of these, the rolt

equation does not exist because roll is not an admissible motion.*
With the aid of the following notation:

M,/B = M, f M, dx = M,
1

K]{,”C = i{zg, . f j\?z‘ dx = Lwi
the equation of rotation about the y-axisis
’ D(gy — {E Md+ UO»[AZ«JAI dx + D(G-O)[ﬁéfl dx + Tu./;ﬂffz dx - D{Ta}ﬁﬁ}fgdx} = EM’,.j
‘and the equation of rotation about the z-axis is
D(?) — {Z ]\727, -+ O'OA/l\,t?v,,fl dx e D(Gg).[zv&fl d”C+ TO[NT][Q dx B D(‘To)’[]vf-fé dx} = Zij
B o : . .
, (11

The remaining equations to be derived are those in the vibrational degrees of freedom. These are most easxlv ob-
tained by application of Lagrange’s equation. Thatfor the o degree of freedom is

Do) + wioy — {Z“b [szl dx 4 aﬂfP fitdx + B(ao)fﬁ,ﬁ dx + faf P fifede + D{rg) X

f}? f;fgdx} Z;]‘ijldx (12)

where use has been made of the notation

il
~
-

2y jiwas = P,
0/ [ fat dx

the equation in the 7 degree of freedom becomes

With the notation

[
=

D2(re) + witro — { f O.fe dx + oo / J, f, f2 dx + D(ov) f Oufifodx + 7o [ 0, f2 dx + D{r)) X

S ) -%i [ona 09

* It is not an entirely trivial matter to show the nonexistence of the roll equation because Eq. (4) shows that a roll acceleration
does exist even when p(¢) = 0, and there are undoubtedly nonvanishing forces due to many of the variables that contribute to the
roll torque.
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The assumption that all forces are linear in their arguments is less satisfactory for the force X than for the others.
Therefore, Eq. (7) should be more properly written as

D(u) — v + qw — 12/.}( di -|—// X, fidoy dx +//X,,f1d(f0 dx +/fX,f2d~rodx+
f/szdrodx} Z/X dj

This equation is seen to introduce nonlinear terms into the system of equations of motion.  However, the diffi-
culty is circumvented by the following well-known simplification :

In the conventional analysis of airplane dynamic stability, it is a familiar assumption to consider the variation in
forward velocity negligible compared to the mean value of that velocity, or # = U 4+ %’ where %’ <« U and U is
a constant. In the problem here considered, it is sufficient to regard the maneuvers so small that their effect on
the forward velocity need not be considered. . For this special case, the first of the equations of motion—i.e., Eq:
(7)—must necessarily express the equilibrium between thrust and drag.  Thus, Eq. (7) simplifies to

XU =X | (14

where U is the constant forward velocity and & may be regarded as the constant throttle position. Eq. (14) isan
equation’ containing none of the variables under consideration;- thus it separates from the system of equations.
Those that remain are conveniently written as the matrix equation, -

[E] {V} = [C] {u} S \ (15)

where

[E] =
s

D - 1) (=Y, (=7) (U-=-1)

(_Zv) (D - Zw) _(U + Za) (—Z,)

<—/ZZZ,,f1 dr

(= M) | | (=1.) <D—qu (=M,) <_/:ﬂ;7fldx
' —fzvf,f1 dx D —fifzde
: B —jN,,fl dx (—/;N,f‘z dx
< D —fﬁ,-flfgde

- f Pofirdx + w® [\ — f P fifs dx
l :
— [ O;pfodx D\ [ D? - / 0.f>dx D

_f@afle dx —‘[@fgdx Fo?

(I
i YE ) Yn Yi' Yn YB Y
Z. . Z, Z, Z, Zs Z,
M, M, M, M, My M,
v, N, N N, N; N,

(€] = : 5
/Pffldx /Pﬂfldx /Pffldx /Ppﬁdx /Pﬁfldx fﬁ,fldx
l l l ! J 1l l
] [ 0: dx [ Oufodz [ Ovfa dx f 0.2 dx [ Ot dx [ Oufods
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Eq. (15) demonstrate the necessity for determining a
large number of aerodynamic derivatives. ‘ '

It is realized that, in the problem at hand, the aero-
dynamic forces (whose derivatives with respect to the
dependent variables are desired) are those arising from
unsteady flow about airfoils. Inasmuch as these forces
have been determined for both subsonic incompressible
and supersonic flows, their substitution in the equa-
tions of motion presents no insurmountable obstacle.
However, their use complicates the problem so that a
solution without high-speed computing devices seems
forbidding. : :

It is not unrealistic to suppose that the application
of the air forces arising from steady flow will predict
the dynamic behavior under investigation reasonably
well, provided the velocity of translation of the airplane
is not near the flutter speed. - However, in applying the
steady-flow air forces, the investigator deprives hxrnself
of the possibility of analyzing flutter.

The analysis here presented was undertaken in an
effort to duplicate analytically, in character as well as
quantitatively, the appearance of oscillations observed
in flight. As a first step, the forces appearing in the
equations of motion were considered to be those of
steady flow—i.e., the effect of vortices shed into the
wake was neglected. The results of this simplified
analysis agree well with observation; therefore, it was

considered satisfactory to treat the air forces in this
snnphﬁed manner. L

It will be noticed that many aerodynamic denvatwes
appear simply as partial derivatives of forces with re-
-spect to some of the dependent variables, while others
are 1ntegrals in which the derivatives occur in the inte-
grand. The former are considered here to be quanti-
ties known either from theory or from wind-tunnel
tests. The latter will be termed integral derivatives
for convenience, and it is these that will be considered
" in this section. . Specifically, the integral derivatives
will be here computed from the “simple” derivatives.

1t is supposed that the simple derivatives (which are
known) were obtained by superposition of contributions
arising from certain components of the aircraft. Thus,
to consider one of these as an example, itis assumed that
¥, was obtained by the operation

.and thus their sums are known.

where the k2 numbers # represent % stations along the
x-axis of the aircraft where components (such as air-
foils) are located, each giving rise to an aerodynamic
contribution to ¥,. If downwash or any other factor
should introduce a phase lag between the k components
to be added in the manner of Eq. (16}, this effect can be
taken into consideration by considering some of the
oY, /ov as complex quantities. In any case, it is as-
sumed that all components of the simple derivatives
It will now be shown
how the integral derivatives can be obtained from the
“simple’”’ derivatives.

The integral derivatives will be considered in certain
groups, the first of these being that in which the dif-
ferentiation is carried out with respect to a vibrationzal
velocity. ,

Consider P, which is the rate of change of the vibra-
tional force per unit length P with respect to the vibra-
tional velocity ¢. Both the force and the velocity are
in the y-direction. Thus, with regard to an element of
length of the aircraft, P, is indistinguishable from ¥,, or

2P /ow = oP/dé

But, since
o7 _107 oF_ 1 0P
o _mbw’ a ﬁj;fﬁfcdxb&
it follows that o
aP/aa = (m/ffl « dx) OV /)

In view of Eq. (16), it is clear that

" m oY,
P, fitdy = —— zon
[ fr = e D

where fi(x,) is the value of f;(x) when x = x,—i.e., itis
the deflection in the fi{x)-mode at that value of x at
which the nth station is located. In a similar manner,
all other integral derivatives with respect to linear veloc-
ities can be found. :

(A1 (A7)

In determining integral derivatives with respect to

’anAgular velocities, use is made of the operations
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2 2w 2

0 _9o9% o 3 o
o  wd  dg dwdg
However, since the right-handed coordinate system
implies v = rx and w = —gx, it follows that
d/or = x(d/d0)
- while : ’
2/3q = —x(d/dw)

Thus, for iﬁstanéef, N

| T )
f Phis = S T, <xn> ay
Butitisfound that | o
F 7, -
.[del dx = fjli;dx % ow * o fuln) (19) :

The next group of integral derivatives to be considered .
is that of nonvibratory forces Wlth respect to the vibra-

tional velocities.
" In view of the fact that, for example,
oY 1
= — — d.
ou - om. 69 f *
oY 1_ a Y B éY
o6 Yy o J di

it follows, from rea,somng similar to that apphed pre-
viously, that

f}?’;fl@) dx =, o
LT w O
It remains to evaluate the integral derivatives of forces
and moments with respect to thé vibrational displace-
ments. The aerodynamic effect of a vibrational dis-
placement on a component of the aircraft is the change
in angle of attack which the component experiences.

Consider as an example the quantity 0¥/d¢. This
quantity will be first regarded in its relation to the yaw
angle . Infact,

oV /o0 =

(20)

(07/2y) (24/20)
But the yaw angle may be written as

b= e () = ) = ) ©_

dx

where the prime denotes differentiation with respect to
x. Then

27/0r = DT/00) [/ W/AI]

However, ¢ is expressible in terms of the sideways ve-

locity ¢. Infact,

tany = o/ U=y

maneuvers cons1dered here

where the approximation was made in view of the small
Then

ad/aw = U' a?/w (b?/aw (av/ag/)

or, ﬁnally

31’/?)0- = (aY/E}zz} Zf[?;’(x} f’f;(x)"' ('21)

Similar reasomng, ,together with the fact that w/ U =

—a, leads to

oFfor = - (a?/aw ORGAE (@

 From Eqgs. (21) and (22), two tvpmal mtegral deriva-

tives with respect to vibrational displacements are
evaluated by methods similar to those employed for

Eqs 17, {18} (lQ),and (20). They are .
A prie- U ey @)
i # a’(') N )
' andv ‘ S
f Y. f & = ~UZ jo’(xn> "<f24>

" A Hist of all reqmred mteg'ral derivatives is g1ven in

Table 4. Their derivation is in all cases analogous to
one of those shown in detail in this section.

TABLE 4
DERvATIVE EvaLLATION . [DERIVATIVE EVALUATION
j:;ﬁ’az Lf €dx Z?‘—’* fn I?" fode §%ﬁ<’m
[Bindx |/ ) I35 { ki) [Fiefx ;’%—'}—*f.m
Bt |(m/[gead T o | [Fufidx “g—E‘fﬁ(z»
[Bitex | o/l ) Tty [Fsfdx 2;%:;"&@,)
[Blx (fpeadiBien |[lide | Tawhen
[Boidx | (o[gixa) Bote  [[Lhde ug%ﬁm
[Brax /[Tt | [Thdx -u;%%;fgz“>
[Rtdx ] g gienies | [2fdx uz.%%f.im ;
fﬁf@iz /18 «tz)z,s fed | [EAde g Bt |
[itex (rn/jﬁKdZ)Z e | [Bedx Qnuljf.zdz)za“f‘tz;uf.'m
[a4ax (m/gfadzz St | [Biide {»«uxjmz)?*"ﬁmf |
[Ggdx Hrlgesa)? )3 B> [Gftdx | Y[gedey rfofia
[Bgdx | e/l cd)F rnfcza [ g {mu/flgzd@éwﬁm G
[ gdx (m/]\f:n:dz)?ajg‘fgm [Afdx Uz f
[ | 28tew [Fufdx 03 Bt
[Hhde| 2 ety J‘lﬁaf‘ax‘ Zm"f en
[EXLES pA 1T [Ffdx | -UZ o
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TIME SGALE

AGOELERAT:}ON‘ SCALE

TIME SCALE
3 4

AGGELERATION SCALE

&

F1c. 1. Upper curve is the result of flight measurements for
one flight condition. Lower curve is the result predicted by
theory, -

~ A SIMPLE APPLICATION

The foregoing development will be here applied to
the following example:

A step-function type of control activation in { will
be applied at ¢ = f; all other controls will be left un-
disturbed. Thus, the controls activity considered will
be { = 1f, or 1¢(t) = Ofort < hand 1¢(8) = 1fort2 t.
Furthermore, only “primary”’ aerodynamic forces will
be considered to eXlSt Thus, the following derivatives
vanish—i.e., :

Vo Yoo Yoo S1V fedx, {7 f, dx, Yo Z,, 2, Z,,
S Zfidx, fi Zifidx, J] Pofydx, S P dx,
.ﬁ P, frfs dx, ./l’kPFflfé dx, Jz‘ ng; dx, J; @vfz dx,
S1 O:fadx, S Qo fifedx, 7 Qsfifs dx, .ﬁ M, frdx,
S M fiax, M, M., /i N, fzdx, J; Nifs dx,

N, N, N,

are all zero. In an aircraft of conventional design,
these derivatives are actually sufficiently small com-
pared to those retained that they may be neglected com-
pared with all others.

For this system, Fq. (15) becomes
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: Clearly, the equations giving rise to the first three rows of Eq. (25) are functions of those variables of which the

equations corresponding to the last three are not.

This observation is equivalent to notmg that in a nonrollmg

aircraft the longitudinaland iateral motions may be discussed separately.

Inasmuch as the proposed control activity is one giving rise to longitudinal motion, the lateral motion W’lll not
be further considered. - The longitudinal motion is the solution of the following matrix equation:.

D= Z) | <:£§§23z9> )
—rausas (P D)
(D)

¥

g ,ﬁ! - Z{?
=| SiQcfodx | 1¢ (26)

iwf :

— S Qefsdx 70

w=-u) | |q

If the occurrence of the acceleration D?r, in the central element of Eq. (26) is considered an inconvenience, it may

- be eliminated by augmenting the equatmns of motxon by the addmonal equation: 7o

matrix equatlon becomes

,(D;Zw)'

-

(fz fgafxD)
BTyt S
i Qufe d?? ( SO, fo? dx + w22)
u, (CAEAEDY

o‘_ta

Eq. (27) has been applied in a practical case in order
to attempt the duplication of observed flight experi-
ence.. The aerodynamic integral derivatives were com-
puted by the theory presented here. The analytical
results ‘showed remarkably good agreement with ob-
served performance. In particular, an oscillation of
considerable amplitude was explained qualitatively, as

well as quantitatively.. . The actual task of integrating

the equations of motion was entrusted to an electronic
analog computer, and the results were obtained as trac-
ings of an oscillograph. These results are shown in

Figs. 1 and 2 for two different flight conditions. In

both illustrations, the upper curves are the results of
flight measurements and the lower are the results of the
analysis presented in this paper. The scales are the
same in the two illustrations—i.e., the peak dcceler-
ation in Fig. 1 is nearly eight times as large as that in
Fig. 2. It will be noticed that the agreement between
theory and experiment is extremely satisfactory in bofh
cases.

STABILITY

It appears that the system will be stable if the chat-
acteristic equation of the system satisfies the stability
criteria of the Routh discriminant. However, for cer-
tain types of control motion the system may become
unstable even if the Routh discriminant of the left-
hand side of Eg. (27) indicates stability. Thus, con-
sider a control activation that is governed by the ac-
celeration- as measured somewhere on the aircraft.

AGGEL. SGALE

= D7y . The augmented
‘ —U,:g : w ; Ly
__f@?fz dx o _ j{@;ﬁ dx| I , (2?;}’
0’  Lq_ ~; Li 0 R

Then, ¢ becomes a function of one or more of the de-
pendent variables. This can either be accomplished
by a mass unbalance®?® incorporated in the control sys-..
tem or by an accelerometer that governs control action

TIME SCALE
’ 8

TIME SGALE

ACCEL. SCALE

Lo

Upper curve is the result of flight measurements for a

Fic. 2.
flight condition different from that of Fig. 1.
result predicted by theory. -

Lower curve is the . -
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by electric means, If the acceleration-controlled aero-
dynamic surface is on one side of a node of the vibra-
tion mode and the acceleration-sensitive unit is on

" the other, then the accelerations of these two com-

- ponents will be 180° out of phase with respect to
" one another. Now assume that the controlling de-
vice is adjusted so as to counteract any accelera-
"“tion experienced by it. "This will generally be the case
if acceleration control is introduced to produce sta-
bility. In that case and for the unfavorable location
of the two units in question, the control action now ex-
cites the vibration mode at resonance and the system
becomes unstable. This same effect can be produced
with favorably located components if there is a phase
lag equal to an integer multiple of one-half the vibra-
tional frequency between control command and con-
trol response. This effect may be analyzed by the
equations derived here; it is merely necessary to insert
the proper control forces on the I‘lo‘ht hand side of the
equations of motion. ‘

CONCLUDING REMARKS

A theory of the flight dynamics of cylindrical bodies,
nearly circular in cross section and elastic in a limited
sense, has been presented. A large number of restric-
tions were introduced in order to render the treatment
manageable. These might be grouped into those
whose removal would render the treatment more tedious
but not theoretically more difficult and into others that
make any analytical treatment quite forbidding. Among
the restrictions that could be removed without causing
undue difficulty are those relating to the elasticity and
to the air forces.

AERONAUTICAL SCIENCES—JANUARY,

1952

The admission of elastic deflections decomposable
into # + 1 normal modes rather than only one would
merely add # equations.of motion to the system and #
terms to the equations used in this analysis. Thus, the
consideration of three normal modes instead of one
should certamlv be considered feasible.

Cons1derat10n of the air forces arising from unsteady
flow is possible sirnice these air forces are known. In
fact, it appears that even transient solutions could be
obtained rather easily if use is made of analog or digital
computing machines. However, when nonstationary
air forces are introduced, the problem appears to be-
come numerically too complex for solutlon by means
of desk computers.

All restrictions except the two just mentioned were
introduced in order to retain differential equations that
are linear and have constant coefficients. Theo-
retical predictions of the flight dynamics of the air-
craft under consideration do not appear hopeful if these

_restrictions are relaxed. However, an analysis in the

neighborhood of the problem solved here can be carried
out by perturbation methods. ‘
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Velocity and Tempefature Distribution
Through the Laminar Boundary Layer in
Supersonic Flow’

CARLO FERRARIf

Cornell Aeronautical Laboratory, Inc.

SUMMARY

The laminar boundary layer in a compressible gas is studied in
order to obtain the velocity and temperature distributions through
the layer in the presence of any pressure distribution whatsoever
for the external flow, under the usual assumptions that the pres-
sure is constant through the layer and that the temperature of
the constraining surface is constant throughout its extent: The
contour of this surface is supposed to be so gently turning that

the surface elements may always be considered aligned with the -

free-stream flow.

The method described is well suited for routine computations.
Even though it makes use of successive approximations, only one
extensive recomputation is required; after the second approxi-
mation is obtained, further approximations, if desired, are carried
out by means of short cuts that reduce the labor involved to less
than one-tenth of that required in the first recomputation.

A significant effect of scale on the pressure changes in the po-
tential flow exterior to the boundary layer is observed, although
the magnitude of the changes in these external pressures is small
in the example selected for numerical illustration of the theory.
The numerical example shows the progressive change in profile
shape up to the point where imminent separation can be expected.
Tables and aids to calculation are provided, along with the nu-
merical example.

INTRODUCTION

THIS REPORT DEALS WITH A NEW METHOD for the
determination of the velocity and temperature
through the laminar boundary layer in supersonic fluid
flow. This method is related to one expounded by
von Karmén and Tsien! and to the ideas suggested by
Feinsilber,? but the present treatment may be applied
to a compressible gas, and it holds for any kind of pres-
sure variation along the boundary in. the external
stream.

The method discussed here is actually one involving
the technique of successive approximations. The
degree of approximation associated with the solution
desired in this investigation, however, may be con-
sidered as more than adequate for practical purposes.
The procedure described is, besides, well suited for rou-
tine evaluations because of the fact that the numerical

Received May 27, 1951, Extended version of manuscript sub-
mitted to Cornell Aeronautical Laboratory, Inc., December 20,
1949.

- * This research was conducted under Navy BuOrd sponsor-
ship.

t Member of the Cornell Aeronautical Laboratory consult-
ing staff. Professor, Laboratorio di Aeronautica, Politecnico di
Torino.
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values of the functions entering the final formulas have
already been tabulated in standard works.

The assumptions upon which this method is based
are the same as those that have been employed pre-
viously in similar investigations. For instance, it is
taken to be permissible to use the *‘simplified” equa-
tions of the boundary layer in order to describe the vis-
cous flow therein, and, hence, it is implied that the
static pressure is constant throughout every cross sec-
tion. The experimental results of Ackeret, Feldmannm,
and Rott? controvert this assumption, of course, more
and more as the particular cross section under comn-
sideration is selected closer and closer to the one at
which the shock wave starts.

Such an assumption of constant pressure, on the
other hand, does not preclude the derivation of a for-
mula from which it is possible to deduce how the pres-
sure within the stream external to the boundary layer
is modified by the presence of the boundary layer itself.

In a preceding report of this series,* it has been
shown how, in the case where the Prandtl Number is
taken to be unity, the problem can be solved approxi-
mately through use of a step-by-step procedure by
means of which the pressure variation through the
cross section is taken into account at each step of the
calculation processes. .

Further, it is assumed here, even as was domne in the
above-mentioned report, that the thermal conductivity
of the wetted wall is infinite (so that the temperature
of the wall is constant over its whole length), and, in
addition, the curvature of the wall is taken to be so
small that its surface elements may be considered co-
incident in direction with the x-axis and the outward
normal to be in the direction of the y-axis.

A numierical example is presented to illustrate the
application of the suggested method, and the necessary
tables employed in the computations are also appended.

PRELIMINARY CONCEPTS

(1) Symbols
U = component of the velocityalong the x-axis
V = component of the velocity along the y-axis
Vi = limit velocity attained by the free stream when ex-
panded to a vacuum ’
Ues = velocity of the undisturbed stream
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U, = velocity of the stream on the outer edge of the boundary

‘ (for all intents and PUIposes, thls vector is taken to
: " be parallel to the x-axis)
w = UfVy = V/V u, = U/ Vy he = Un/V)

density of the fluid; p: = density of the fluid in the ex-
ternal stream; po = density of thefluid in the un-
disturbed stream; pp = density of the fluid in con-
tact with the wall '

pressure

absolute temperature

viscosity coefficient

kinematic viscosity coefficient

® R oY
wona

. The above symbols with subscripts ¢, =, and p have analogous
meanings to those given for .

L

= length of the wall; £ = x/L; 5 = /L
Rcc =

Reynolds Number of the asymptotic stream (undis-
turbed flow at infinity) = UxL/ve; #* = 2V Reo

AERONAUTICAL
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Y= stream functwn (dnnensmn; of a vxscomty coefficient)
¥ = PoeUal); * = ¥iVRa
2= wfum =1 , |
Z = (u2u%) — (02 Ze = u/2ux%; and
¢ = Zp — Z = w2202 ) - :
¢, = specific heat at constant pressure
v = adiabatic exponent (= 1.4 for air)
P, = Prandtl Number (= 0.75 for air)

a coefficient defined by u/ue =
air)
Other symbols are specified in the text.

B
I

(T/Te)" (n = 0.75 for

. (2) General Equations

On the basis of the fundamental assumption con-
cerning the constancy of the pressure as mentioned in
the introduction, the equations defining the flow w1thm
the boundary layer are as follows:

Equation of motion:

U _dU p a< bU) _du. a( dUY -
I = 2L (W) = al S (wE 1
pLax’—{—p 5 dx+ay“ay pU dx+ay“ay) | (1

Energy equation:
T _dT\  _dp ﬁa< 2T (E)U?
C”(’wbx‘—{—p} ay)_pdx+ oy ) .
. dU. [ g d (T (bb o

= = Ul - dx +P a;( dy >+ by) o @

The continuity equation is satisfied by writing

Palie (5%/577)}
—Palta (0¢1/08) |

Through the use of the transformation previously em-
ployed by von Mises,® and by letting

pu =

. ®)

= pu/u, 4)
where
z = (T/Ta>n; ’,‘.D./Pe-z T_e./T~= Zﬂl/n (5)
and ‘
£ —
b= f Koo dg; =VRota (6
: 0 UaPo o R
while also
Z = (u2/2u.%) — (W/2u.?) 6"
Z, = 12/ 21t
then from Eq. (1), one obtains
DZ/dk = (u/un) @/¢*) [P (dZ/d¢n*)] +
(@ -2 dZ/dw)] ()

Applying the von Mises transformation to Eq. (2), one
obtains in an analogous manner:

D2/t = (1/P,) (1 — )@ 0% %
(D/b:/zl*) [(/% ) (D21/091*)] — 2% =2 (nu . Ju) X
[2u.2/(1 — u*)1(0Z/oys*)*  (8)

where 1 = 1 — 5. The boundary conditions are:

For Eq. (7} :
" Z = Z, for y* = 0; = Ofor yy* = = (79
For Eq. (8) ‘
oo=1— (Tp/m” for ;zq = } @)
zy = 0 for y,* N

wherein T, the constant temperature at the wall, is
supposed to be known for this phase of the calculations.

SOLUTIONS OF THE TRANSFORMED EQUATIONS

(3) Externasl Solution of the Equation Derived from the
Equation of Motion Through Use of von Mises Trans-
formation
Within the boundary-layer region, but near the ex-

ternal stream, it is permissible to write
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oZ/ 5%*: (9)

='zl =0 and w/u. = u/tte
and letting ‘
gt = Pf e at © (10)
it follows from Eq. (8) that -
om/ok* = Vm/o*? (11)

 which is identical to the equation of heat conduction
within a medium having unit diffusivity. Let

(zo,m 0o =z, = Zdn BT 1)
then the mtegral of Eq (11} wh1ch satlsﬁes condition
(8)is ,

- zA 22mmrsl**w erfc m*,/(z\/a**)) (13)

(4) External Solution of the Equauon Derived from tke

Energy Relation Through Means of the von Mises
Transformation }

' In order to determine the external solution of Eq. (7),

the result just obtained as Eq. (13) will be used di-

rectly, Within the region of the boundary layer now

n

A 2 [i’*”" erfc

§'»—*

wherein ; -~
Cn =
Bt =

$B;
Thus, it appears feds1b1e to write '

2VES

F= Zg*m[caslmﬂ + CB.Y i erfe VY L WP Gl i erfe YTV L VP + -+

Now return to consideration of Eq. (15).
it the Laplace transform with respect to the variable
£*, one obtains

(@Z/dy*D — pZ = —F

= f e—ﬁsl* Z dgl*} o
0 .

4

(20)

in which

Z = L)
F= L(F)

The Laplace transform of such an expression as

£§¥i% erfe [¥a* /P, /(2v/5*)] is discussed in Appendix
V of The Conduction of Heat in Solids by Carslaw and
Jaeger. Using thisresult, it isnoted that

. selection of this constant as precisely unity. -

‘,Expanding 1 — 21

9 /E **] ESB.-;EI*(S—Q =2 Cmél*m[  erfe
Z 1 s . m

(A n/n) 227! (1/P,)}

Applying to

* where g and ¢ are positive integers.

under consideration, one may take z®*~D/* (= z~13%

for air) to be constant, because it varies but slightly
within the layer. In fact, there can be no objection to
In addi-
tion, letting u/u, = #.,/%., Eq. {7) may be written in
the form

OZ/dk; = (ue/uw) (bﬁZ/aw?) - (1 - zl/") (ng/d&)'
or also, if we set

, E* = P> (14)
then - S , o ‘
oZ/o5* 2% (dZ./de*) -
/" in a power series in the néighbor-
hoodof z = 1 and retammg the first degree term only,’
one obtains ~

= @Z/op*) + (1 -

dZe‘ :

2z 0z 1 0z E
ou* o0 ?zZI dgr " op T ¢ (15,),
Let " 2
ZB Ex*m )

(16)

then Eq (13) y1elds :

\ffl*‘\/Prj[ EB i (s =1) (1{}» o

2e*

CmB lz2m erfc \bl‘\'/\//gi ] (19) : ‘

L{El*m 27 el'fC 4’1*\/Pr/(?\/£1*) }

[(=D)"77/4) @7 /dp™ ™) (6‘“*"/’?”") (21)

for m > r and wherein ¢ =
- F turns out to be a summat1on of terms of the type -
Ce, o* (e ™/ p! T2 ¥ (22)

1t followé that one
may write

Z=%2Z, (23)

' wherein Z, , is defined by
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@2 = pZey = G (TP 29 Z=0 e

ek S e ‘ for y2* = 0, as well as for ¢,* = « must be kept in
where the conditions that R . mind. ' R

- One deduces, consequently, that

7 C, * 1 k [_w* Z k,(g) g e N e~ Vour ]
ST PRI g~ VPIIL ST\ L= (VP - WVPY

- Cz g —gir ¥ (g\ ‘&;’l*g —k _ e_‘v/;b‘f"l* ] ‘ o
T 2(VP, - 1)@””*[ Z WP — 0P T PR 1 Y Y

Then noting that

LI{«H?%]) = (4g )TN/ 2HFR arfe 11;\); P,
and ‘ -
L4 (7 Vanr/pt FIETHO2Y) o (4 #)@TH0/2 21048 erfe [Yy*/(24/%)] | @27
one obtains ' '
' Cio* { <k>¢ T N2t B/2 q2tithy, e ¥V P, g 2 .
2 = e | B (R et V.

‘ ‘;’1
. Bl
o ‘}’1* :‘ C;, a* [VZ ( )(2'\/51 ) . ‘/’1 ‘\/Pr
2+1+8 orf | = 2 N @ HAR/2 @+eth)
e e T W, — DL (W, —1F ’ e Vi

(45 *)(2+§+g)f'2 ,L'Q'H-%'g erfe

g .
(VP =1 2%‘*} @8

The expression for Z which satisfies Eq (15), and which, for $1* = 0, coincides with the Z, given by Eq. (16) is
therefore .

Z = ZB zﬁ'ﬁm% FMr2m orfe 2\/_ -+ ZZ“, ’ (29}
Thus, for example, in the most simple case in which
Z, = By + B.&y* : . (16"}
one has
%3 44
Z = BQ erfc ——— 1//1 C % (451 ) X

+ B4 Zerf + z T T m———e———

, e 1_ _ ¢ 2VEY 0 bn ... 2P, = 1) ; |
WP, Y* :]

20 _2(14) 1 007

[ ovir 0 el @

2\/1

wherein , = ‘t/ 2, and

C,o* =0 - for ¢
Cg. D* = _(1/‘411) (A tl/n) (22t1 ! B]_/PT!I) for ¢

1, 3, 5, ete. ERTRTRR
0, 2, 4, ete. _ (30)

(5) Internal Solution of the Equat:on Derived from the Energy Relation Through Means of the von Mises
Tmnsjormatmn

In proximity to the solid wall (where ¥1* = 0), Eq. (7) may be written in the form

oZ

28 = {(w/ua) [(n — 1)/n]z[(” /- l(bsztlﬁ*)}m o(aZ/btla*) + (u/n., )zp(” v ”(5)22'/51!' )+

(1 — 2'/")(dZ./d&) (31)
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But it is true that : : , : ;
{(w/ua) (0 — 1)/?2]2“" D/ 1(32/’5%*)}@1“0 = [(n — 1)/n)(po/e) (93/30%) =0 (32)

© Now this term vanishes for » = 1, whatever the heat exchange AQ through the wall happens to be, and it vanishes
-~ as well for the case in which P, = 1, regardless of the magnitude of #, if there is no heat exchange (AQ = 0).
Therefore, it seems allowable, in the case in which AQ = 0, for fluids that, like air, have values of » and P, both
close to unity, to disregard the term within brackets. In the general case, we may still consider this term to be.’
so small as to permit, without appreciable error, the substitution of the constant value taken on at the wall by

the derivative 3Z/0y:* for the actually variable value of this quantity.

Eq. (31) the expression

oZ N oz
ml_gaw (5rs
whierein

D,

Yo

I

I

[(1 - n)/n (0o/pe) (52/?)?3*),,%0}
—(?)Z/alh Jpr=0 ?

Consequently, one may substitute into

(33

In the development given below, the solution of Eq. (31} is obtamed by following a procedure analogous to that
applied by von Kadrmén® to the study of the same problem in the case of incompressible flow. Let

§=2Z,—Z

then Eq. (31) yields

39

% /op*t = —(1/4/2 ) (u’v’e) <zp”"/zp<" “””)(dze/dm \f V7 4+

[L/(v/25," ")) (1/4/7) [©5/06%)\/2Z. + Dy ’o]

(31)

Analogauslv to what was done by von Kérmén in the above-mentioned report % the latter equatron is replaced bv

DU/t = (A% \/i‘) - \/i’/i’f

wherein

A% = A1+ Tods); Ad*

B
= _<Zel/2ze’zzr1/n)/"zp"n R

(317

/@& 20);
z; =

Ze, dgl (30) |

from the internal solution. From Eq. (81"}, one deduces that

= (Ve /AN Yo — VT + 44"yt —

(6) }c(m)z Between the External and Internal Soiurwn of

Eq Ce

The connection between the solution given by Eq.
(36) and the one represented by Eq. (29) is made by
following the same procedure as that suggested by von
Karméin.® From the graph of ¢ vs. ¢:*/(2VE®),
plotted through means of Eq. (29) for the various
parametric values of £%, the value of

H = —{@Z/ol* OVEI [/ VED ) s (37)

is determined.

Hence, by imposing the condition that for{ = ¢, the
value of Of/Oy\* given by Eq. (36) must be exactly
equal to H, one obtains the condition that

H? = Vit + 24*V, =

Yo+ 2V At (L Yd®) (37)

2A*E /) ]
{arcsin 24 */ Viad* + 2724 */4/t;) — arcsin [(2.4*

-+ (\/ 4§'f \/A X ;
24*V/, ff, NMM T ”A*/v”s,f-} (36)
This relationship permits one to evaluate ¥;. Then, '

for each &%, Eq. (36) gives the value of ¥1* in terms of
¢, provided that Dy—that is, [(9z/09*) | #=o—is known. -
The complete diagram of ¢ in termus of y1*/(24/£%), at
every given cross section of the boundary, £* = const,,
is now determined, because for the interval 0 £ ¢Z£ ¢35
it is given by Eq. (36), and for the interval ¢, £ {A Ze
it is defined by Eq. (29) )

DETAILED PROCEDURES OF SOLUTIOK -

@ “Second A ggroxzmatwn for the Temperature Dtstrzbu-
tion—i.e., the Law of Variation of the z Values

Inorder to deterrmne a second approxrmatlon for the
distribution of 5 through the boundary layer, one may
proceed as follows. Rewrite Eq. (8) in the form
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(%é/%)z”?‘”“’)””(bzl/bél) = (l/Pr) (/ne) (1~ 21)“‘" ‘)/”(i‘)/ath*) [(w/uo) (521/3%*31

Fz) = fzuﬂdz -

Then Iet

and so, Eq. (8”) becomes

O /op*? = — 2uP, [2u.?

In addition, Eq. (3) may be recast as
' 17* . f‘h* pm[jm dwl* = 2\/51—*
U 42

The forms of Eqs. (40) and {39} now suggest a pro-
cedure of successive approximations for the determin-
ation of the manner in which z varies within the layer.
If one introduces into the second member of Eq. (40)
the value of z obtained from the external solution,
considered as a first approximation, then Eq. (40) per-
mits one to obtain n* in terms of ¥,*/(24/£%), for each
value of £*.  Now evaluate the quantity -

BN  SUR N (P_> 0z !
V2 O/ 2V EN] 2 B

a %
by making use of the values of z given by the external
solution. One is then able to evaluate ¢ in terms of
7 ,and hence, obtains

¥ ’
F = —/0‘ dﬂ*j ¢d17* + ¢1, 0 ‘Y]* + Fa (41)
wherein

¢1,0 = (OF/0n*) g =

zpl/n{az;/bn*)n*=o
and
Fo = (F)ysmo = [0/(n + 1)]g,"*07

Because Eq. (41) permits the evalnation of F, then one
has simplythat 2= [(z +1)/n]"/ @D F*/*+ D553 second
approximation for z. It is easy to see that this proced-
ure may be extended in order to obtain further approxi-
mations.

(8) . Practical Method for the Determination of the Mo-
tttm W:thm the Layer. Evaluation of the Heat Trans-
mission
The calculatlons are generally laborious if the amount

of heat AQ transferred from the fluid to the wall is taken

to be a given quantity; they are sirnplified if one fixes

T, and consequently evaluates AQ. In fact, under

these conditions, a first approximation to the distribu-

tion of the velocity and temperature is determined

within the layer by taking Dy = 0 (this value comes 1 —

pmfm/(zx/ﬁ -
Pe JO (Ze

E S- ]A\' TARY, 1852

AMVU—%%WﬂNﬁ°@ﬁ

(n+1)/n

z - (38

n+1

— P pe/pe)? oVZNZ, —Z( -z X
(0z/06*) = ¢ (39)

zl/u d o
~ 27 3

(40)

nearer to being the true one as » approaches unity).
The procedure just outlined permits otie to determine
the values of (02/09*),«-¢ if the above-mentioned as-
sumptions are employed. Once having obtained this
temperature gradient, a second approximation for the
values of Z and then of z may be deduced if necessary.
It should be noted that the values of Dy affect the in-
ternal solution of Z only. It is not necessary, there-
fore, to repeat the calculations leading to the external
solution of Z, which, in fact, are the only laborious ones,
in order to obtain a second approximation for z which
will be satisfactory throughout the layer.
One obtains finally that

VAQ f <a?77,0=

Cpttp T (42)

\/R f (bz) dt
0 3 a?? =0
corresponding to the selected value of 7.

If the system is thermally insulated (AQ = 0), a
first approximation determination of 7, may be made
by taking the value of the latter to be that correspond-
ing to the condition for flow along a flat plate
[(0p/0f) = 0. In this case, the following equation,
describing the law of variation of the temperature, holds:

(T =T/ T, = —(P/2) U/ (c,T,) —
{PT/(SO“YQ)] (1 = PHU (e, T WU/ UL+ ... (43)
Therefore, it appears that, in the case now being ex-
amined, a parabolic law of variation of 7/7, in terms of
U/A/c,T, is valid throughout almost the whole extent
of the layer. If one retains only the term
(T — T)/T, = —(Py/2) U/ (6T  (43)
and imposes the condition that Eq. (43”) should blend,
for U = U,, into the relationship that holds for the
external variation of 7, which is, of course, 7./7, =
[Ue?/(2c,T0)], wherein Ty is the stagnation tem-
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. TaABLE 1 : :
uomplcte \ elocity letxlbhtlon Through Boundary La}far for Three Selected Locatxons

oo

e ¢ 2Vt 7t & 2 n* ¢ 2Vt *.
2VE* £=01"" §=01 " EF=01"t=03 §=08 - £=08  £=085" £=05. £=05
0.00 0.000 0.000 - 0,000 0.000 0.000 0.000 0.000 0.000 0.000
0.05 0.027" 0.230 0.420 0.024 0.211 0.712 0.021 0.180 0.921
0.10 0.053 0.327 - 0.596 0.048. 0.304 1.010 0.042 0.277 1.304
0.15 0.080 0.400 0.726 0.072 - 0.376 1.227 0.064 0.347: 1.580
0.20 0.106 0.461 0.833 0.096 0.439 1.404 0.086 0.405 1.805
4.25 0.132 0.514 . .926 0.120 0.491 1.537 0,108 0.466 1.996
0.30 0.158 0.562 - 1.008 0.144 0.537 1.693 0. 180 0.51% 2.163
0.35 0.182 0.604 1.082 0.167. - 0.579 1.816 0.152 0.552 2.314
0.40" 0.206 - 0.642 1.151 0.190 - 0.617 1.928 0,173 0.589 2.454
0.45 (.229 0.677 1.214. 0.212 0.651 - ~ 2.032 0.195 0.624 2.583
0.50 0.251 0.709 1.273 0.233 0.683 . 2.130 0.215 0.655 2.703
0.55 0.272 - 0.735 1.329 0.253 0.712 2.221 0.234" 0.685 2.816.
0.60 0.292 0.765 1.381 0.273 - 0.739 2.308 (0.253 0.711 2.923
0.65 0.311" 0.789 1.431 0.201 0.763 2.390 0.271 - 0.738 3.024
0.70 00.329 0.811 1.479 . © 0.308 0.785 2.469 0.287°. .. 0.758 3.121
0.75 0.345 0.831 1.525 0.324 0.805 2.545 0.303 0.775 . 3.195
0.80 0.361 0.849 1.569 0.340 0.824 2.617 0.318- 0.797: © 3.284
0.85 0.375 0.866 1.612 0.833. . 0.841 - 2.687 0.332 0.814 3.370
0.90 (.388 (}.881 1.653 0.366 0.856 2.755 0.344 0.830 3.453
0.95 0.400 0.894 1.693 0.378 0.869. 2.821 .35 0.844 3.534
1.00 0.411 0.906 1.732 0.389 0.882 2.885 0.367" (.856 3.613
1.10 0.429 0.926 1.807 0.407 0.903 3,009 0.385 0.877 3.765
1.20 0.444 0.943 1.880 0.422 0.919 . 3.128 0.400 0.894 3.911
1.30 0.456 0.955 1.950 0.434 0.932 3.244 0.412 0.908 4.053
1.40. 0.465 0.965 2.019 0.444 0.942 3.356 0.421 0.918 4.191
1.50 0.472 0.972 2.085 0.450 0.949 3.466 0.428 0.925 4.326
1.60 0.477 0.977 2.151 0.456 0.955 3.574 0.434 0.931 - 4.458
1.70 0.481 0.981 2.2186 0.459 0.959 3.681 0.437 0.953 4.589
1.80 0.484 0.984 2.281 0.462 0.961 3.787. 0.440 0.938 4.719
1.90 0.486 0.986 2.345 0.464 0.963 3.892 0.442 0.940 4.848-
2.00 .487 0.987 2.408 0.465 0.965 3.996 0.443 0.942 4.976

perature of the potent1a1 flow extemal to the layer, wherein

then it is found that

;’To—l— (I — P u.? (44)

GROSS Bom\rum‘x LAYER Iznmcrs

o Thzcknecs of the Boundary Lavyer

The thickness of the boundary layer may be obtained
from Eq. (40) by inserting in it, for each ¢, the value
of :i*/(2VE%), for which {12 = 0.997Z,2, This
value varies but slightly with £ and in the numerical
example that follows, it is seen to be close to 2. -

Thus, it may be presumed that -

O N 2 Zl/n -
= x/zgl*i—e- l ngx (45)

) )L
ns; U0 0

If the pressure variation due fo the change in direction of

pPu? Of

of linear theory, (p Po)/ (0T LY =
change in pressure is given by

(9 00-
pm{]wZ B Jilrmg -1 . iU 5_ “/o a

x = W*/@VE)

(10) Irifluence bf the Boundary Layer on the External
Pressure Distribution

" From the continuity eqﬁation, one has

(0/0%) (pu) + [(0/0¢1) (ov)] [pu/ (putta)] —
{(G/D%} (o) ] low/(putt a)

or

(0/08) [(o/pe) (w/n)] +
(0*/p") (%2/% %) (0/04n) (?!/u)

whence, it results that, within the layer, :

[C2VF b

> (46)

(- L3

the velocity is assumed to be that predicted on the basis

A/ VM, — DNBand if 8 denotes the angle between U, and Um, then the

() 5 D
ot

Tt a(e)aw @
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'wherem App pg

the Iatter is taken into account But it 15 true that

f vn),; a
0 as<7ﬁ_>d*1=

wherein (x);«1is the value of that corresponds to 7* = &%,

1 2n/f*

Hofol

MePelly

19052

Pey and pe denotes the pressure on. the outer edge of the boundary layer When the presem.e of

»f(x)g* d pmum B
Uy JO o&* <_ oU ) dx

Itfollows that

It appears that the influence of the boundary layer
on the pressure distribution in the external stream is
dependent upon the Reynolds Number; therefore,
while in natural scale the influence may be small, under

e 74
: -/
/

3

Al

‘é‘ oa‘ | ///

o /S

0.2
(0]
=02
e | Z1p
0.4
-0.6
(o) 0.2 0.4 06 08 1.0

£

F16. 1. Successive steps in the numerical procediire of estab-
lishing the correspondence between the velocity-related param-
etfg %1, and the adjusted location along the constraining wall,
él‘ . . . -

= Vﬂfﬁ — 1 AV Re oPolt

VELOCITY ‘RATIO, u/u,,

TEMPERATURE FACTORS, Z, 6 Z,

f(x)g* D p;u“
w0 '551*< pU )dk

experimental conditions, which usually correspond to
smaller Reynolds Numbers, such influence may be ap-
preciable.
- CALCULATED Data

{I1) Numerical Application

The procedures described in the preceding para-
graphs are now to be applied to the following example.

M, =

whence #.% =
and P, = 0.75.

4/9; Z, = 0.5(1 — 0.26%); n = 0.75;

Only the results of the calculations are presented be-
low. The subsidiary steps are to be found “in extenso’
in a Cornell Aeronautical Laboratory report? that is
available upon request from the Johns Hopkms Uni-
versxty, Applied Physics Laboratory.

w p— ————

os ; Pl
/ ;/
06 e
/
L~

wl— N

o a5 w8 ] 20 28 A0 35 A0 45 o
OISTANCE OUT FROM WALL., ADJUSTED FOR REYNOLOS NO:, Q‘

Fic. 2. Complete velocity distribution through the boundary

layer at three selected locations.

FOR LOGATION

E=on

FOR LOCRTION:

E=o3
FOR LOCATION

Eeps

| { :
o. 0% 10 '3 2o 25 30 35 40 45 50
DISTANCE NORMAL TC CONSTRANNG WALL ADJUSTED FGR REYNOLDS NO, ™%

Fic. 3. Comparison of first and second approximations to the
temperature profiles encountered at three aelected locations
spaced along the wetted wall.
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: TABLE 2
First and Second Approximations to Tempcrature Factor

. 2 S B 27 @ : 21 z1r
2/5* 5-01 =01 £= 0.3 £=03 £=05 £ =05
0.00 . 1.405 1.405 1.870 1.870. 1.387 1.387
0.05 1.3%6 1.463 1.354 1.353 . 1.324 1.305
0.10 1.367 1.483 1.338 1.345 1.811 1.201
0.15 1.348 1.493 1.522 1.837 1.297 1.281
0.20 1.329 1.497 1.306 1.330 1.283 1.971
0.25 1.310 1.496 1.289 1.322 1.269 1.262
0.30 1.202 1.492 1.276 1.313 1.255 1.253
0.35 1.274 . 1.485 1.257 1.304 1.241° 1.244
0.40 1.256 1.475 1.241 1.295 1.226 1.235
0.45 1.239 1.464 1.925 1.285 1.212 1.296
0.50 1.222 1.453 1.210 1.975 1.199 1.217
0.55 1.206 ©1.438 1.196 1.264 1.185 1.208
0.60 1.191 1.422 1.181 1.953 1.172 1.199
0.65 1.176 1.404 - 1.168 1.942 1,159 1.189
0.70 1,162 1.386 1.154 1.231 S 1.147 1.180
0.75 1.148 1.368 1.142 1.219 1,135 1.172
0.80 1.135 1.349 1.180 1.208 1.124 1.163
0.85 1.123 1.830 1.118 1.197 1.114 1.154
0.90 1.112 1.310 1.108 1.186 1.104 1.145
0.95 1.101 “1.901° 1.008 1.174 1.094 1.136
1.00 1.001 1.272 1.088 1.164 1.085 1.127
1.10. 1.074 1.285 1.071 1.142 1.069 1.111
1.20 1.059 1.200 1.057 1.123 - 1.056 1.096
1.30 1.046 1.167 1.045 1.104 1.044 1.081
1.40 1.036 1.187 1.035 1,086 1.034 1.068
1.50 1.027 1.109 1.027° 1.070 1.026 1.055
1.60 1.021 1.088 1.020- 1.054 1.020 1.042
1.70 1.016 1.080 1.015 1.040 1.015 1.031
1.80 1.011 1.038 1.011 1.026 1.011 1.020
1.90 1.008 1.018 1.008 1.012 1.008 1.010
2.00 1.006 1.000 1.006 1.000 1.006 1.000

Proceeding upon the basis of the above-assumed
values, one deduces:

T./To =18 — 1.6 Z;  wuu/u, = (1 _ 0.22,*)'1/2
2%

£ f (1 + 0.165%)~ 3"5(1—025*>‘°°d£*
¢}

pzpw=(18-1623)° o ’ s

l

Fig. 1 shows the diagrams giving p./p., &% &** in
terms of £.
From Eq. (44) it follows that Tp/ To = 8/9 whence

To/Te = [1.6/(1.8 — 1. &Ze)] 1, =
[1.6/(1.8 — 16Z)]7

" From this relationship for s, ,, one deduces that %1, »
may be fairly well approximated, in terms of &**, by
the following equation:

3.
By = 3 Aph ™ = —0.4926 + 0.12805%F —
: m=0 0.01344£,**2 + (.001479**3

The complete velocity distribution within the bound-
ary layer, throughout the three cross sections selected
as the ones corresponding to locations ¢ = 0.1, £ = 0.3,
and £ = 0.5, is plotted to give the diagrams of Fig. 2,
and the values are listed in Table 1.

Fig. 3 and Table 2 give the values of z'as a function,
respectively, of #* (distance normal to the constrammg
walladjusted for Reynolds Number) and of ¥,*/(2v/&%),
which is a parameter representing the stream function
(nondimensionalized by reference to a viscosity coeffi-

cient) that has been “‘reduced” to account for the value
of the local velocity external to the layer. Hence,
this curve essentially describes the temperature dis-
tribution within the boundary layver as would be cal-
culated as a result of applying the first and then the
second approximation procedures to this determination
of the temperatures. ‘

It should be remarked that, particularly for cases
where £ = 0.3 and £ = 0.5, the values of z obtained as
a second approximation are fairly close to those ob-
tained as the first approximation. Consequently, one

may safely draw the conclusion that the law of dis-

tribution of velocity within the layer as well as the law

of variation of the temperature therein, as now ob-

tained in second approximation, is sufficiently accu-

rate. At this point, it should be noted that departurée
of the true value of z from those assumed as a first

approximation has but little inﬂuence on the graph of ¢

rection would inv olve solely the redetermination of 9%,

which is not a laborious task.
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Computahon of the Lammar Boundary
Laver Wlth Suction”

FRIEDRICH O. RINGLEB?
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SUMMARY

In this paper, the incompressible laminar boundary layer is
computed using, as approximate profile for the velocity # tan-
gential to the boundary, an exponential function of a polynomial
of the fourth order in ¥ with coefficients that are functions of x.
If the velocity outside the boundary layer and the suction (blow-
ing) velocity are given functions of x, the first of those coefficients

is determined by an ordinary differential equation of the first
order which can be solved by numerical methods in the general
case and exactly by simple analytical expressions in many special
cases. The other coefficients are determined by elementary
functions of the first coefficient and its first derivative. This
method, which is convenient and combines high accuracy with
uniformity of the procedure, is applied here to the flat plate with
and without suction, the stagnation point, the asymptotic suction
profile, and some other examples of interest.

NOTATION
%, v = coordinates within the boundary layer tangential and
normal to the boundary
u, v = welocity components in the x- and y-direction within
the boundary layer
p(x) = pressure
CU{x) = welocity outside the boundary layer
w{x) = suction {blowing) velocity
7o{x} = shear at the boundary
p = mass density of the fluid
v = Kinematic viscosity of the fluid
() v ;
b(x3 1 = coeflicients of the velocity profile
(=) w o= D(1 — ¢o¥ F by® 4 ot -+ dyty
d(x} g

INTRODUCTION

THE PRACTICAL VALUE OF boundary-layer suction,
especially of continuous (porous) suction in order
to diminish the profile drag and to increase the maxi-
mum lift, proved by many experiments, led during the
last years to a considerable number of investigations
about methods for the computation of the laminar
boundary layer with and without suction conditions.
The literature up to 1938 is discussed in detail in S.
Goldstein’s Modern Developments in Fluid Dynamics,
Volume I, Chapter IV. Since that time, a considerable
number of papers about the same problem have been
published by Schlichting, Falkner, Piercy, Whitehead,
Tyler, Thwaites, Trilling, and others.!® Most of these
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* Report to the Office of Naval Research, Washington, D.C.
T Research Scientist.

authors are using the momentum equation. of the

boundary layer. Trilling solved recently the equation
in Croceo's form, though in a somewhat complicated
manner, by a series of powers of the Velomty # with co-
efficients that are functions of x.

The present paper starts from the boundarv-layer
equations in the original form (Prandtl) and assumes an
approximate profile of the type

- Z/Y(l _ ea(x}y 4+ Byt 4 c(x)y? 4 d(x)y“)

This choice of the velocity profile is suggested by the
following general consideration. It can be assumed that
a solution # of the boundary-layer equations can be ex-

‘ panded in the form

48

o

o = 3}*[1 —exp(g:

an(X)y”H

=1

at least within a neighborhood of ¥ = 0 for any x. Re-
placing now the power series in y by a polynomial in v,
satisfying the boundary-layer equations near ¥ = 0 as
far as possible for the chosen degree of the polynomial,
one obtains an approximation near y = 0. However,
one can expect to obtain in this way, because of the
general simplicity of the shape of a velocity profile,
even a good approximation for any value v > 0 if the
coefficient of the highest power in v proves to be nega-
tive, because # approaches then the asymptotic value
Ulx) in an exponential character as it must be expected
out of physical reasons and as it is suggested also by the
few known correct solutions. Using as degree of the
polynomial in y the value 4, one obtains a high ac-
curacy in all well-known examples of the boundary-
layer theory not ounly near ¥ = { but for every v > 0.
Another reason for the choice of this velocity profile was
the fact that it does not offer particular mathematical
difficulties for the computation as normally connected
with suction problems especially. Therefore, this
method seems to be well suited for theoretical and
practical use, combining high accuracy with conceptional
simplicity. '

(1) DETERMINATION OF THE COEFFICIENTS OF THE
AssuMep VELOCITY PROFILE

The boundary-layer equations in the original form
are ' s :
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w ) o |
“ox T oy e ol (1)
(u/ox) + @u/dy) = 0 ‘

‘where #, v are the velocity components of the flow at the
point x, ¥ within the boundary layer.- p(x) is the given
pressure distribution of the flow outside the boundary

layer, p is the mass density, and v is the kinematic
viscosity of the incompressible fluid.. #(x)} means the

derivative of p(x) with respect to x.
Qutside the boundary Iayer, Bernoulli’s equahon ‘

UU A+ 6/ =0 , @

is valid where U is the flow velocity at the border of the
boundary layer. If the suction (blowing) velocity
along the surface vy = 0 is denoted by ?}0(’55), the second
of Egs. (1) yields

and the ellmmatlon of p and » from the Eqs (1) and (2)
leads, therefore, to the condition

du ‘ Y0, \O# e éz_‘ _
% Y. -+ (Uo(x) - f % d}')ay DD v oy = O’

for U, Wh1ch may be denoted as the boundary layer
equation.

With plx) is U(x), a gwen function. An approximate
solution of this equation with the form

w = U(l —

shall now be determined. T-Tere are a(x), b(x), ¢(x), d(x)
unknown functions of x¥ which are supposed to have
continuous derivatives of the first order. It is further
supposed that U has a continuous derivative of the
second order* and v, a continuous derivative of the
first order. ~ ‘

The boundary cond1t1on u = 0 for y = 04s always
satisfied by the assumed function [Eq. (4)]. The
boundary condition # = U for y = = is satisfied if
d < 0 or, generally, if the coefficient of the lowest power
of ¥ which does not vanish is negative. It is then, also,
every derivative. -

’ (é%:/by”)y#w' = {
and, further, -
‘ Q)0 = 0

The functions &, b, ¢, d can be determined by satisfy-
ing the boundary-layer equation [Eq. (3)] alongy = 0
as far as possible. The best way to do this is to dif-
ferentiate Eq. (3) three times with respect to y. One

obtains then, for y = 0, inclusive [Eq. (3)], the following
four conditions:

* This suppositiori is necessary for the theoretical derivation
only. The final result will not contain the second derivative.

gty + By + cyd 4 dy‘) . (4) '

Y 5—— L‘TUV,—VSE =
O hETS
“oyr T oy
Ou Q% Ay Oty
bl g o X TH
Oy 0xdy ’ oy’ oyt
on j}au a‘iu Qdu _
oy dxdyr | oyi oy

The derivatives that appear in these‘ equations have to
be calculated from Eq. (4) for ¥ = 0 and substituted
here. Thus, the followmg four conditions for a, 3, ¢, d
are obtamed :

= (I/V)(avo + Uy

b4 Bab 4+ 60 = (00,’13}2}((1/{10 + L’)

at + 12a°b + 1207 + 24ac + 24d =
— (I/»)(U'a® + Uaa’) + (w?/v*)(avs + U’y
20U (a® + 2b) + U2V + 2aa’)] — wla* + 12a% +
120 4 24ac + 24d) = va(at + 120% +
12b% + 24ac + 24d) + 8b(a® + 6ab + 6¢) +
36c(a® 4 2b) + 96ad]

The first three of these equations determine the func- ,
tions b, ¢, and d as functions of & '

% = (1/%)(am + U — a®
o = (i’g - 3_a> (v + U') + 20° ,
2d = = (U'a® + Una') — 6af + ®

<V— - 4& + 12 ) {avy + Uun= i (avo + U’)2

1
If these values for 5, ¢, d are substituted into the
fourth equation, the following condition for a is found:

(B2 - 2
;

2‘()3‘ . . 2 d o _' ,
— v3> {any + U7 +;a{5£(ava + Uy -+

a*

9) (am + U)2 + <55a3 ~2177 +
¥

(ﬁ i aa) Caa —?ab/av + aa% — 113

14

UO

=0 6)

Thus we have the results: Tke mgﬁczent a(x) 75
connected with the outside velocity U(x) of the flow and the
suction velocity m(x) by the relation (6). The coefficients
B(x), c(x), and d(x) are functions of a(x), Ulx), and vo(x
according to Eq. (5).

Eq. (6) is an ordinary differential equatmn of the first .
order for a if U and 7 are given functions. Itisalso an
ordinary differential equation of the first order for » if
U and @ are considered as given functions.

Now the shear along the boundary y = 0 is given by

0 = vpu/dy) o = —vpla (D)
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Thus, if U(x) and the shear o(x) are given functions,
a(x) is determined by Eq. (7) and the ordinary differen-
tial equation of first order [Eq. (6)] for v solves ap-
proximately the problem ‘of the determination of the
suction (or blowing) velocity that is required in order to
produce a given shear 7o(x).

A dimensionless form of Eq. (6) can be obtained re-
placing the variables x, v, U, and a by the dimension-
less variables

£ =x/l, t = v/va }
o= U/ba®> ¢ = (1/lva?)(dU/d)

where / is any significant length. - The differential ‘equa-
tion [Eq. (6)] then becomes

(8)

% j—s 48 = o) + a®)t + @@ +

()8 + 14+ 2 (z + —t —~ %>(—2 — r) 9)

with
wo(§) = 28¢* — 55¢ + 24
el§) = —1082 + 77¢ — 60
ea(¢) = —25¢ + 50 :
‘Pl(f) ={—=15

However, this general dimensionless representation is
not always convenient. Different dimensionless repre-
sentations will be applied, therefore, in the following
from case to case.

(10)

(2) Tue LaMiNAR BOUNDARY LAYER WITHOUT
SucTION

© Without suction follows from Eq. (6) because of

=10

d 2
U’2 + 55U"a% — 24va* — 5 v
dx

2
o -
14

(11)

Therefore, a? 7s a solution of this Riccatr's differential
equation if there is mo suction. a®being determined, the
coefficients b, ¢, d are obtained from

2b = U'/y — a?
6c = —3(U'/v)a + 2a® (12)
2 4 1 N\ 2
= - 20 (VY
o ¥ 5} v 5%
according to Eq. (5). e
For the flat plate without suction (U = const. = Uy)

Eq. (11) reduces to
(5/2) Ub(da®/dx) + 24va* = O
which has the general solution
1/a® = (48/5)(vx/Us) + C

where C is a constant of integration. From Eq. (12)
there follows

1952

b= —a¥/2, c=a*/3, d = —a*/20

The velocity profile [Eq. (4)] of the boundary layer has,
therefore, the form :
U = Ug(l e (1/2) (a3)? + (1/3) (a)® — (1/20) (113/)4)

If now x = 0 is the beginning of the flat plate, the initial
condition # — Uy for x — 0 and every y > 0 shows that
it has to be C = 0. Thus,

a = —V (5/48)(Us/vx)

The shear along the surface of the plate follows from
Eq. (7) and has the value

= 0.323pUs2 VUt

Blasius’ correct solution yields the numerical constant
0.332, the error therefore being 2.7 per cent. ,

Let us apply Eq. (11) to the boundary layer of the
stagnation point where

U = Usx/l)
Eq. (11) then gives
da? 56 U 48 qt
_—— — " 22 2 _
d1n x 50 T TS T 13

Approaching the stagnation point with x — 0, a® would
become infinite if not da?/dx — 0. From Egs. (12) and
(4), it would follow that # = O for x = 0 and y > 0,
which would be a contradiction to the velocity distribu-
tion of a stagnation point. Only a constant solution a?
of Eq. (13) therefore comes into question. The two con-
stant solutions of this equation are

(lp/Ua® = 1.529, ~ (v/Upa® = 0.763

Now there has to be, however,

Thus only

a = —1.237 V' Uy/ly (14)

The shear
U
7o = 1.237p — 2 4=~ (’f>
I vy \U

The correct value of the constant calculated by Hie-
menz' is 1.233, the error of the approximation being
0.32 per cent. With a, the coeflicients b, ¢, d of the
velocity profile are also constants. From Eq. (12) it
follows, with Eq. (14), that

b = —0.264(Us/by) l
¢ = —0.0115(Us/Ip)""* (15)
d = —0.00855(Uy/Iv)? 5

Setting now

n = yV U/l
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the velocity profile of the boundary layer becomes

W/ Up(c/l) = 1 — ¢~ 12870 — 02642 — 0.0113n° — 0.00855¢
This profile is plotted in Fig. 1 as solid cutrve: Values
that Hiemenz obtained by exact computation are indi-
cated by small circles.

The general equation [Eq. (11)] can be simplified
considerably. It can be transformed especially into
such a type that the second derivative of U disappears,
which is convenient for practical applications. This can
be done replacing a? by the function A according to

a* = (\/fv) + (&/5)(U"/)
Eq. (11) then yields, for A, the condition

(16)

UN. = 0.256U'%2 4 6.64U'\ — 9.6A2

By solving this equation, a? and the shear 7 [from Eq.
(7)] are computable without knowledge of U”. The
last coefficient d of the velocity profile, however, re-
quires U”, as follows, from Eq. (12).

This Riccati’s equation for X can be transformed
further by the usual substitution

A= (U/9.6)(d In z/dx) 1n
into a linear differential equation of the second order.
Replacing the differentiation with respect to x by a dif-
ferentiation with respect to x//, and U by U/U,, this
differential equation gets the dimensionless form

@z 4dln (U/Uy) dz
dx/Dr 27 A/ d/D)
e TAW(U/UD)TE
2.4576 I:id(x/l) } z=0 (18)

A solution z of this equation yields, because of Egs. (16)
and (17),

va? 1 dlnz

1 4d1n (U/Uy)
U T 96dx/D) 5

d(x/10)

(19)

If especially

U/Uy = [a+ Bx/D]"

(e, B, m are constants), the general solution of Eq. (18)
becomes

z=K1<a+ﬁ;—c> +K2<a+ B;f) 20)

Am + 1\?
———2 :&‘/<ﬁ2 ) -+ Bm?

4 = 5.64,

and
B ='24576

K, K, are arbitrary constants. For lva?/ U, their ratio
only is important and this has to be determined from
the initial condition of the particular problem.

In the special case

U/Uy = e~ + B(x/1)
the general solution of Eq. (18) is

é: Klem(x/l) + K2enz(x/l) (21)

with

Nis = (B/2)(A = VA* + 4B)

Both cases are convenient for the practical computa-
tion of the boundary layer if these two velocity func-
tions are used for a stepwise approximation of any
given velocity distribution. Both cases are character-
ized by the fact that the velocity profiles of boundary
layer become similar (Thwaites?).

If, finally, x/l in Eq. (18) is replaced by

=k 4+ kS (U/Uo)>%d(x/1)

with two arbitrary constants k, and %y, this equation
gets the form

d’z
dg?

— 24576 [M—U"—)Tz

43

Thus, the investigation of the laminar boundary layer
without suction is reduced to a differential equation of the

type
2" = f§)z

(3) APPROXIMATION OF THE VELOCITY PROFILE BY A
GAUSS-CURVE; DISPLACEMENT AND MOMENTUM
THICKNESS

The main purpose of the following approximation of
the velocity profile by a Gauss-curve is to simplify the
calculation of the displacement and the momentum
thickness of the boundary layer.

If one tries to solve the boundary-layer equations in
the same way as before by the simpler expression
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w=UQ1 — e H”*) (22)

mstead of Eq {4) the accuracy of the result becomes in-
This is not too surprising because the deter-

~ mination of the velocity profile by the given method
starts essentially from conditions along ¥ = 0 only.
An accurate result can be expected, therefore, only if
these conditions are sufficiently strong. This was the
© case with Eq. (4). However, it is possible now to deter-
mine a sufficiently accurate Gauss-curve [Eq. (22)] using
‘the results obtained for the exponen’mal solution with
four coefficients.

- To this purpose, the {fourth-order solution [Eq. (4)]
‘shall be replaced by a Gauss-Curve [Eq. (22)] which
‘has the same tangent as Eq. (4) for ¥ = 0 and which
passes through a certain point of Eq. (4) inside the
boundary layer. If

F o= gy T b E oot b dyt

itis (QE/0y),-0 = o and the tangent of this curve E(y)
at ¥ = 0 passes through the point y; = —1/a at the y-
axis. The point P; of E(y) which belongs to this v, has
the E-value

Ey = g~ 1 F (8709 — (e/eh) + (3/a)

©If this point Py of E(y) is chosen as the point thrc)ugh
which the curve

E = ot (23)
has to pass, one obtains , :
B =15~ (c/a) + (d/a?) (24)

The solution (4) with the coefficients a, b, ¢, d determined
by Egs. (8) and (7) i5s in this way approximated by the
Gams-cume

— U{l _ ea:v-i-ﬁ:v?)
with 8 given by Eq. (24).

In the case of the stagnation point, because of Egs.
(14) and (15),

B8 = —0.2780(Us/I»)

- If the corresponding Gauss-curve would be plotted in
- Fig. 1, there would be no perceptible difference with the
already plotted curve [Eq. (4)].

_Since a, b, ¢, d have to be found anyway, this simpli-
fication to a Gauss-curve as such would not be essential.
However, so it is for the determination of the displace-
ment and the momentum thickness of the boundary layer,

- The displacement thickness §*(x) is defined by

5% (x) = f (1 - 3,) dy 25)
0 U
the momentum thickness by
= u\ # '
% — G Rt ()
0*(x) Jf @ U)Udy (26)

With
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WU =1 — (>t ten sy _1-E
foﬂbws, ;theryefme, L - R |
v = [ Eay
R 0

vw) = - [ Pa

If I is replaced now by the Gauss-curve [Eq. {23)],
the integration can be performed with the aid of Gauss’

error integral |
o) = o= [T a
Plx) = —= x
Vil

and one obtains

Tral sl @

The integral f E*dyin Eq. (28) follows from thesame
: 0

formula with 2¢, 2b, 2¢, 2d instead of @, b, ¢, d. If wede-
note, therefore, ~ :

(27)
(28)
- (29)

5% (x) =

B =2 — (c/a) + (d/20) | @1
it is ) s

[ro-Fo2iou(- )] o

The case of the flat plate without suction becomes

8 = —0.883a°
with ¢ = —0.323 \/WLW’;/;C, and, because of Eq. (30),
8* = 1.75 \/vx/ U’s. The correct value of the constant

is 1.72. For the same case, § = —1.358q? and, becatse
of Egs. (382) and (28}, 6* = (0.641 \/wc/ Uy, the correct
value (Blasius) of the constant being 0.664.

(4) Tue Frat Prate wirH CONSTANT SUCTION AND
THE ASYMPTOTIC SUCTION PROFILE

The flat plate with constant suction was computed by
Iglisch** in 1944. In order to treat this problem with
the present method, the differential equation [Eq. (6)]
for ¢ has to be solved under. the conditions

U = U, = const., 2o = const. < 0

which reduces this equation to

Us (3 “_ 5a> a’ = 24ya* — 60v® +
Vv .

2

50 2 g2 -10
14

a4+ —3 (33)

It can be solved by direct integration, Intmdutcmor the

dimensionless variables
E o= (melUpx, b= v/va (34)

one obtains
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_Flat plate with wnstant Suction

Y

Xgomnhatian '

AQ L5
Fg.a -3 f‘ -
dfﬂ R -
dt T 24— 600 4500 — 158 £ (85)
Here also, because of Eq (D,
t = —,OZ/QJ()/TO ) (36}

If the flat plate extends along the positive x-axis and
the fluid flows in the direction of increasing x, the shear
7o has to be infinite at x "= 0, and from Eq. (33) it
follows that : -

|
-
or ’ ‘

E=04642 — 210 (1 — ) + 02510 (2 — £) —
0.351 1n (10.899 — #) + 2.101 In (1.101 — &) (37

B — 3t2 &t
4 — 60t 4+ 502 — 1568 -+ .t4

The coeflicients of the velocity profile of the boundary L . o L
v P Y. For any given not constant U exists a suction veloaity

layer as functions of £ are.

(/) /(10

a =

i
3OC-)
: 2 \y - é?
1 %)3(1'3 z)
B SR S . 38
¢ 6(V I3 t2+i3 (38)
, 1121 18 6
o oy 11 21 18 6
CZ -i(@>4 + ¢ £2 £ £
2\ 5-—3t

The results following irom these formulas have been
plotted in Fig. 2. For various values of { = —pUgw/ 7,
the coordinate £ = (2,%/vUy)x can be caleulated directly
from Eq. (37).
the same values of ¢, the coefficients of the velocity pro-
file follow from Eqgs. (38}. With g, b, ¢, d is § known
from Eq. (24) and, therefore, also §* as function of ¢ and
of \/t. Witha, b, ¢, d is also known § from Eq. (31)
and, therefore, #* from Egs. (32) and (28). In Fig. 2are
plotted — (wo/v) 8* and —(w/»)6* versus v/¢. The
small circles in this figure indicate the values calculated
by Iglisch. The accordance with the results of the

t is plotted versus /£ in Fig. 3. For

present theory is excellent, and the simplicity of the
necessary numerical calculatmn 1nv01ved by th1s method ,
is obvious, :

The precedmg example includes the asymptotm sue-
tion profile. With £~ « is £ 1, and therefore, be-
cause of Eqs 38, .

; i@ = /v, 3‘7=c=d=‘0'
Thus,y indeed, '
‘ u;’{{fo = 1 _~e(vo/v)3r’

W’ith t—1 there follows, inn this special case,

—p Lroff'o_/l’ro =1

" A generalization can be obtained if one asks for the con-

ditions under which, generally,

—pUn/my =1 (39)
for variable U and‘vo. Because of 7 = —wplUa, the
equation has then to be ¢ = 9,/v. The general differen-
tial equation [Eq. (6)] then yields e

UU” = 90U + (w») U’ = 0 (40)

and the coefficients of the velocity profile become

o = w/y
= (1/2)(U'/»)

o= -'(1/3)(%/2’2) v (41)

i’oi’o

v3 U)

1/, 3
d___ N _U12 2 I
24( v2 +

v determined by Eq. (40), for which Eq. (39) holds
under the condition that d < 0. If

U = Uy = const.

Eq. (40) is satisfied for every #, and from Eq (41) there -
follows
Yo ' ‘ L/g d’t‘)o

=-,b— = d == —
. v C;O 49v3dx

Thus we obtain

ku/Uo= 1

e(m/'v)y — {L75/48%) (dt‘oﬂ/(ix)y{‘; B (42)
as a suction profile of the flat plate for which ry =
— plyy, under the condition only that

dogt/dx > 0

This condition includes that the result has a meaning
only for an infinite flat plate in both directions with ar-
bitrarily increasing suction velocity in the flow direc-
tion. The asymptotic suction proﬁle appears again for
7y = const,
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(5) EXAC:T SorurioNs oF ‘EgQ. (9) wiTH, CONSTANT
SHEAR -

The general equatlon in the dimensionless form [Eq.

{9)] can be integrated exactly if { and do/df are con- -

stants. In this case there follows either
~w%=@+m@
o X 43
o = v(at + B) (43)
or
T/, = e +F »
o=y
where m, o, 8, and v are arbitrary constants. Accord-
ingly, ‘
- p\/v—/l;(aé + 6}(3/2)114 = (1/2) (45)
or
= oV i ly 3/D0E+ P (46)

In the special case m = 1/3, the first 7, is constant.

If, moreover,

¢ = may = 5/4 47)
- and therefore oy = 15/4, Eq. (9) has the sohition ¢ = 0,
which means that no suction is necessary. With o = 1,
8 = 0, it follows that for the velocity distribution
‘ 51/ f

U/Uy = (48)

outside the boundary laver the shear along the boundary

2 v \/ a
To RS —emm O T I
’ \/ 15 ? ! v

15 constant without suction. This special case corresponds
to the symmetrical flow against a corner with plane sur-
faces under 90° angle,

The other special value « = 0 for which 7, is constant
leads in both cases to

(49)

U = Uy = const.,, o = oy = const.

and represents, therefore, the flat plate in longitudinal
Sfow with constant shear due to suction. Eq. (9) vields in
this case

E—& _ [ dt
o " Jo 24 — 60t + 508 — 1565 + ¢

if suction is applied for £ = &. If 7 is the shear with-
out suction at the point & and at the same time the pre-
scribed constant value of the shear for £ > &, it follows

(50)

~~~—_TA\ UARY, 1952
_ _pEY
rm
L0
=)
Flat plate with constont shear
. due fo suclion
|
¢ W 70 2E
(T fUolx-x)
Fin R e ur v
¢ == “PzzodﬁfTao
(51)

£ — Ea Uolx _75’%)
o6 U 2

because of Eq. (8).
\V {¢ — &)/a0. This result shows that the suction ve-
locity necessary to keep the shear constant increases
rapidly from zero to a constant value correspondmg to

the asymptomc suctlon

In Fig. 3, ¢ is plotted versus
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Turbulent Boundary Layer o a Cone i a
~ Supersonic Flow at Zero Angle of Attack

E.R. VAN DRIEST*

" North American dvéaz‘ion, Ine.

ABSTRACT

A simple rule is given for transforining local heat-transfer

. coefficients from flat plates to cones at zero angle of attack for -

fully turbulent boundaty layers in supersonic flow.
is that the cone heat-transfer coefficient is the flat-plate coefficient

The rule

for one-half the Reynolds Number on the come, the Mach

Number and wall-to-free-stream temperature ratio remaining the
sare. : i

INTRODUCTION AND SUMMARY

¥ l VHE CALCULATION OF THE TEMPERATURE of a cone

L. in supersonic flight requires a knowledge of the
heat-transfer coefficient of the boundary layer of the
cone. Hantzsche and Wendt! solved the problem for
laminar boundary layers. They found that the local
laminar heat-transfer coefficient on a cone at zero angle
of ‘attack can be obtained by merely multiplying by
V'3 the local laminar heat-trafisfer coefficient on a
flat plate. Since heat transfer and skin friction are
proportionial, this rule applies also to local skin-friction
coefficients for cones.” Because laminar heat transfer
and skin friction vary inversely with the square root
‘of the Reynolds Number, another way of formulating
the transformation rule for comical laminar layers is
to state that the cone solutioni is the flat-plate solu-
tion for one-third of the Reynolds Number on the
cone.

‘The present report offers a simplé transformation -

‘rule for fully turbulent boundary layers on cones,
similar to that for laminar layers. It is found that,
for turbulent boundary layers, the cone solution for
local heat transfer is the flat-plate solution for one-half
of the Reynolds Number on the cone, the Mach
Number and wall-to-free-stream temperature ratio
remaining the same: The effect is an increase over the
local turbulent heat-transfer or skin-friction coefficient
of flat plates of about 10 to 15 per cent. The work
is an extension to compressible flow of an analysis by
Gazley,” who neglected the effect of compressibility

and assumed a power law for velocity distribution;’

his results approach those obtained when the above
general rule for turbulent boundary layers is ap-
plied to incompressible flow at hlgh Reynolds Num-
bers.

Received July 26, 1951.
* Aerodynamics Engineer, Aerophysics Laboratory.

MOMENTUM EQU*&TION FOR THE BOUNDARY Laver 0\ o

A CONE AT ZERO ANGLE OF ATTACK

The von Karrnan momentum equation for a boundary
layer in steady state on a body of revolutlon at zero
angle of attack is ‘ : ‘

s ; : P :

2 f :',o:ut(um —Wdy= — ?ef rdy — rere (1)

Ox Jo 0x Je o
In this relation, x is a coordinate distance measured
along the body from the forward most point, vy is the -
other coordinate measured from the sturface along a
normal to the surface, # is the flow velocity relative
and parallel to the surface at the point (x, ¥), p is the
density of the fluid at (x, ), 7 is the normal distance
from the body axis to (x, ), p is the pressure at (x), -
7, 18 the shear stress at the surface, and § is the bound-
ary-layer thickness measured normal to the surface.
Subscripts w and « refer to the wall and outer edge of
the boundary layer, respectively.

With a cone, when the flow is supersonic and the
shock wave is attached, the pressure along the rays
ig constant for inviscid flisids. Therefore, since the
boundary layer is thin (§ 7}, it is assumed that the
pressure is also constant along the boundary layer—
i.e., bpfb:c 0. Hence, Eq. (1) for cones reduces to

—— f rpu(tty — %) dy k

= T TyTw

(2)

Furthermore, as a consequence of 5<<r, Eq (2) be-

comes
_____ f (e — 1) dy = —rere ®
f pu(ueo u) dy +
iaa—:: >pu(um—¥u)dy=—fw 4)
‘But for t’he‘ cone
(1/7.0)(07,/ Dx) 1i/x (5)
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so that, finally, from Eq. (4), the momentum equation
for thin boundary layers on a cone in supersonic flight
at zero angle of attack is
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Ty = f (U — ) dy + ‘ o

- f pu(the —u)dy (6)
, , x Jo ;

" For turbulent flow, the fluid properties, p and #, in
this equation take on mean values. :

FRICTION AND HEM TRANSFER
oN A CoNE

TURBULENT = SKIN

It is assumed that the same flow mechanism holds
locally on a cone as on a flat plate. Hence, the same
procedure is followed for skin friction on cones as was
used in the writer's previous report® on turbulent
boundary layers on flat plates. According to that
procedure, it was at first shown that the apparent
shear stress was given by

= —(w)'u @
0 for thin boundary layers and the

///

whence, when 7 =

triple correlat1on p’'n'v’ is neglected,

r=—pu'v (8)

where p is the fluid density and # and v are the velocity
components parallel to the free stream and normal to
the plate, respectively. The primes indicate fluctua-
tion from the mean. Introduction of the Prandtl
mixing length / then gave '

= pldi/dy)* (9)

The shear was next assumed constant and equal to the
wall value, and / was taken as Ky. The mean local
density was related to the mean local velocity by using

T 7T, Tw i
vﬁ“(ﬁ—l)uﬁ
= Ly ® (1 —3ﬁ> (10)
in
E/Pw = Tm/T (11)
to obtain
= 7 —N\ 2
LA 1/[1 +Bﬁ~A2<?i>} (12)
Puw U U
where '
= [(v — D/2IM ./ (T/T <)
and

B = ({14 [y — )/2IM2}/(TW/T)) — 1

and where T is temperature, v is the ratio of the specific
heats, M is the Mach Number, and w and = refer to
wall- and free-stream conditions, respectively. Inte-
gration of Eq. (9) then yielded

AERONAUTICAL SCIENCES—JANUARY, 1952
1 . 24%#/u.) — B L] . B
TSI T e e = SI TH ey a
A (BY4 4497 4T (324_4/1)”

Lo <F+-—1 J l) 3)
Uo § Pu w . YV

‘where F is a constant and v is the ﬂmd kmema‘mc vis-
cosity. :

With flat plates, the von Kéarmén momentum
relation constitutes only the first term on the right-hand
side of Eq. (8). Substitution of Egs. (12) and (13)
in that term then gave :

. ,12“ ke Ja? il 1 B
 TTE ds { @ P [A s (BZ+4442>"2]}
(14
where
D = o-FK
a = Kum/\/;mu
1 (1 — 2)
J = — .
(1 4+ Bs — AV :
¢ 24’ —
exp [A sin (Bt 4442){’!‘] daz
2 = B/t :

In these equations, coordinate x is the distance
measured from the leading edge of the plate in the
free-stream direction. The integral J was expanded
in a series and terms of higher order than 1/a? were
neglected, since o was large, resulting in

1 a .
T =e01B YA

242 — ]
{12(32 + 4‘42)1/2
(15)

After rearrangement, Eq. (14) became

Pulte D 1

. |
. Ks (1 + B — Az)‘/e a
d

dx{exp [— (sin~le 4 sin—t 6)]} (18)

where

_ B}/(32 14477

o = (242
and
8 = B/(B: + 447"

The lower limit on a for x = ( was taken as zero, since
the shear at the leading edge of the plate was assumed
to be infinite. Integration of Eq. (16) then vielded,
for large values of ¢ and negligible variation of wall
temperature with x,

Pult X D 1 ,
TE e 8 e —— o (T4

™ ‘K* (14 B - Az)‘/z

exp [3 (sin—t @ + sin~! 8)] (17)
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from which came the form of the local skm friction 8
(heat- tra,nsfer) formula - O 2r—— 7 E I‘
, , e 3 CONE REYNOLDS
oY 3 z NUMBER \\1 CONE REYNOLDS ,
e (i1 =1 o ‘sin ! == const. ) 3 ] 1 NUMBER fC
Ac, AT Ty S e s ) L )
L [m Rutre — ( + w) e | (1) § efcoNE vawE TS
K 2 Tew « vl
- . : w 4 Toa
since S z Rew =107
o = pall/Ta)? )
- T /T ) <. FLAT PLATE
to = pa{lu/T ) w L o SOLUTION
Cfco = 2Tw/pmum2 - 1‘04 ‘ Mms.s
; : i <€ ,
¢re = Crol{Tu/Ts) S 10 2  asssl0 2 4 6 8 K°
- REYNOLDS NUMBER, R, IR

- {1 @)
Rw=R(Tu/T)(+> ;
; . Fie. 1. “\/Iethod of obtaining the local cone heat-transfer
R =P, Stmk/, Mo B ; L L coefficient from the flat-plate solution.

A similar development can be traced for the cone in supersonic flow with attached shock wave. Instead of
Eq. (16), one obtains, starting with Eq. (6), :

N L N A L A O
b K (4B Ay C g\ TP g e e g F e | (i e sin T )
| | | | N o (19)

Now, with the assumption that a is Iargé; Eq. (19) can be written as ‘

e b ; : i St i B e ;_ L ,
ﬂ_w = }{_3 . (——————1 - Ag)’“ . l:@ {32 exp [;1 (S@ Lo+ sin™—?t ;3)}} =+ ; {exp [;—4 (sin—* & ~+ sin™! 6}]}}

(20)
Rearrangement gives
T D 1 o ' " S
Mt B g e[ et ] ey
which integrates to o | '
1 puthex D 1 o Ta,. o ~
,2,,’ - ,x=l—(—3(1—+B—A—2)v2.’k‘ azexp[z (8111 I‘Ci‘{‘Sln lﬁ):l . ) {22}
or ’ :
"1 puthaX D 1 ; @ . ' , _k k o
§ M —ﬂ;-" = 1%3 . mﬁ - g2 exp [Z ‘(sm L -+ sin ‘1 6)] . B : (23) .

Comparison of Eqs. (23) and (17) shows that, for - cone free-stream Mach Number is 5, the wall-to-free-
the same cone Mach Number and wall-to-free-stream  stream temperature ratio 4, and the cone Reynolds
temperature ratio, the cone solution for local skin Number 107, then the cone local heat-transfer coefficient
friction (and therefore heat-transfer coefficient, since is found in Fig. 1 on the temperature ratio 4 curve at
they are proportional) is the same as the flat-plate Reynolds Number 5 X 10° Thus, in this particular
soltstion when the cone Reynolds Number is divided ecase, it is found that the heat-transfer coefficient for
by 2. The use of this rule is shown in Fig. 1 in which the cone is 1.140 times that of a flat plate under the
the local heat-transfer coefficient is plotted as a func- same conditions. This ratio will vary with all of the
tion of Reynolds Number and temperatire ratio at a  above flow parameters.

Mach Number of 5 for flat plates. For example, if the (Continued on page 72)



Column Behavior 'Unde:t:*,cqnditicms of Impact

GEORGE GERARD* axp HERBERT BECKER}
, ATgicz York University and Combustion Engineering-Superheater, Inc., Respectively

SUMMARY

The magnitude of the stress introduced into a long slender bar
by velocity impact depends only upon the conditions of impact.
Thus, buckling of this bar under impact loading can only take
place after the compressive stress wave has propagated over a
“eritical” length of the bar. Column behavior under impact is
studied theoretically and by a novel experimental technique, and
it is concluded that a column can momentarily support a dynamic
compressive stress of any magnitude which may be introduced by
impact. : ‘

INTRODUCTION

HE INVESTIGATION OF COLUMN BEHAVIOR under

conditions of dynamic loading has been studied by
several investigators. Meier! has studied the behavior
of columns containing initial imperfections by investi-
gating the motion of the center of the column for loads
below the Euler load and above. Although Meier
* speculates that the column can carry loads in excess of
the Euler load, a study of his analytical results fails to
bear out this conclusion,

Hoff? has studied a similar problem but has specified
the displacement at the end of the column rather than
the load. His investigation is concerned with an
initially imperfect column in which one end of the
column has been displaced at a constant velocity.
Under such conditions it has been shown analytically
that the column can carry loads in excess of the Euler
load because of the lateral inertia of the imperfect
column.

In both the above investigations, it has been assumed
that the period of the lateral motion of the column is
small relative to the time required for a stress wave to
propagate from one end of the bar to the other. Thus,
it has been assumed that the stress is constant through-
out the entire length of the column. In contrast, the
investigation contained herein is concerned with the
propagation of an elastic stress discontinuity in the
column and accounts for the fact that the stress is in-
stantaneously not constant over the entire length of the
column. Under conditions of compressive stress wave
propagation, it has been found useful to adopt the point
of view of determining the critical length of a column
~ subject to a given stress rather than finding the critical
stress of a column of given length. ’

It is the objective of this investigation to show that

under certain conditions of impact loading, the com-

Received August 1, 1951.

* Assistant Professor of Aercnautical Engineering, College of
Engineering. ‘

T Structures Engineer.
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pressive stress momentarily supported by a perfect
column at buckling may be of any magnitude in excess of
its static Euler load. Under sufficiently high velocities
of impact, the critical length of the column is deter-
mined by the magnitude of the stress being propa-
gated, which is contrary to the usual situation of static
buckling in which the critical stress is determined by
the effective length of the column. This phenomenon is
due to the fact that the magnitude of the stress at the
end of the bar which is introduced by velocity impact
depends only upon the velocity of impact and the
modulus and density of the material. Initially, the
stress is only at the struck end. Since there is no
stress in the remainder of the bar, it is only after the
stress has been transmitted over a critical length of the
bar that buckling can possibly occur.

SYMBOLS
A = area
¢ = velocity of propagation
E = elastic modulus
I = moment of inertia
L = length
L = length traversed by stress wave in time ¢, L, = ¢t
Lo, = critical length in which buckling occurs
m = mass
t = time
U = eclastic strain energy
v = velocity
V= wvolume, V =LA4
w = lateral displacement
x = coordinate along length
o = stress
oy = ultimate tensile strength
e = strain
p = radius of gyration
¢ = density

TEST TECENIQUE

Fig. 1 is a photograph of a long thin column in which
buckling was caused by the propagation of a compres-
sive stress wave. The impact loading was achieved
experimentally in a simple manner. The specimen was

Fic, 1
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loaded in tension until fracture occurred. - At fracture,

the elastic strain energy stored in the specimen was

| U= (a/2B)V )
This energy is available as impact energy. Thus,
/2 = o m/2Ee )

Noting that ¢ = (E/¢)"* for longitudinal wave propaga-
tion, the effective impact velocity obtained is given by*

Since for a given material the eﬁectwe impact ve-
locity is a linear function of the stress in the bar, a
simple technique for obtaining various impact velocities
is suggested. By using different size notches at some
point in1 the bar, the stress in the unnotched portion of
the bar can be varied as desired. While the average
fracture stress at the notch would be ¢,, the stress in
the unnotched portion would be lower. According to
Eq. (3), this would result in a lower effective impact
velocity.

The compressive stress wave that buckled the column

shown in Fig. 1 was a reflection of the unloading wave
(negative tension) which followed fracture at the rela-
tively massive grips that held the specimen. The wave
propagation following fracture is depicted in Fig. 2.

The velocity of the unloading wave is that associated

with the elastic modulus of the material, since the un-

* For a rigorous development of Eq. (3), see Timoshenko, S.,
Theory of Elasticity, 1st Ed., pp. 381-384, McGraw-Hill Book
Company, Inc., New York,
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loading path is elastic: Upon reflection, however, the
stress may reach the plastic portion of the dynamic
stress-strain curve, and therefore the plastic stresses
will propagate at lower velocities than the elastic
stresses. With this techmque of compressive impact -
loadmg, the effective origin of the dynamic stress-strain
curve is essentially shifted to the fracture point of the
static tension stress-strain curve.
COLUMN BEHAVIOR

In its gross features, column behavior under com-
pressive stress wave propagation can be represented by
the model shown in Fig. 3.. To the long slender bar
fixed at the lower end, a given weight is assumed
attached at successively increasing distances from the
lower end., When the weight has moved a sufficient
distance from the fixed end, buckling of the bar will
occur in the length between the lower end and the
weight. Under the corresponding conditions of com-
pressive stress wave propagation, the magnitude of the
stress wave is fixed by impact conditions. As the wave
front moves away from the fixed end, buckling will
occur when the “critical” length COrresponding to this
stress magnitude has been traversed. '

In the following analysis, it is assumed that the
stresses are elastic, and therefore the stress wave is
propagated as a single discontinuity and is constant
over the length traversed by the wave. The equilib-
rium differential equation for the column is

E[a‘**w/bx" + aAbzw/ax" =0 4y

This equation can be rewn‘rten in the fo]lowmg form:
(5)

The assumed boundary conditions are clamping at
the fixed end of the bar (x = 0) from which point the
compressive stress wave originates. The additional
boundary conditions must be prescribed not at the
other end of the bar but at the stress wave front where
the first influence of the disturbance is felt. Since there
can be no lateral deflection in front of the stress wave,
continuity conditions prescribed the boundary condi-
tions at the wave front. Thus, '

0(0)
w(Le)

p20%0/dxt + ea“'wfawz =0

Il

dw,/dx(0) =

dw /(L) = 0 )

where L, = ¢f and ié the distance the stress wave has
traveled along the bar. A solution that satisfies Eq. (5),
as well as the boundary conditions of Egs. (6), is given

by
Q)
By substituting the appropnate derivatives of Eq. (7).
into Eq. (5),

165/ L)¢ — 4e(r/L)lall — (co5 20/LY] = 0 (8)

w = a[l — (cos 2rx/L,)] for 0 < x S I,
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For a nontrivial solution, the first bracketed term must
vanish.  Consequently,

Loy = ompe ™2

9)

and the critical length of the bar in which buckling
occurs depends upon the magnitude of the stress wave.
If use is made of Eq. (3), then Eq. (9) becomes

Le/p = 2m(c/v)" (10)

The dependence of the critical slenderness ratio upon
the impact velocity given by Eq. (10) is shown in Fig. 4.
In cases where v > ¢, the compressive stress wave would
still be propagated at a velocity equal to ¢. Therefore,
for L../p < 2, buckling can never occur.

It is interesting to note that, if the usual method of
running static column tests (in which a column of fixed
slenderness. ratio is subject to increasing stress until
buckling occurs) is used for dynamic loading, then
buckling always occurs over the entire length of the
column. This is due to the fact that the impact veloci-
ties would be increased only until the proper stress
magnitude for buckling in the entire length is reached
and then not continued. If the buckling tests are run
according to the model shown in Fig. 3, then buckling
will take place in a critical length less than the actual
length of the bar.

The solution for the critical length given by Eq. (9)
is based on the assumption that the stress wave is elas-
tic. If the stress is of such a magnitude so as to be in the
plastic region, then the plastic portions of the stress are
propagated at lower velocities than the elastic portion
as shown in Fig. 2. In this case, the elastic portion of
the stress wave traverses the critical length of the bar
first. Therefore, to a first approximation, it appears
that the value of the critical length may be closely asso-
ciated with the proportional limit stress, which in itself
may be high because of the large strain rates associated
with the impact velocities under consideration. The
behavior of the column under conditions of plastic stress
wave propagation requires detailed investigation, how-
ever, and therefore the above remark is merely an
intuitive suggestion.

ExXPERIMENTAL DATA

Several column tests were run using the experimental
technique outlined previously for obtaining compressive
impact loadings of high velocity. A !/yin. strip of
0.010-in. 24S-T3 aluminum alloy of 10-in. length was
held in a testing machine by Templin grips. The speci-
mens were loaded to failure in tension, and it was ob-
served (as shown in Fig. 1) that a series of short wave-
length buckles formed immediately above the grip after
reflection of the unloading wave. The wave length of
the buckles of four similar specimens was approximately
1/ in. The ultimate tensile strength of the specimens
averaged 64,000 1bs. per sq.in. It is to be noted that, in
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stretching the bar to fracture, any initial imperfections
in the column are effectively removed and the column
as tested is essentially perfect.

From Eq. (9), the estimated critical length based on
the assumption of elastic buckling was 0.23 in., which
certainly is of the order of magnitude of the wave
lengths observed.

CONCLUSIONS

Both experiment and theory indicate that, under con-
ditions of velocity impact in which the magnitude of the
compressive stress wave may be far in excess of the load
required to cause buckling of the column under static
conditions, buckling may be confined to a length less
than the actual length of the column. This phenomenon
indicates that a column can momentarily support a
dynamic compressive stress of any magnitude that may
be introduced by impact. Therefore, dynamic buckling
does not place an upper limit to the compressive stress
that can be carried by a slender bar in the sense of
static buckling.

(Continued on page 63)



On Supérsomc Flow of a Two—Dlmensmnal

~ Jet in Umform Stream

S. 1. PATH
Unwersity of Maryland

SUMMARY

It is well known that a supersonic gas jet issuing from a reser~
voir into a medium at rest has a periodic structure if the differ-
ence of pressure of the jet from the medium is not large. This
paper investigates a similar situation when a supersonic gas jet is
issuing into a uniform stream. It is found that if the uniform
stream is subsonic, the supersonic jet has almost periodic struc-
ture, and the approximate wave length increases with the Mach

this phenomenon from a theoretical point of view by the
method of small perturbation and reasonable good agree-

‘ment of the theory with experimental results was .

Number of the surrounding stream for a given Mach Number of-

‘the jet.. If the uniform stream is supersonie, the supersonic jet
does not have periodic structure. The transmission and the
reflection of small disturbance at the boundary of the jet—i.e.,
a vortex sheet—are investigated. Factors of transmission and

reflection of disturbances on the vortex sheet are found. They are -

functions of the Mach Numbers of the jet and that of uniform
stream. The reflection wave may be of the same sign or of op-
posite sign of the incident wave or zero according to the Mach
Numbers of the two streams.

LIsT OF SYMBOLS

A = constant

B = constant

flz) . = function of z.

Flzy - = function of z

g(2) = function of z

M = Mach Number of basic flow

R = reflection factor defined by Eq. (24)

T =" transmission factor defined by Eq. (23)

u = x-wise velocity of component of the resultant
flow

U = velocity of the basic flow

? = y-wise velocity component of the resultant ﬂow :

L2 = distance along the axis of the jet .

¥ = (istance perpendmular to the axis of the jet

8. =V[ar =1 G=10r2)

9 = wave-length factor defined by Eq. ( 10)

X = frequency or eigenvalue

& = velocity potential of disturbance

subscript 1 = values for quantity in the jet

subscript 2 =

values for quantity in the surrounding stream

ey

N HIS EXPERIMENTAL INVESTIGATIONS of a jet of gas
I issuing from an orifice into the medium at rest,
Emden? found that, if the velocity of the jet is super-
sonic and the excess pressure of the jet over the sur-
rounding medium is not large, the jet has periodic struc-
ture.

INTRODUCTION

Received July 23, 1051, k

* This work was carned out under Contract AF 33(038) 10481
sponsored by the Office of Air Research.

t Research Associate, Institute for Flmd Dynamics and Ap-
plied Mathematics. :
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found. Several other authors had discussed this prob-
lem from a theoretical point of view.3—3 However, the
behavior of the supersonic gas jet in a uniform stream
has not yet been stadied. " This paper is to study the
case of a supersonic gas jet in a uniform stream when the
pressure of the jet differs slightly from that of surround-
ing stream. Because the behaviors of the subsonic and
the supersonic uniform stream are entirely different, we
have to treat these two cases separately.

Since the pressure difference between the jet and
the uniform stream is not large, we may assume
that the gas velocity normal to the jet axis is'stnall—in
other words, that the jet expands very little—hence,
the method of small perturbation may be used in this
problem. We also assume that there exist velocity po-
tentials inside the jet, as well as in the uniform stream—
ie., even if shock wave may happen in the jet, the
strength of the shock is assumed to be small. Thus, the
vorticity introduced is still negligible. Both viscosity
and heat conduction are neglected.

In-this paper we shall consider ouly the two-dimen- -
sional flow. Here, besides the discussion of periodicity
of the supersonic jet, some interesting phenomena of a-
small disturbance reflected from,; and transmitted.
through, a surface of discontinuity have been obtained.

The author also found that, as far as periodicity is
concerned, the two-dimensional and the axially sym-
metrical jets behave similarly. However, in case of
reflection and transmission of disturbance on a surface
of discontinuity, the axially symmetrical case is much
more complicated. Hence, the results of the axially
symmetrical supersonic jet in uniform stream will be
reported in another paper elsewhere.

(I1) FORMULATION OF THE PROBLEM

The schematic diagram of the problem is shown in
Fig. 1. At the exit of the nozzle x = 0, the jet has the
following characteristics:

v = vo(y)}

u = Uy 4+ u(v);
where uy <& Ul, e ~ m; My < M1, where M is the Mach

Nl
M= M+ Moy) 1)
Number corresponding to U, and Uy is certain mean
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velocity in the jet where the pressure in the jet is equal
to the pressure of the undisturbed uniform stream.

Inside the jet we have

| a¢1> O
=U(1+—), = —
u 1 < + » v= U, oy 2
where Ui¢,; is the velocity potential of the disturbance
in the jet.

The uniform stream is of a velocity U, and Mach
Number M, when it is not disturbed. The velocity
components in the surrounding stream after it meets
the jet will be :

AR
Z/2 <1+ax): v = U2 ay

where Usg, is the velocity potential of the disturbance
in the surrounding stream.

Uu =

(3)

1852

We also have
L 13> 0./, 064/0y

wheres = 1 or 2.
The differential equation that governs ¢, is

0%;

ox?

0%:
oy?

1 — M7 + =0 (4)
The boundary conditions of the problem are as fol-
lows:
(1) By symmetry, at the axis of the jet, the y-wise

velocity component is always zero—i.e.,

0¢1/0y = 0 (%)

aty = Oforallx.

(2) On the surface of the jet y = =1, we have two
bhoundary conditions:

(a) The pressures are the same on both sides of the
interface—i.e.,

Oy /0x = (M2/ M%) (Ops/0x) * (6)

aty = x1.
(b) The inclinations of the flow are the same on
both sides of the interface—i.e.,

0¢1/0y = O¢/0y (M
aty = £1.
(8) The boundary conditions at infinity depend on
whether the uniform stream is supersonic or subsonic.
(a) If the uniform streamis subsonic—i.e., M, < 1—
we have that the disturbance will die out at infinity—
ie.,

Ope/0x = O¢/Oy = 0 (8a)

aty = £ =,

(b) If the uniform stream is supersonic—i.e., My >
1—we assume that no disturbances come from infinity
and that all disturbances are generated from the inter-
face—i.e.,

¢ = F(x — Bz‘yi) (8b)

where F is an arbitrary function that is going to be de-
termined and where (2 = M,* — 1.

Since the nature of the subsonic and of the super-
sonic flow of the surrounding stream differ entirely
from each other, we have to treat the problem sepa-
rately for these two cases.

(III) SUPERSONIC JET IN SUBSONIC UNIFORM STREAM

Since the differential Eq. (4) is linear, the method of
superposition is applicable. It is then sufficient for us
to consider one typical fundamental solution only in the
analysis. In order to satisfy the boundary conditions
[Egs. (5) and (8)], we have the fundamental solution
of ¢;asfollows:
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I

o
¢2 = e ™ (4, sin Ax + B; cos Ax)

where A; and B, are arbitrary constants, \ is the eigen-
‘value of the problem, and 8,2 = M2 = 1l and 8,2 =
1— M2 . .

In order to satisfy the boundary conditioﬁé, Egs. (6) .-

and (7), we obtain the eigenvalie equation as follows:

M 1 — M

V=1 = tan ¢ (say) (10)
. 2 L i

‘ tan ABI =

" where 0 < @ _<_ 7r22.,
The eigenvalue X is then

A= (04 nm)/B
 wheren =0,1,2,8,....
The complete solution of the problem is
¢1 = D, cos (§ + ur)y l}im sin +nx x -+
n=0 . . 1 . S
a ' U
" By, cos + mr‘x} 12y
B ,
G 3 g GBI [A%'Sin L
n=0 - 1 o
g ‘ :
Bs, cos - nr x] 13) -
1 . ,

The coefficients A, and By, can be determined from the

initial conditions Eq. (1). After A,, and B, are .

known, As, and By, can be determined by either Eq.
(6) or (8).

It is interesting to know that ¢1 and ¢ of Egs. (12)
~~and (13), respectively, are, in general,  not periodic™

cos XByy (4. sin Ax + B; o ?\:x:)} (g’)'

an

AW 3 )
10 %% 9‘3'3?';’% 2 .0000
t-—a o= ,3‘9 S EEmE—
"1 B
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o |
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Fic. 3. Variation of wave lengthiwith MSand 3.

functions but that they are almost periodic functions -
which were first introduced by Bohr. Hence, the flow
pattern in the supersonic jet in uniform subsonic
stream is only almost periodic.. "As a first approxima-
tion, the wave length of this almost periodic structure is
L=er/os (14)
The variations of 6 with M; and M. are shown in Figs.
2 and 3. Tt is seen that this wave length increases as
M: increases for a given My. As My = 0, L = 48;,
which is the Prandtl's formula for two-dimensional
supersonic jet. - s e ‘ o
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F1G. 6. Supersonic jet in uniform stream (M,

Cornell Aeronautical I aboratory, Inc.)

(IV) SupersoNIC JET IN SUPERSONIC UNIFORM

STREAM

First, we would like to know whether or not the super-
sonic jet still has periodic or almost periodic structure.

Weput
¢1 = cos APy [A: sin Ax 4+ By cos A x]

Il

1 - Jolee — By + fulx — ﬁlﬁ’) + o

where
. A
Fale = B) = R*5 (v — )
=0
gx(x + Byy) =
=0
and
= Fi(x — Bly]) + Fulx
where

+fﬂ(x—; 613") + Y

R*2 (54 B)

so that the bo,unda,xy conditions [Egs. (5) and (8)] are
satisfied. - In order to satisfy the boundary conditions
[Bgs. (6) and (7}], we have the e1genvalue equa’uon as
follows
L&é—im % + tan? )\Bl] 1 co”t2 }82] = ,O’ (16)

It is evident that there is no real eigenvalue A that
satisfies Eq. (16). Hence, the supersonic jet will not
have periodic or almost periodic structure.

The solution of this case may be obtained by method
“of characteristics. It is also possible to find some ana-
Iytic solution for simple cases, as follows:

The most general solution of this case is

1.98; M, = = — s |
1.40). (Fig. 14 of reference 7; courtesy of J. G. Wilder, zjr ¢ = flx 61}) + g(x + /@ﬁ)} (17)

¢ = Flx — Boly])

where f, g, and F are arbitrary functions to be deter-
mined from the initial conditions. In order to bring
out the essential feature of the flow patfern, we consider
the simuple case that, atx = (,

u(y) = AU, wl(y) =0 (18)

for —1 < v < 1, where 4 is a small constant.

| o } (15) In order to satisfy the boundary conditions on the
o = Agsin AMx — ﬁg‘y!) + Bs cos 7\(96 — Bifﬁf’i) £

interface ¥ = = 1, we have

+ golx + Bw) +

g+ By + ...+ g+ By + ... (19)

Fulx — Bl = TR" -t (x — Be|y]) for2mBr — B < x — Br|y| < 9(”'*‘ 1B — B

=0

for 2n — 1) <x — By < 2n+ 1)B

- _ (9?2 -+ 1)51

for x Bry < (20 — 1)!31
(20)

for (2n — DB < x + By < 2n + )8

forx + Buy < @n—1)3

— B+ F Pl — Bl + .. - @en

(22)

> 2(” + 1)/31 )

forx — By <9n5—52
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T is the transmission factor that is the ratio of the.
nondimensional magnitude of disturbance in the uni .

form stream to that in the jet and which is glven by the
following formula = : .

ool )
i¥EyT o .
The values of T for various Mi and M, are shown in
Fig. 4.
R is the reflection factor that is the ratio of the mag-
nitude of the reflected disturbance from the surface of

discontinuity to the magnitude of the incident disturb-
afice and which is given by the following formula:

e <M2 [ Ti) /<B + My — 1)
M — 1/ \ar " W -
o @

A1, -
The values of R for
It is seen that

Tts value lies between —1 to +1.
various M; and M; are shown in Fig. 5.

the reflected disturbance may be of the same sign, or of

opposite sign of the incident disturbance, or zero ac-
cording to the values of My and M. V

There are few experimental data to check the present
theory. However, the schlieren pictures (Fig. 6) taken

- (23)

by Wilder” indicate that there is nio periodic structure -
in the supersonic et in uniform supersonic’ stream.
Since the difference between M, and M, is small in
Wilder’s pictures, R is extremely small; - as a result, in

‘most of his pictures, only the first transmitted dis-

turbance Fi(x — B: |¥|) is seén without reflection. In
only a few' cases; the first reflected disturbances
A (x — ﬁly) and g,{x + G;y) are seer.
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" Buckling of an N-Section Column
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ONSIDER A COLUMN BUILT IN at one end and free at the other,

subject to an axial load P. The failure of the column is

assumed to take place due to lateral instability rather than by

direct compression. When the coliimn is made of n-sections along

. its length, an analytical solution for the critical load P. can be
obtained as shown in Fig. 1. '

Let the 4-th section of the column have a lengthl; = L; — L;_y
and moment of inertia J;. This section can be characterized by
kili, where k* = P/EI;. The governing differential equation for
the deflection of the column in

Liy <x <L
is
EI(d*:/dx®) = P{& — wi) ey
Thus for the n-sections along the length we have » such differen-
tial equations. One can assume :

Sasa soluuon of Eq. (1).
eurve of the column we can equate ‘the‘dieﬂectxon and the slope of

y2—5+Azcosk,x+stmkxﬁ @2

From the contmmty of the deflection

the column at the 7-th joint obtained from the ¢ ~ 1 section and
4-th section. These together with the conditions at the ends of
the column give equations to determine the constant coefficients,
A; and B;. If these coefficients should have nonzero solutions,
one must satisfy a determinantal equation. The expansion
of the determinant leads to a transcendental equation, the solu-
tion of which gives the critical load of the column. ’
For example, in the case of a column built up in two sections

the equatmn

0=1-— (Kl/Kz) tan kll] tan kzlz

gives the buckling load of the column. This condition is the same
as that given in references 1 and 2, whereas, for » = 3, there
seems to be an error in reference 2. For # = 3, we must satisfy

0 =1 — (Ki/K) tan kily tan kol —
(Kl/K3) tan k1l1 tan kgzg — (Kz/Ks) tan ézzz tan kgl;

For n = 4, we must satisfy

0 =1 — Z(Ky/K;) tan kgly tan k1, + -
(K;l/.Kz) (Kg/K:;) tan kil tan k:lz tan kglg tan ks

where, in the summation, 7 = 1,2, 3, 4and ¢ < 7,
In general, for #-sections we obtain an equation of the form

0 =1 — Z(fi/K;) tan kily (z2=2,38,...,n (3)

Each f; n the above equation depends upon the functions fi, fi,

ft—-l: .
1 = fi_l + ki_z tan ki_lli_l [1 - EUT//kfj tan krlr] (4)

summed forr = 2,3, ...,7 — 2, and f; =K tan k.

With the above formula one can write the characteristic equa-
tion for any number of sections in the length of the column. The
equation that gives the critical load can only be solved by trial
and error. As n increases, the work becomes laborious. In prac-
tice, one can see that tan 2i; is small and that products of tan
ksl; four times or more can be neglected. Eq. (3) will then reduce
to -

0 =1 — 2(K,/K,) tan kg, tan k.l

wherer = 1,2, .. .and g < 7.

One can easily show that the f; in Eq. (3) are all positive.
Further, Eq. (4) shows that the approximation made by neglect-
ing higher powers of products of tan &;; gives a higher value for
fi. Considering the plot of the right-hand sides of Eqgs. (8) and
(5) against P, one can casily prove that the solution of the ap-
proximate Eq. () is always lower than the solution of the com-
plete Eq. (8). -

From the application of the energy method, one obtains an
approximate buckling load, always higher than the true buckling
load. Therefore, the method outlined above helps to obtain
bounds on the buckling load of a coltumn.

" A symmetrical column with both ends pinned can be reduced to
the case treated above by considering only half the length of the
columm. For an unsymmetrical column pinned at both ends,
similar formulas can easily be obtained. A numerical example is
carried out applying this method for a column built up in four
sections. The following data are taken for the example: -

I, is the section of the column at the built-in end and

Iy I; 4
7" 0.81, I = .64, I
=l = L/4

(5>

= 0.36]

L = length of the column. The approximate solution obtained
from Eq. (5) gives a critical load of P, = 1.979 (EI/L%.
From the strain energy method, by assuming a deflection curve
y = &[1 — cos (wx/2L)], one obtains a critical load of P, =

66



READERS’

2.034 (Ell/Lz) The analytical solution as glven from Eq. (3)
vields P,. = 2.019(EL/L?).
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A Solution of the Surgmg Problem in Axlal-
Flow Compressors

John Mitchell Stephenson™®
Farnborough, England -~
August 21, 1951

SUMMARY

1f an‘axial-fiow compressor has many stages on a single rotor shaft; and -

adiabatic flow, there is only one combination of pressure ratio and mass flow
for which the efficiency of compression is a maximumn, - This is calied the

“design point™ on the performance graph and usually corresponds to full load '

or thereabouts. At any other point the efficiency is reduced, and surging
may occur with catastrophic results. This effect places an upper Imnt of
about six on the design pressure ratio of such a compressor.

The reason for this limitation is analyzed, and the known ways of avoiding
it are enumerated. A further solution is then described, which depends on ex-
traction of heat from the gas during compression. :
pressure ratios can be achieved with good efficiency and stability and without
mechanical complications.

(1) INTRODUCTION

HE FLOW THROUGHOUT AN AXIAL-FLOW COMPRESSOR can most
conveniently be deduced in terms of the performance of each

stage, by which is ' meant each pair of annular blade rows. To.

compress cfficiently, none of the blades of the compressor must be

stalled. But the chief limit to the operation of axial compressor

is surging, which occurs when most of the stages are stalled. The
mechanism of surging is not fully understood, but the effect of
violent fluctuations of pressure is well known: Surging must al-

It is shown that high’
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ways be prevented, and the.most important characteristics.of a.:. »

compressor is the surge line, which deseribes the maximum steady
pressure ratio attainable with a given mass flow.

We shall show that the line of most efficient running of a single
shaft adiabatic compressor is close to the surge line. This fact
limits the design pressure ratio of such a compressor to about six.

Above this it is not usually possible to avoid surging at part

loads.

{2) THE EFFICIENCY OF AN ELEMENTARY COMPRESSION

Consider a gas flowing steadily along a uniform tube, such that
at one section there is an infinitesimal pressure rise dp. If the

work put into the gas to effect this compression is dW per unit. .~

mass flow, we may define the efficiency » of the process as the
ratio of pressure energy produced to the work applied. That is,

éﬁde

where p is the densﬁ:y of the gas.

If the compression is adiabatic dW is equal to the change of
enthalpy, Cp d7. But if an amount of heat 4@ per unit mass flow
is extracted from the gas during the compression, we have

= CpdT + dQ

We now define a cooling factor [ as the ratio of heat extracted to
the work done, or

= dQ /d w
Combmmg these equations we have

* Now at Bristol Aeroplane Company, England. i

06 07 0-8 09 ¢ I-Q 1-1 I-2
Fic. 1. ' ‘ ’
7/(1 — 8 = (dp/p)/(CpdT)

The differential law relating pressure and temperature is ap- .

proximately o
dp/p = [n/(n — DIE@T/T)

whete # = « for an isentropic compressién e, =1 = {).
Hence, using the perfect gas equation of state,

z>'=pRT=("’_
Y

n v — 1 n i
= 1
- (5 65) @
In the particular numerical case that we shall consider later,
v =T7/5andy = 6/7, so that

1) pCpT

we have

(1)

C w=3/@+D
Note that, if = 0, the comipression is adiabatic; while if
¢ = 1, we have » = 1 and the compression is isothermal.

We -
shall assume here that ¢ always lies between these limits so that
no heating or refrigeration is applied. Clearly, for a given value
of the efficiency (which is independent of the cooling), we can re-
duce #» from the adiabatic value to any other value greater than
one simply by cooling the gas.
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(3) ‘THE FLOW RANGE OF A SINGLE COMPRESSOR STAGE

The dimensional analysis of a compressor stage shows that
there are a small number of coefficients in terms of which the per-
formance can be described. For a stage of given geometrical de-
sign the only quantities that may be varied independently are

va - = the mean velocity of the gas in the axial direction
# = the tangential velocity of the rotor blades at a reference
radius

I

a length giving the geometrical scale of the stage
the kinematic viscosity of the gas at same point
the velocity of sound in the gas at inlet

The variables can be combined to form three dimensionless
ratios, each a measure of one aspect of the physical behavior of
the gas. These are the Reynolds Number, Re = wal/v; the
Mach Number, M = wva/a; and the flow coefficient ¢ = va/u.

The dependent quantities of interest are the pressure rise per
unit mass, Ap/p, and the efficiency. The pressure rise of a single
stage is as a rule sufficiently small to use the elementary efficiency
7 as defined in Section (2). The pressure rise can be expressed in
the dimensionless form

¥ = Ap/(1/2)pu?

We may say, therefore, that the performance of a stage is given
by ¥ and », which are unique but as yet unknown functions of the
independent parameters ¢, Re, and M. The effect of the last two
is known to be small, provided that Re > 3 X 10%and M < 0.5,
approximately. Thus the performance can be expressed simply
in terms of ¢, which determines the angle of attack of the gas on
the blades. .

We shall not now derive ¢ and 5 analytically in terms of ¢ and
the blade shape but shall simply show the characteristics of a
typical stage in Fig. 1. This stage is designed to operate at the

point of best efficiency, where ¢ = ¢4. We see that thereis only a-

small range of ¢ over which the stage works efficiently. And at
values less than ¢s, ¥ has a negative slope, and the blades are
stalled. If the stage is running alone, the flow surges at these

112

.0'5
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points. ‘However, when several stages are combined in series,
surging does not occur until most of the stages are stalled.

(4)  THE COMBINATION OF SEVERAL STAGES IN SERIES

The problem of combining stages so as to produce a high pres-
stire ratio is to ensure that all the stages operate at or near the
design value of ¢ under all likely conditions of operation.

Consider a compressor with many stages, each having the per-
formance shown in Fig. 1. We take any two separated stages in
this compressor and refer to them with suffixes 1 and 2. The
mass flow Q is given for any section of area 4 by

Q =pdVa
The law of compression is
pa/pn = (po/pr) Y/ = r1/7

22 —_— Q2Alul 1 (2\
¢1 - Q1 d2us i/ /

Now the area ratio A;/4. is determined for a particular density
ratio and is fixed thereafter. Let us suppose that this corresponds
to a design pressure ratio R, when there is no cooling (¢ = 0) and
the efficiency isg = 6/7. Then, from Eq. (1a), we have n = 3/2.

Hence,

If also at the design point %, = u./k where k is a constant and
Q1 = Qs then
A1/Ay = ERYs
and E:l (2) becomes
b2/¢1 = (Quur/Quug) (kR /71/7) 3)

A typical simple compressor has continuous adiabatic flow and
a single shaft. Thus % = ue/k, Q1 = Qs and # = constant
(approximately) for all . It is clear from Eq. (3) that in this
case .

¢z > ¢y forallr < R

Thus, the stages are never all working at maximum efficiency,
except at the design pressure ratio and mass flow. The (7, Q, %)
diagram of such a compressor is shown in Fig. 2 with the surge
line.

Now ¢1 = Q1/p14:1%1, and therefore the condition that ¢, is con-
stant implies that Qi/u1 is constant. Similarly, ¢ is constant im-
plies that Q1/u73/% is constant. The lines of constant ¢ are shown
in Fig. 2 for the case where section 1 is at inlet and section 2 at
outlet. Since as we have seen, ¢ > ¢y, neither of these lines corre-
sponds to efficient compression, and in the second case the com-
pressor surges when » < 0.9. The line of best efficiency actually
lies somewhere between these two and corresponds to constant ¢
for a stage midway between inlet and outlet. It is parallel to the
surge line, which approximately corresponds to stalling of the
midway stage. '

To ensure stable running, especially when R is large, it is
therefore necessary to design every stage, and in particular the
first few, to have a large flow range. We shall not consider this
subject here, but there are more general solutions of this problem,
some of which are well known,

(56) SoruTIONS

(a) The most simple and specialized solution is to keep the
pressure ratio always at the design value R. When a compressor
forms part of a closed system with a continuously circulating gas,
it is sometimes possible to alter the inlet density level at will. In
this way the mass flow and power may be altered over the whole
range, while the rotational frequency remains constant. Thus
the efficiency is always a maximum. This solution is most suit-
able in connection with constant speed electrical apparatus.

(b) A device that has long been used on airplane propellers is
to rotate the blades about a radial axis. In this way the flow co-
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TaBLE 1
R 3 4 5 6 7 8 g 0. . 11 12 13 .14 S 13
*a 2.06 2.50 292 3.30 3.67 4.02 4.35 4.66 4.96 5.24 5.53 §JQ 6.08
efficient ¢4 corresponding to maximum efficiency can be varied

over a large range. Of course the twist of the blades cannot be
altered, so that the efficiency falls off slightly when they are ro-
tated. It is difficult to adjust the rotor blades, but, if only the
stators are rotated, the efficiency can be improved and surging
avoided. For example, when r < R, the entry stator blades and
the stators of the first few stages should be rotated to a high
stagger (fine pitch), while the stators of the Iast few stages are
moved to low stagger {coarse pitch).

From Eq. (3) however, we see that ¢; = ¢z can be mamtamed
for all pressure ratios less than R by reducing either (¢) 0:/Q1, (d)
#1/us, (€) n. We discuss these in turn.

(c) In a compressor with. inlet at atmospheric pressure it is ..

easy to reduce (»/(Q; below the usual value of one by blowing off
gas between the stages. However, a great deal of power is lost in
doing this, so that the efficiency of any plant incorporating such a
device is low. Blowoff is only defensible therefore for transient
conditions in starting or decelerating compressors.

(d) m1/us can be appropriately reduced below the design value
k if all the rotors are able to turn independently. This arrange-
ment was suggested by Dr: Al A, Grifiith in 1929. It is compli-
cated but is frequently approached by dividing the stages into two
groups on separate shafts.

(e) The solution put forward here and which is in theory most

promising for many applications is to reduce the exponent z# by -

cooling the gas during the compression, such that # is given by
Eq. (1). A device to effect this was patented by the author and
Power Jets Ltd. in July, 1048;

6) ' CooLED COMPRESSION

© We consider a single shaft compressor without blowoff, so that
Eq. (3) becomes

/o1 = R’/*/r“ » o *

and we vnsh to adjust 7% 50 that ¢p =
quire

¢4 for all 7. Hence, we re-

log r/1og R = 2n/3
Usinig Eq. (1a) we have

log r/log R = 2/(2 + &

If ¢ is varied according to this formula, all the stages work at their
design efficiency. Buf since we have assumed that § < 1, thereis
a value 7, below which it is not possible to reduce » when # = 1
and the flow is isothermal. Then

" log #y/log R = 2/3

Valites of 7p and R are compared in Table 1. We see that, if a
single-shaft isothermal {or adiabatic) compressor will run stably
up to a design pressure ratio of five, then a cooled compressor
having the cooling shut off at full load can be designed for a pres-
sure ratio of eleven, with the same stability.

In practice it may not be desirable to vary { and » continu-
ously. If, for example, full cooling is applied up to one-half the
required pressure ratio and switched off completely above that
the compressor may be sufficiently stable,

Suppose the cooling is achieved by spraying hqu:d nto the
stream, so that the liquid is at the temperature of the stream and
does not evaporate. Then, if the specific heat of the liquid is C
and the liquid-gas ratio m by weight, we have

dQ = m(C dT

Hence )
' ¢ = mC/HCp 4+ mC)

Note that, for isothermal comﬁféssion, #m — =, For air and
water, Cp = 0.24C and SR

= m/(024 + m)

An approach to the solution given here is made by varying the
thermal ratio of an intercooler placed between two multistage
compressors that operate in series. This is an edsy way to..
achieve freedom from surging troubles on an intercooled gas-
turbine engine. : :
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Plastlc Bucklmg of a Snmply Supported Plate

in Compressuon

Richard A. Pride

Aeronautical Research Scientist, Lang?ey Aeronautical I,abordrory,
Langley Air Force Base, Va. :

September 25, 1951

‘HE APPLICATION OF THEORIES OF PLASTICITY to plate buckling

problems has resulted in widespread controversy in recent
yvears. In the case of long simply supported flanges, a large
discrepancy exists between the predictions of buckling theories
based on deformation or finite theories of plasticity® ? and those
based on flow or incremental theories of plasticity.® The experi-
mental data are in excellent agreement with deformation-type
buckling theories and appear to contradict altogether the flow
type of buckling theory. 1t has been both suggestedand denied®
that- the-discrepancy between the experimental results-and. the
predictions of flow-type buckling theories can be ascribed to the
effects of the initial imperfections. A crucial question in such a
debate is how large the initial imperfections actually were, '

In the case of simply supported plates the discrepancy between
the two types of theory is generally much less pronounced, Here
also experimental results® are in much better agreement with de-
formation than flow-type buckling theories. Several investiga-
tors have questioned the validity of this comparison, however,
becatse two of the deformation type of buckling theories used in
the comparison were based on the Shanley principle of buckling
with increase in load, whereas the flow type of buckling
theory was based on the assumption of constant loading during
buckling. Pearson’ has recalculated the buckling load predicted
by flow-type theories for simply supported plates taking the
Shanley principle into account and found that this modification
substantially improved the agreement with experiment in the
lower stress range. Although Bijlaard® has pointed out that a
large part of the improvement is due to the use of the simplifying
assumption that Poisson’s ratio is one-half in the elastic, as well
as the plastic, range, it seemed desirable to provide an experi-
mental check in a region in which the discrepancy between the
two types of theories is much more pronounced.

The discrepancy between the theories becomes greater at hlgh
buckling stresses—that is, for plates having large thickness-
width ratios. However, it would not be satisfactory to go far in
this direction because the thin plate equations on which all of
the plastic buckling theories have been based would cease to be
applicable. A better way to provide the desired check is to use
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a material with a low yield stress. With this purpose in mind,
square tubes of 145-T6 aluminum alloy similar to those with the
highest buckling stress in a previous experimental program® were
annealed before being buckled, producing the results shown in
Fig. 1. The yield stress was reduced from 62,400 to 12,300 1bs.
per sq.in., and the buckling stress was reduced from an average
(three tests each} of 60,400 to 19,700 lbs. per sq.in. as a result
of annealing the material.

Deformation-type plastic buckling theories continue to be in
good agreement with these tests. Flow-type theories, however,
are completely inadequate even with Pearson’s modification.
The dashed portions of the flow theory curves in Fig. 1 indicate
the trend of the theory if the stress-strain curve is assumed to
rise to a correspondingly high stress. On this basis Pearson’s
analysis gives the same buckling stress for the low-strength an-
nealed material as for the high-strength material. Since for
reasonable strains the stress-strain curve of the material does not
rise indefinitely, the flow theory curves probably should be cut
off in the wvicinity of the ends of the solid lines, Fig. 1. This
would seem to imply that buckling could not occur at all for the
annealed tubes tested.

* The small scatter of the test results makes it seem doubtful
that the large discrepancy hetween these results and the predic-
tions of flow-type buckling theories can be ascribed to the effects
of initial imperfections. However, this evidence alone cannot be
considered conclusive. Additional data bearing on this possible
explanation are provided by the representative stress-deflection
curves shown in Fig. 2, from which the order of magnitude of the
initial imperfections can be inferred.

The results just discussed taken in conjunction with the pre-
viously established results for buckling of long simply supported
flanges confirm the view that for practical purposes the buckling
stresses of well-made plates are in good agreement with the pre-
dictions of buckling theories based on deformation theories of
plasticity without modification for effects of initial eccentricity.

Maximum

60 \
Buckling

g :143-_'1'6
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FIG 2. Stress-deflection dxagrams from buckling tests.
(Plate thickness, £ = 0.154 in.)
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A Method for Calculating Airfoils with
Prescribed Pressure Distribution

Dr.-Ing. N. Scholz
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ermany

September 28, 1951

\HE PROBLEM OF CALCULATING AIRFOILS with prescribed pres-
sure distribution is important for laminar airfoils and suction
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airfoils. Furthermore, the problem of cavitation in fluid flow
and the problem of critical Mach Number at subsonic flow are re-
lated herewith. A solution by means of the method of singulari-
ties has been given by Riegels! and Allen.? In this note we give an
extension of the method by Riegels suited for practical applica-
tion.

The starting point of our calculations is the relation given by
Riegels® between the velocity of the potential flow on the surface
of the airfoil, Us, and on its mean line, Uy, see Fig. 1,

Us(x) = Un(®)/V1 + (dy/dx)* W

y(x) being the shape of the profile. Between the source distribu-
tion ¢(x), which induces velocities on the mean line, and the air-
foil shape the following relation holds:

dy/dx = (1/2)[g(®)/ U] @)
Therefore one gets from Eq. (1) for the velocity at the surface of
the airfoil
1 T 4y ax
L+~ T ;
Ux) = U T Sx'=—c/2dx’x — % 3

V1 + (dy/dx)?
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For the airfoil shape y(x), at first supposed to be symmetrical,
we give an expression, which fulfills identically the condition of a
closed contour (y = 0 for x = ==¢/2), ¢ being the well-known
trigonometric variable,

x/(c/2) = =cos ¢

¥/(c/2) =nz:,1 ay sin (ne) @

with 0 < ¢ < 7 for —¢/2 < x < 4¢/2. The integral in Eq. (3)
then becomes (compare also reference 2),

1 [T 4y dx S
- S el X
w Jaim e dx’x —x T J=g

(i n(an) COS. (n¢,)> sin ¢’ d(p’ =

A1 sin ¢’ cos @' — cos ¢

= sin (n »
Y nia) 2095
n=1 s ¢
Herewith one obtains finally from Eq. (3) after some simple
calculdation

©

Z n(an) sin (np) = sin ¢ X

n=1
Us(e) \/ = cos (ne)\? n
{Tm 1+ (n‘éln(an) Tame ) - 1} = f(e) (6)

For slender airfoils the square root at the right-hand side of this
equation is only a little different from 1 for nearly the whole range
of values of ¢. Therefore, it can be taken as a correction term
that can be approximated in a simple way as given below. With
Us (o) given, the right-hand side of Eq. (6) can be regarded as a
known function f(¢), from which the coefficients a, can be calcu-
lated by Fourier analysis

2 T .
e = mﬂzof(w) sin (ng) de 9

Theii the shape of the airfoil is obtained from Eq. (4)." By the
aid of the Prandtl-Glauert rule, the effect of compressibility can
simply be introduced by putting

f(‘P)incomx:r. = Vl - AMmzf((P)compr' : B (8)

M , being the free-stream Mach Number.

For the first approximation of f(¢), only the coefficients a, and
a9 are taken into account. These can simply be obtained from
Fig. 2 dependent on the following two parameters of the pre-
scribed velocity distribution:

(1) Maximum velocity of the potential flow, Uinez./ Ul,-

(2) Position of maximum velocity, [x/ (6/2)]Umu_ correspond-
il"-g t0 Ymaz.
This diagram has been obtained from the ‘‘generalized”

Joukowsky airfoils (with rounded trailing edge), which are ob-
tained from Eq. (4), if all coefficients are zero, except for ¢, and
@-. (The case @& = a./2 gives the “special’’ Joukowsky airfoils
with sharp trailing edge.) The first approximation for f(¢) ob-
tained in this way yields the coefficients a, according to Eq. (7)
and herewith a good approximation for the shape of the airfoil.
From these coefficients, a, a second approximation for f(¢) can
be obtained, which in most cases then yields the shape of the air-
foil with fully sufficient accuracy. It is sufficient to calculate
in the first approximation the coefficients until # = 4, and in the
second approximation until # = ‘8. For the evaluation of
the coefficients @, and the coordinates of the airfoil, a simple
general scheme has been set up which reduces the whole numerical
work to forming simple products and their sums. Fig. 3 gives the
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results of the first, second, and third approximation of our calcu-
lation compared with the result of Allen? for one of his examples
(base airfoil velocity for “semi-low-drag-airfoil’’). Up to now,
only symmetrical airfoils with the same velocity distribution on
both sides of the airfoil were dealt with. But it can easily be
shown that the same procedure can be applied if the prescribed
velocity distribution is different on the lower and upper surface
of the airfoil. The procedure then has to be applied separately
for the lower and the upper surface and yields the airfoil coordi-
nates for both sides.

A pure source distribution g{x) yields the velocity distribution
(U + Uiow)/2, a pure vorticity distribution v{x) yields the veloc-
ity distribution (Uup — Uiew). Both together above the chord
yield a velocity normal to the chord

+c/2 ’ .
_9. 1 v(x) ; ©)

2
e 2 27 x__chx—x ’
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which might alsc be obtained from a pure source distribution of
the strength gup = 2vup. Then Eq. (2) holds for the slope of the
upper surface with the required source distribution gup, and in the
same way for the lower surface. Therefore, all relations glven
here hold also for asymmetrical airfoils.

I, however, the airfoil has an angle of attack of some magnitude,
Eqg. (4) is inconvenient for the shape of the airfoil, because the
Fourier series with only sine terms is incomplete, as it gives al-
ways ¥y = Oatx = —¢/2. For small angles of incidence, as they
mostly occur in practice, this failure is of minor importance. For
larger angles of incidence, it can be overcome by splitting off that
part of the induced velocity which gives the angle of incidence.
From Glauert’s theory of thin airfoils and with regard to Eq. (1),
one obtains for the angle of incidence,

1 a Uup — Ulow ; ( >2} ©
ay = - Bk M S S sin & de (10)
! 4f¢=0{ v. N 2

where the braces mean the distribution of vorticity v of the
airfoil. The reduced velocity distribution havmg no angle of in-
cidence is, then,

_ctg (e/2)
V1 + (dy/dx)

Uup = L{up
low low

1y

In Eqgs. (10) and (11) the slope dy/dx has to be taken from the
symmetrical basic airfoil.
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Turbulent Boundary Layer on a Cone in a Supersonic Flow at Zero
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UNION CARBIDE AND CARBON CORPORATION
BAKELITE CORPORATION
ELECTRO METALLURGICAL COMPANY
HAYNES STELLITE COMPANY
LINDE AIR PRODUCTS COMPANY
NATIONAL CARBON DIVISION
UNITED AIR LINES, INC.
UNITED AIRCRAFT CORPORATION
CHANCE VOUGHT AIRCRAFT DIVISION
HAMILTON STANDARD DIVISION
PRATT & WHITNEY AIRCRAFT DIVISION
SIKORSKY AIRCRAFT DIVISION
UNITED AIRCRAFT EXPORT CORPORATION
UNITED AIRCRAFT SERVICE CORPORATION
UNTTED STATES AVIATION UNDERWRITERS, INC,
VARD, INC,
VICKERS, INC.
WESTERN GEAR WORKS
WESTINGHOUSE ELECTRIC CORPORATION
AVIATION GAS TURBINE DIVISION
'WESTON ELECTRICAL INSTRUMENT CORPORATION
WYMAN-GORDON COMPANY
YOUNG RADIATOR COMPANY
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. T he drag of a compress1ble turbulent boundary layer
on a smooth flat plate with and. Wlthout heat transfer

ByD B, SPALDING AND S W CHI

: Mechenical Engineering Department, - SR
Imperial College of Science and Technology, London, S. W T

(RecelveleMayl%S) L~

The ‘hheoretwa,l treatments given by earlier authors are cla.ssxﬁe& reviewed and

the lowest root-mean-square error (11-0°9). -

A new calculation procedure is developed from ‘the: postula.te that a. umque o
relation exists between ¢, F, and. RFR where. ¢, is the drag coefficient, R is the -
- Reynolds number, and ¥, and Fy, are functions of Machnumbér and tempemture oy
ratio alone. The expemmenta,l data are found to be too scanty for bothF and Fy o
to be deduced empirically, so F, is calculated by means of mlxmg-length the.ory -

‘ _where necessary extended; then the’ predwtlons of twenty ofthese*theones*ar&»%-- s h .
‘evaluated and’ compared with all’ ‘available experxmental data, the root~mean~ R e
square error being computed for each theory The theory of van Drtest-*II gwes SR

and Fy, is found seml-empimca,lly Tables and charts of values of £, and Fj are ° SN

~presented for a wide range of My and 7T4/T. When compared Wlth all expen- g o

mental data, the predx ctxons of the new procedure glve a root -mean- ~Square error. R S

_on 9%

1. Introductxon , ,
‘ In many circumstances of interest to aeronautlcal enomeers, lt is necessary to o
“predict the frictional-drag at a surface-along which-a gas is flowing at. ‘high speed -,

and through which heat is being transferred. This is not only important in the e

prediction of the frictional drag itself but also in the prediction of the heat o
transfer, for example by means of a ‘modified Reynolds analogy’. This know- =
ledge is required in connexion with many processes, for example, in the coolingof =

combustion-chamber walls, gas-turbine blades, hypersonic ram- ]et mta,kes ‘:‘

rocket-motor nozzles and high-speed aireraft skins.

Often the velocity of the mainstream fluid is not uniform. Ina rocket-nozzle FETRTA

. it increases with distance downstream, whilst in a ramqet intake it decreases; R
thé main-stream pressure is accordingly non-umform Desplte these facts, itis -7 .
-..hecessary to restrict attention in the present paper mainly to the case in which- -+
 the pressure gradient is zero; that is, to that of the boundary layer on a flat plate.

The reason is that this is the simplest case; Wluch must be understood first.

There have been numerous mvestxga,mons of ‘the problem, both theoretleal and

Nevertheless, as will appear below, present knowledge of the subject s defectlve' A
~ in two respects First, there is considerable incertainty as to which of various =~
_theories gives the best predlctlon for e&ch theory contams falrly dra,stnc s1mphﬁ- T

L




", able exymméntal data Secondlv omek of the methods of predletmn (mcludmg
_unfortunately those Wmeh give the most. accurate predictions) are difficult toliz .
- use; the grospec‘ave user of the, method ha,s to can'y oub. extenswe nume' i

' defects As far as possible, uncerta,mty Wﬂl be eliminated by companncr “the”

- will be presented which permit friction to be ca,lcula,bed for a wide range of condx-

: tempemtm:e to main-stream temperature (7g/Tg) between 0-05 and 30,

" toa development of the present method which is presented in §4. Readers solely
- concemed with the use of the method should turn to §4.6 which contams a

. existing theories with all published expenmental data and by developing a new o
calculatlon procedure- based upon accumulated theoretical and experimental - {
knowledge of the compressnble turbulent boundary layer; and graphs and tables - !

"~ tions as aresult of merely a few minutes’ work.
. The tables cover Mach numbers (M) between 0 and 15 and ratxos of Wa]l B

Sections 2and 3below are mainly devoted to areview of earher work. These lea,d o

summary c:f the pred:emon procedures whlch are recommended for use.-

fsee equatxons (13) and (14) SRR T :
. loeal frictional dr: ag coefﬁc:ents based upon main- stream ﬁmd properm&s Lo
- equatlon an - B : A : i St
~ overall frictional drag coefﬁc1ent based upon mam—stre m ﬁmd p
R perties, equatlon (26)" v '
“ aconstant, equation (2) AR SR
fanction muitiplying ¢, in universal drag law equatlons (11) and (19) E
fumction multiplying € in universal drag law, equation (11). = - ..
fumction multiplying R; in universal drag law, equations (12) and (20) B
" fumction multiplying B, in universal drag law, equations (12) and (25) :
specific enthalpy, equation (32), (B.Th.U./Ib.) '
- stagnation enthalpy, equation 32), (B.Th.U. /lb )
a eonstant {~ 0:4), equation (2) g

M,  Mach number of main stream, equation (13)

n, 1, g exponents, equations (44) and (51) )
P " Prandt] number, equation (36)

T recovery factor, equation (35)

- Ry Reynolds number based upon momentum thlckness and main-stream
o fhaid properties, equation (3) - o -
R, Revnolds number based upon z and main- stream fluid propertxes,

equation (21) -

r temperature, equatlon (13), (°R)

w . velocity in 2-direction, equation (1), (ft /h)

¥  distance measured along main-stream direction from effective start of
tﬂrbulent boundary layer, implied in the deﬁmtlon of fi‘z, (ft.)




Compresszble turbzdﬁent boundarg; Zayer ona;olafe T e

“'”{non-dxmensmnal value of ; equatlon (2)
. distance from ‘wall, equation (1), (ft:) . = -
-~ ‘non-dimensional value of g, equation (2)

- a different non- -dimensional valueof u, equatlon (2)
-momentum thickness, equatlon (3), (ft )
spemﬁc heat ratio, equatmn (13).

B and (27) ,
p ", denmty, equatlon (1), (lb [ft 3

“ g . viscosity, equation (3), (Ib./ft. h) : o
7. shear stress in boundary 1ayer equatloﬁi !
o S . Subsmpts { !
,7'_ av - a\,vera,ge condmons in laminar sublayer §
G - -main-stream. fluid state, equatan 2) . :
| i uniform property flow, equation (43) ‘
[ ‘N . state near the Wall equation (43) - -
s state- at the wall, equation (2) ‘
1 'outer edge of lamxnar sublayer table 1

:AA2 Survey of prewous theoretical Work
= S 2L Gememl chamczemstws ofanalyses

There are a numher of theorles for the predlctlon of the fmctlona E rag coeﬂ’iment
~in the compresszble turbulent boundary layer « on a smooth flat plafce (see the .° .~
""" réferenices marked with an asterisk in the list at the end of the paper). According .. .. Ll
- -to the nature-of the principal assumptions used by _various authors, the theories . .~

- can be grouped into five types, namely, (i) theones based upon the Prandtl SN
differential equation, (ii) theories baséd upon: “the von Kérmén differential = - - |
equation, (iii) theories based upon other dlﬂ'erentlal equations, (iv) theories ‘ ‘i
based upon a fixed velocity profile,and (v) bheones based upon the incompressible
- formulae with, fluid properties inserted at a- ‘reference’ state. The main features . |
~ of the analyses for each of those groups will be summarized in the following five . . - i

. sections (§§2.2-2.6), and the characteristics of individual theories belonging to ‘
these groups will be indicated in tables 1-5. Table 6 includes miscellaneous =
analyses which do not belong to any of the five groups mentioned above

2.2. Theomes based upon the Pmmi'tl dz‘ﬁereﬁtaai equation :

A By- the Prandtl differential equation’ we mean that postulated by Prandtl (see - S
Schlichting 1960, p. 477) relating the shear stress in the turbulent part of the
boundary layer to the velocity gradient and other properties, namely

, . )
7-_-91(3;2(33)'. o Y]
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Author and yoar
Smith & Harrop (1046)
van Driost~I (1951)
Kalikman (1956)

Dorrance (1960)

Kutntdoladze & Lumxl. ov
L(1D61)

Hypothesis fox L’ "

B = 1124 '\,: o
L= 131 (for )t |

2/1u&vpnv/ﬂav = {11 5) .

ut = u(zm+ ibl’z‘-‘ + f}bl’z“)

o= 181 (fm* %) E

| Naturoof -

i o

g
: S :
o/‘ w V1B /D gyrtd
2y == 110 x (§ deng Nm‘l'm-wni in PR
. umﬁwu»pmpmiy flow at samo
'i‘ho-m mothods of ov nhmtmg 115 mwgml are smmnarucd in tho z\pp@mhx.

B (plps) = [+ G=0 1) 5
SRR = 0:0a%A]d

1 ‘For i, means that tho valuo of Iy spomhod here is for tho ¢, vs, I, oxprossxon. ;
TABL]" l. ' Theor;os based upon Pmndtl dxffercntm} oqum‘xon S

= (plph = (Ltbzmatatyi ]

. l\Iothod of -
- &vahmfmg l?,; mtagral
) Appro\mm.to zma.lytlc'ql (A)“" w
' ’Appvox:mai.o rmulyhcnl (B)*'

xuct numm el ‘

08T S

) 1'.\::01 nunmuvul (um)m\i-' .

Comndo mtupvumm Tl luim’ =
o ylokd n,(lt.,,) v ;

l\ppmxnuulu unulvlwul (H)

~Author and yoar
Frankl & V.oishel’"(l‘ﬁii? )

Wilson (1960)

Rubosin, Muydow & Vmgu,

(1951)

van Driost—11L (1966)
Doigslor & Loofllor (1059)

uf = 11!5
({iu’f}ciy“’“)l = 0289

Cwp =116
du'*/dy"‘)l = 0218

u‘ = 1+ 5 :
’_(!Ill'/(ll/‘ L = 0'218
=131 (for 1//,,) .
b=

Tor y+ < 26,

‘ ‘ ' *’(uﬁ“;u*
TS ,=,I,(p+0-011_.k88puy) ?ﬂ}

) =4
y (u+3 s u + 2 )]

‘ ap
s = (k4 0-0118Bpuy) 7"% :

i s S e NSRS

B m\ptmdmg intogrand in ..

o neglootmg higher torms

2 ; lunn.ob numerionl

wrds g q

Mothod of
- ovuhm(nng ]a,, mm;;ml |
Appmmn’mt.o o nulybn(,n,lu—b

sorios of b and ad, and ~

Approxxmabe,‘mmly(uoal (B):

0" M S pup bu

Iixact nymotienl

Approwmto mmlyt.wul (B)




) o Author ¢>uui Yoair L S Natuee of diffor: Mt "‘q“"“d“‘ .

Clommow~T (1950) - B Ty = '/,1(93/2(;;;,/) +ukl? a“’"j ,_

o . » : (dufdyP [ dw  dp\

Cloramow-TI (1950) . s = g Ldeyy dp

' rmmow-I1 ( . ) Ty sy 53 p du-{-u o
. ¢ |
~ Forrari (1050) JTS L pRydudy) =
' ﬂ’s' P8 l+const xz[l-}- ffffff S

Li & Nagamatsu (1951) ’ .. Ts = pr”yﬁ(du/dJ)’+f(Mc)uK*y= P u

“ ”;l?\"é:%‘(;i{t‘i‘xi'"&‘ Koshmﬁmv (1960) Ty = pI\’yz(du/d./)’ + \‘ Ky o

- - . . o~

; : (y—1) 3}
'_'lho vu,luo of constant is nnknown ~

PR Tho functzon Of MG» b (Mc,) is- unknown

Author;m\d yoar
Copo-T (1943)

Cope-TI (1043)
Monaghan (1950)

Assumod voloclty;proﬁlo s E*cprcaamn of plps -

wt = 8 7J+1 ’ | . " ] p/p,g = (1 a232)-1
: (adiabatic only)

y+ = B exp (Ku¥)' g
y+ = B oxp (Kut).  plps = (1 bam -
+ TABLE 4 Thaorwa busod upon ﬁxcd valocxty proﬁle

Author and ycar N - ' xpmssmn of r g/l’ ‘
vor Kérmén (1935) R L Tl 1+_§ (y~1) M} (adiabatic only)
Tucker (1951)..- . ‘_v;me/T& + %(’y 1) M3 (adnaba,tw only)
) Young & J‘nn&sen (1052} i Yor Mg & 56+ Tn/Ta = 42 -+ 0 58(Ts/1'a)+0'035 M _
. | Fér Mg > 6:6: Tx/Tg = 0-42 +0+58(7's/Tc) +0-023 Mg,
" Sommer & S}}mqptﬂ;“(.m&) | TpiTe = 0-55+0- 45(Ts/Ta)+ 0-086M% e
Tekert (1985) Tr/Ta = 0-5+0-5(1's/Tg) +0-11P¥ 'y—-l)MZ‘, or
‘ R : ‘ hafhe = 0 2840 5(71,5,»/71(0)'4‘0 22(Ibad_ s/ha)
| ki

"TaBLE 5. Theorios basod upon mpompreeisiblp fo_rmulpjo W) with ref‘ére_nce prppérties :

¢ i

- amyd © w0 Jafivy ﬂ.mpz{ziéq_ iuajnq(n; aqssosduioy -




V}h the a%umptlon 7 = fs, {

. lay er is denved

/ .

y’*‘ == E“’- exp (KuG f gédz)

ing
stream, i.e. the outer edge  of the boundary 1ayer subscnpt s refers to the fluid
.conditions 1mmed1ately ad]acent to the. nall ie. to the mner edfre of the

boundary layer.*: - ~
Equatmn 2 Ieads to the mte«ral for 3: S 7 o o
1- R.,—I,———mzj g1 z)exp(Kuaf ¢dz) fff e
: o ’Where“ o By = w, & ?J.uap 2 (1-«—-——)dy o |
: v;~ﬂa% OPG%V’“G_, -

The above features are common to all analyses of this group The dliferences B
between them are in either: (i) an hypothesis for £ (or other method of deter- - -
‘mining the mt;egratmn constant) (i) the nature of the ¢ | function, of (iii) the
method of evaluating the R, integral. Accordmgly, the mdlwdual members of -

V the group are (hstlngmshed by the nature of these thrae 1tems in table L

I 2 3. ’I’keomes based upon the von Kaﬁmn dzﬁerentml eguatwn

The dlﬁ'erentlal equatlon postulated by von Karmén (see Schhchtmg‘ 1960
p 485) as the eonnemon between T, du/dy and other quantltles\ls U

“ T pKNdufdg @y '
The assumptlon 1V = ;rs Ieads t§ the velocmy distnbutlon o S " | ’
g fR (K/E)"‘ "-‘fexp (Kuaf édz)zw: Sy
. . ThlS 1ead:, further to the R,, mtegral ' | » o
Zi \ B '~ Ra———gu*"J‘ ¢ I z)exp(!xuéf gédz)éz . i  (6) |

Equatmns (4)~(6) are common to all the methods of this group; 1nd1v1dual
methods are classified in table 2 by reference to either (i) their hypotheses for E,
(n) the nature of the ¢ function, or (iii) the method of evaluatmg the R, mtegral

2.4, T}zeorzes based wpon otﬁer differential equations | N &

o Analyses of this group start from various differential equations but the’ assump- )
tion of 7= 7g is also made as in the above two groups (§§2.2, 2.3). Generally
speaking, all proposed differential equations lead to equations for the velocity
distribution which are identical in form with (2) or (5). However, the nature of ¢ 5
‘in this expression differs from that in §§2.2 and 2.3, that is, § here is no longer

. kN
* A mnemonic: G = gas stream; S = surface. - = . \

~




i Compfesszble turbulent boundary layer ona plate

o equal to. {p/ps)é The Reynolds-number mtegral for the analyses U]
either /,J )4 RIS B
o o ‘Ra L8 “'zf \;5——;.(1 z)exp(KuGJ ga’)dz)dz, P

5 or B ' V""Ra z“—é’ggue J‘ ‘iw,.,(l z) exp (Kuaf gi\Jz) &z, . :
. jdependmg on Whether the veloclty dlstnbutlon of (2) or that of (5) is appropnate e

- Methods of this- grpup are distinguished i in table 3 by reference to either (i) the ;
nature of the dlﬁ'erentla.l equatlon or (i)’ the method of evaluatmg the R‘,p;:;'

mtegral

, 2 5 Theomes based upon a ﬁo,ed weloczty proﬁle £ - o .
In thls group, it is assumed that the velocity proﬁle is. mdependent of com o
pmssﬂnhty, for exa,mple, o y+ =g exp ( Ku+), - I A

for Whlch the Bs mtegral becomes o o , b
: By «lﬁﬁguﬁj pz(l—z)exil(Kug)dz B

\Iethods of t}ns group are dxstmgmshed in table 4 by reference to (1) the assumed .
ﬁxed veloclty proﬁle, (n) the expressmn for Je ]ps, and (111) the mefhod of evaluat—-

; a reference temperature (or reference enthalpy) They are dlsmngmshed in:
~ table 5 by refererice to (i) the method by which the reference temperature was
determmed ami (11) the expressmn for T[T or (hRka) ....... v L '

) 2 7 chelmnvmcs other method(s

' 'S[ethods which do not belong to those groups discussed i in §§ 2. 2~2 6 mclude the
- use of various transformations and the direct use of empmcal data We have.
- placed in this category the theories of Lin & Shen (1951), Shen (1951), Donaldson

(1952), Spence (1959), Winkler (1961), Burgraff (1962) and Coles (1962)..

The validity of the assumptions and simplifications involved in various
theories can only be verified by eomparlson Wlth experlment ThJs Wln be done
' S)stematleally in the next sectlon a SN L

3. Companson bet:ween the theorencally and expenmentally obtamed
data -

As pomted out above, all theoretical treatments discussed in §2 have been based
upon assumptions and simplifications. Further, their predictions differ signifi-
cantly, as has been shown, for example, by Chapman & Kester (1953) for the
ad]abatlc-wall case. It is therefore necessary to establish the relative validity of
all theories by comparing them with experimental data. Other authors, for

3.1. Purpose of comparison




S etanple, Rub@m Ma,ydew & Varga (1901), %mmer &Short { 190:;)

' " Peterson (1963) have compared some theories with expenments, but they- either -

o indecisive. We shall compare the vatious theones Wwith all pubushed expen-

,fflionaghan .
(1950), Matting, Chapman, \yholm & Thomas (1961), kaler (1961) and

- med relatlvely few sets of e*cpenmenfal data or used a qualitative method of -
' omparlson in the form of numerous figures; so their conclusmns are still rath

<<<<<

mental data of ¢, and & versus?% and R, at various 3 and T/ Te, and shall

- evaluateforeach theorya quantztatlve measure of its agreement with expemment
- After that, we shall be able to se€ which of the avallable theories is best and so |
* learn which assumpmons for the compressible burbulent boundary Iayer are most - k i

'plausﬂole. This exammatlon forms the- startmg pomt for the development of an o
1mpr0ved calcu]atxon procedure, Whmh is also presented below n L

- 3 2. Experzmental data

_If, e\pemmentﬁ da,ta, Were accura,te a few sets of data at- desu’ed condltlons
‘(‘\Iach number and heat transfer rates) would suffice to test the vahdlty of the - i
yarious theone& Such data are, however, not available. For this reason, the - _1'
greatest] possxbie number of expemmental data have been collected (see refererices -

" marked- witha double dagger) and tabulated * They include measurements on ‘-'

aflat pla,te a&é ona cyhnder ‘with axis parallel to the stream direction and radius
“large in compamson with the bounda,ry—layer thickness. ‘Figures 1-3 show the
"eollected datain the form of ¢;vs Ry, c,vs B, and &,vs R,, and ﬁgure 4 shows the "+
~ conditions (i:e. values of Mg and 75/T,;) which have been explored experimentally. -
Although it mns‘b bé expected that the data are not all equally reliable, we have. . |
' madeno a’ctempt; to estlmate their accuracy or, to mt«roduce any correspondmg
W ewhtmg factmts S R
' R AR ‘23 Tkearetzcaldata

f Theoretlcal ﬁ'lct;on coeﬁiment data. correspondmg to the expenmenta,l Reynolds -

number (£, or :Rx}, Mach number (M) and temperature ratio (7%/T,;) have been
- obtained by the various methods discussed in §2; however, some ‘authors have
not WorLed out all the relations which are reqmred if their theories are to be
compared w 1th all the collected e*cpemmental data. Extensions can, however, be
made to those theories without conﬁlctmg with the authors’ orlgmal argument. . . ,
' The methods used by us in making the extensionsare summarized below ' 5

Coz»n ersion ofli’ to R; and vice versa. The results of some analyses viz. Clemmow
v (1900) Cope (1943), Monaghan (1950), Smith & Harrop (1946}, Van Driest (1950,
1953), Wilson (1950) and the theories of table 5, imply that a unique relation
 exists between ¢;F, and RFy, where F, and Fy, are functions of Mach number and
~ temperature raho alone. As will be shown in §4: the relations between E,F,, FR,;

and Fp, are such that ~ F,=F5  “. A ay
Fp, = FR&/E:’ S : (12)
"where E, and F;are the functions of My and TS‘ T multiplying ¢, and €, respec- ~i
tively, and Frs :md Fy, are the functions of M and T[T multiplying R;and R, 4

[P

* The table is not prmted here. Copies may be obtamed by mterested readers on 1
apphcatxon to the authors. ~§




s Ra relatlons, and vice versa.

=3

: 5x 10"‘ . . o
8x107100 T S 1o zxi0t
FIGUBE 1. Collee{;ed expemnental data of ¢y 8 Ra in eompressfble tu:'bulent
R boundary }ayer adlabatw O s w;th heat transfer
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Fieure 2 Collected ex:penmental data of Cy v8 R in compressible turbulent
boundary layer. X, adlabatm, O, with heat transfer. )

E’t-fefzswn of theories derived for tfze adiabatic wall to the case of }aeat transfer.
When only the adiabatic-wall case is. consuiered and the Reynolds analogy
between momentum and energy transfer is assumed, as in the theories of Cope
" (1943), Donaldson (1952), Wilson {1950), etc., the t@mperature-distribution
, T|Ts = 1-a%?, (13)

where @ = [y = 1) U]+ 3y =1L ), R

equation is

I :pectxvely ~'Hénee equatzonn {: 11} and (1?) enable the: determm&tlon ef the;
cfzsR relation of one of these" theomes from the correspondmg cffesR or




e e b e

3

boundary layer Ky admba’ozc o, wzth heat transfer. ‘

0oz 1 5 8 10 12

- ) . : e
Ficure 4. &rea, of conditions explored e\'peﬁmentaﬂy

z=ufug, T = abcolute tempemture (°R), and suffixes @ and S xefer to free -
stream and surface, respectively. -

We have extended equatlon (13) to include the effeet of heat transfer as
follows: T/T T a%?, N F))
where  b=[{1tiy-1)IDNTYTHI=1 '

Camd L ar= (- DD T,

© —————r




% zscoszty law The vrxscomty larw ;eeemmended by theomgmal authors has been
u&d in most cases for applying their theory to experimental conditions. When S
_ thisis not possﬂ)le or no 1aw is recommended the followmcr porwer. law has been o

f =:u.ed SRR P I ;LOCT‘”‘ e
Uth0uah Sutherland’s wseosﬁ;y 1a,w given by e
‘ T Tyt 198°R
Tg T+198°R

Monaghan (1950) :
~ Wilson (1950)

DR T ‘ /Equauon(IS),T 200°R BRI
B S N ‘ —Equation (17) < - o

y Cope (1943)° o
| / / Equation (18), Ty=300°R -~

von Kérmidn (1935) 4, SR

K I ﬁ;ls, 10

Fmtrms 5 Companson of Vamous Wscosxty temperature laws o

b xs more aeeura,te thau the power law, the absolute value.of TG was-not reported
- by most expemnenters Figure 5 shows the viscosity-temperature relationsused . }_
in the various theories. Since  hasonly a weak influence on ¢, it is unhkely that - R
the use of different’ wscosmy laws for dlfferent theories has any appremable effect’ -
-on our final conclusions. " _

Drag laws for mcompresszble flow. Each of the authors whose works we have o
studied incorporates in his theory, implicitly or exphextly, arelationship between -
drag coefficient and Reynolds number (either B, or R,) valid for incompressible
ﬁow. We have in each case used the relationship recommended by the author in
question, without attempting to calculate separately its effect on the aceuracy
of the theory. However, in the Reynolds-number range of the experiments, the
drag coefficients calculated from the various formulae differ only by 1 or 2%, so"
there is no reason to expect that the use of a single relationship would have

- appreciably modified our fmal conclumon : :

3 4. C’mn;parz son befween tkeomes and experiments
Twenty out of twenty-nine collected theories (see references marked. Wlth an ‘ ;
asterisk) are compared in this report; they are believed to include all the essential , o
assumptions used by various authors. Nine theories (theories which have been
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» Oomprwszble tmbulemf boumiafy Zayer ona plate; - *‘ Co129 k l '
camPafEd are hsted m table 6); are not mcluded elther beeause they st:]l have Sl
indetéerminate constants or because they mvolve lenothy time-consuming
pumerical work which is beheved‘not to be proﬁtable at the present state of

: Lnowledae of turbulence: - %, - o
_ The criterion used for compamson is. the root ‘mean-square ‘of :

' where cf, oxp iS the experlmental local or overall friction coefficient and cf misthe SRR
‘theoretical local ot overall friction coefficient*, the oorrespondmg experlmental A

) Reynolds number (B, or B,), Mach numnber (M) and temperature ratio (Tg/Tg). ;

*In evaluating the above root-mean-square value for each of 20 theories, all i:he‘ :

. experimental data of Appendix A (plotted in ﬁgures 1-3) have been used.: e

" The evaluation of the root-mean-square values of- (cf eiip—C, m)/cf in Was' R

- carmed out by the }Iercury digital computer of London University, A computer .

: ;program was written for each of the tw enty theories. Then each theory was o S

. “applied to each of the.491 experimental conditions for which & exp data were

* available, yleldmg appropn&te values of ¢; ;. The root- mean-square ~valie of o
"(cf exp'—cf tn)[Cs, 1 Was then' computed for each theory in an obvious manner.

"~ The results of the comparison are shown in table 6. They. givea quantltatlve e

. vindlcatlon_of the accuracy. of the various theories-when compared with present S

- ,‘empmcal knowledge of the eompresmble turbulent boundary layer..

. Tt is seen from table 6 that the three best theories’ are those of van Drlest~IIg".

B (1955), Wilson (1950) extended by us, and Kutateladze & Leont’ev (1961). They -

- are all based upon the mixing-length theory used in the method of §§2.20r2.3;

: that is, tables 1 or 2, Table 6 also reveals that all theones exhibit a greater error
- when_compared Wxth the data for ﬁmte heat-transfer rates than When compared
‘ mth da,ta. obtamed under adiabatic condltlons. L

/ U O

4 Development of an nnproved calculatlon proceduxe L
‘ A 4.1. Fundamentalfundzm RIS Lo
We ﬁrst seek a relation between ¢ and R‘,. For the constant-pressure bou:ndary .

layer, we - may expect that , e -
o - 0;~Cf(Pa:M9:TsiTG) L . 7y

The nature of the functlon can be determmed either theoretlcally (§2) or
. experimentally. ' :

Now many of the theoretlcal e‘zpre=smns, viz. theones of Clemmow~1 & I1
(1930}, Cope—II (1943), Monaghan (1950), Smith & Harrop (1946), van Driest-I
& II (1951, 1955), Spence (1959), Wilson (1950}, Wn&ler (1961) arid table 5can.

. be Wmtten in'the form P -
: i F, = Va(Ra P»’) B ' (18)

where the functlon 7 is mdependent of Mach numb@r and temperature ratio, the )

* For the sake of simplicity, here and on some o-hr occa..xons, ¢y stands for both '
¢y and 2, as is clear in the text. B
9 - A [ Fluid Mech. 18




Some of the other theoretzcal expressmns, for exam ple, those of Kutateladze &
Leont’ev (1961), and Burgraﬂ' (1962), if expressed in the form of equatlon (18), ,
- ‘would imply that. FM exhibits a weak dependence on ¢; however, this is by no |

means certain, as is si)own by our comparison between theones and expemments
(table 6) and we shall lgnore this. dependence T S

. L 10.3‘ G ,(.\ . ‘ e -
i - : b . < N San o
Tkl .
B '» - l%{"m‘
L N R N =
ZX_.]O" PR i AR e e S _IO"

-‘.R}*"‘

Secondly, We WIH consxder the relatxon between ¢ and R,. The mtegral
"~ ‘momentum equation for the boundary layer ona flat plate (see Schhehtmg 1960
p 536) leaﬂs to

1e = dRQ[dR o 'A ’ “ (21)
Rewrltmg equatmn (‘71) in mtecrral form, we obtam o B o L
R, f (2fe)dRy. - - ' (22)

By mﬁltiﬁliéaﬁion of equatlon (..-.‘) by Fm}Fc_, there is obtained -
R - [ St e

‘. R;Fg; in equation (18), which is independent of ‘\Iach number and temperature
ratlo With this, equatlon (23) yields :

lﬂf};:: &x(Rz FR:):

{
We have already postulated the emstence of a unique relatxon between c, F, and i
i
3




B F and Fm are the same functmns as those of equatxons (19) and (‘)O), and FRx s
}relatedto Fm andF by = o R P

llv cons1der c‘1r as a funcmon of R Frbm the deﬁmtlon of cf, V
;t can be shown ‘;Jy the method of the precedmg paracraph t,ha,t

i raho, and F, and Fy, are defined by equations (19) and (25). o
¢ To summarize, 1t has been showntha,t if’ Alf}‘,,,3 is mdependent of § 1cf, the followmg ~

funcmnsemt % %(Fmﬁa), j as)
L o= Yo PR, L (@)

~ Now analytic ftmctlons exist which adequately represent the relations between
deand By, g 3¢ and and %a, and Pz, in uniform- denszty flow (Sp&ldlng 1962&), g

namely* -
| Ry <ug32+<XE)-1{{1 (2/Kua)}eX;p (Ku$)+ (2/Kug)+1

| ,%%(u(;)wzisﬁrl[{e Kufsﬂxuzg)z}exp (Kug)—6

Lol , ;;'.. - ,_ - ’v,;.w. ,,_,r —— ‘__ - le = Ra/

‘\\here g = (2/6,-)% K= 0 éandE —12. o .
. F1gures 6,7 and 8 show the companson between the above three functions, .
“equations (28), (29) and (30), and the mcom‘presmble turbulent boundary-layer

ex‘perlmental data from those reférences marked with a dagger. The agreement

is good throughout the whole range of Reynolds number; indeed the values of

E and K have been chosen so as to give a minimum value of root-mean-square -

error in a manner similar to that described above, Chi (1962).1 Now, our problem

reduces to the determmatlon of F and 17'm as functions of Mach number and
7temperature ratio. - :

4. 2. Determmatzon of the F, functwn

Smce the functlons ¥s ¥rs and P are known [equations (28), (29) and (30)], and -
since numerous data for compressible turbulent boundary layers [references
marked with a double dagger] have been collected, it might seem to be possible -

* These are of course not the only equations which may be-used; and they are certainly

%wa( 2) ™ f (c;lz)dRz, ,Af (26)

. g —gch VR Fp), (27)" -
Cw here the funcmon 1/r is agam mdependent of Mach number and tempera,ture SR

| o . 36, F, = Y(Fp, B ), SR (27) kSt
W here s Vo and y&' are mdependent of Mach number and temperature ratio. .

)~ e R P~ do Kt~ b (K (28)'5’1;,‘f";:,;ff;if"r5"

E 1”.‘)K“GA Ta(Kug)t~ (K'“G)s“ga(K%G)G*?ﬁ(KuG)?], .(29),; 1 p ;k | o
G

not the simplest. They are used because they are consistent with a formula for the universal - L

" velocity profile which is both simple and in good agreement with experimental data.
1 Ona ¢ basis, the root- -mean-square error would be about 2 9,.




2 3-_8?81%9 '@ﬂ%? 8.0

tlus however soon showed tha’s the data were too seanty and mac curate to allow' p :

- success. %me theoretical gmdance is therefore soucrht foz- the dete mmatlon of, -.";' .
~_ one of tzhe functmns F is the obvzous chmce. -

h v lo-Z

' VThe exprewon for Fm, by contrast varies consxdembly from one theory to the Y
- next Bqua;tlon (3 1) ha,s heen adopted for the F functlon in the present theory -

a0 ' 0° St et 100
" Frcuse 8. Comparison of eé’luatibn (30) withi unjfcrm-prépér{y data, &, vs R,

Evaluation of F, from equation (31) requires the density to be expressed asa
function of z, where z is defined as u/u. This relationship may be derived from the
Reynolds analogy between energy and momentum transfer, _modified for non-
unity Prandtl number in the following manner. : :

From the Reynolds analogy, we have

k"—?z% U—Ug
IZO ’ uG—us

 ' - ('3'?)‘

where k° is the stagnation enthalpy, % is the velocity in the - dlrectxon subscripts
G and S refer to the main stream and the fluid ad]acent to the wall, respectlvely




OOnzpresszéZe twbulent boundary layer ona plate

.&"

\ow us-:(} o= G(T+%(y 1}2&?3’9,22) fora- perfeet gas, J&S ==hs-1;T g
i _where ¢ isthe speclﬁc heat at constant pressure, and 7'is the temperatuxe '
= ,dewrees abqolute Equatlon (37) can then be written as

T/TG = (TslTal:’r{Hl(y 1) M2 Ts /T(;)}z—l(y .,

o equaI to the adlabatlc-wa]l temperature, de s Hence —~
S © TaslTe=l+i-0ME

o ;Thla holds for a Prandtl number of umty For non umty Plandtl number,

I S , | ads/TG—l'*‘%?’(’)’ l)MG: L3

uhere r is the recovery factor For gases of P ~ 0 7 mea,surements of recovery_ ‘
factor by various mvestzgators, ‘Brevoort & Mablan (1958), ‘Brinich (1961), -
- Kaye (1954), Hilton (1951), Slack (1952) and Stalder; Rubesin & Tendeland ¥
(1950), showed that the value of f recovery factor lies between 0-88 and 0-9; 0-89

_ is a fair mean of all measurements Now equatlon (33)can be modified to satlsfy
the. boundary conditloh at the. wall for the adlabatlc—waﬂ ease by Wntmg :

DT = (BT O 3y -1 M= (T~ by = DM (36), i

. V, , “here r= O 89 for P07 For an 1deal gas at constant pressure,

! \

9 . L : o
w*’ .
o Where r=0 89 Equatlon (39) 1s the F functmn Wh]Ch we have used

4.3. Determmatwn of the FR,, functwn o
Though the theoretxca,lly derwed expressmns for Fm are rather uncertam they
can generally; be writtenl as B : : L :
. Bu- oG BIE), )
- where E; is the value Of E for umform—property flow and is a constant For : ~'(

| example, :
(a) In the van Drlest—-I method, /i’ =1 E= E, hence

f ; Fm = (/LG//"%S) (PSIPG)%

L =TT for !‘G/ﬂsw(TG/TSO‘G N Y
(6) In the van Drxest—II method L=0,E=FE, hencp - B
= (telrs) | | .

(TG/TS)‘”G for ﬂa/ﬂs = (TG/TS)‘HB‘ ,(42)




E/E f T\/Ts

o o {\’ here 1s the value of the /temperature at some pomt near the Wall
Henoe stich theorles commonly lead to an expressm : 'FRJ of the form

T Ry = (T (BT

1
R
._"

xthere p and n are two constants Whlch are still mdetermmate and are to be '-"i:
determined from experiments as in the following paragraphs - ES
For the adiabatic-wall case, the temper ature gradlent at the wall is zero, and o
. so the temperature near the wall is approx1mate1y equal to Ts- Hence equa.—*
_// ‘ _ tion (44) reduces ;. - Fy= (TS/TG)p S - : (45)
' ' Us1ng the fsmctlons m, Vo ¥ and F, of equatlons (28), (29), (30) and (39), i
~ respectively, and all the collected experimental data for the- adiabatic-wall case -
(summarized in Appendix A and ﬁgures 1-3), we-have determmed the value of p
which glv% the smallest: root-mean-square value of (¢, exp—cf th)’o, s Thrs :
.value of pis —0 102 Thus, for the adlabatlc—wall case, EE ,

a7 FR6 (TS/TG)-O-?OZ

ey

_ where Tg is of course the adJabatlc-wall temperature Whlch is obtamed by" ~
" equation (33}. - : o o N
The index ¢ can be found from the drag coeﬂiment in the presence of heat o
transfer. When there is heat transfer at the wall, the temperature gradient at the
_wall hasa fimite value and it is plausible t that the ratlo of the temperature in- the
o v1cm1ty of the wall to the Wall temperature, TV/TS, is- - '

T\/TS = l+z\[d(T/Ts)/dz]s, : : ‘1_'_,” ' ‘(4'7)“ .

- “ . wherezy = u\[ug, Uy is isthe value of u* at the. relevant dJstancefrom the Wall It, B
. w7 ,is probable that wy is small so that u§ is usually much larger than u%; hence
7 equation (419ean be wntten equally wellas = S , -
EL VR T|Ts = {1+ T/Ts)/dz]s w8
Vow by dlfferentlatlon of equatlon (36), we obtain " '
d(T/ Ts)) - 2 Is TG— ' : :
o e s—.(1+ff<7-l>ﬂfa—m) 2 )
e 14+1r(y—1) M2 zg
-~ then- _ T\|T z{l+["‘—-—l}-
S nlTs Ts|Tg I
= (T, sl Ts¥>. - ' - - (30)
| Substltutlncr equatlon (aO) into equation (44), we have ' o
e : Frs = (Ts/Te) (Tyq, S/TS)q o (51)
Where p =— G— 02 obtained above and g (= nzy) is a constant to be determined

empirically with the use of frictional- drag coefficient data in the presence of heat
transfer. A computer program was written which varied ¢ and minimized the




4exper;ments P bemg gwen the vélue - 0 :02 as derwed earher' The mm:lmum
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Frerre 10. Companson between theoretical and experunental F.e;vs Fp,R,. x, expex;i- A

ments, admbatlc, O, experiments Wlth heatktransfer, —, theory equatlon ,(29).*

4.4, Companson of the present meﬁwd wat}z other theories and expenmen&s
The root-mean-square value of (cf exp 6, ) €r, 1n for the present theory has been

calculated and inserted in table 6 in order to compare it with the other theories. =~ = ;
The present theory gives the lowest root-mean-square value, namely 9-99%,. )
This is m\be expected because we have derived Fp; directly from the expen-




E c, s FI’:xR and Fg G, vs F RxR are plotted The a,o'reement between theory and
' expenments is acram satlsfactory Tk .

quma 11. Cempwxson between bheoretlcal and e\perunental F c,f vs F Rsz- X expen,
ments admbaue, o, expemments vnth heat transfer, . :
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—_— theory equatlon (30)

00010
. 0-0015
S0 00020
0-0023:

0-0040
© 00045
~0:0050°

0-0055

00030
10-0035

Fg o

~ 0-001117
0-001716
0-002333

- 0-002967.
| 0-083621
0-004299 . -

0-605006
0-005747

~0:006526

0-007345

3:955 x 10
5423 x 10%

1-386 % 10¢

5030
2983
1208
7160
- 4623
= 3194

FryBy.
2.878 %107 -

Fp.R,
5758 x 1010
4-610 x 108
4651 x 107
9-340 < 105
2-778 x 108

'1-062 x 108

4:828 x 10°
2-492 x 108

“1-417% % 10%

8-697 x 10*

N Fccf 5

S X

0-0060 0-008205
0-0065. 0-009105
0-0070  0-010042
10-0075 +_ 0-011014
. 0:0080 -0-012016 -
0-0085 001304
0-0090  0-01409°
0-0095- 001516
0-0160- ~0-01624 -
0-0105 . 001732

FryRy.

, 233-0

177

140 -4

1144
95-62

70-91
62-35

5587

50- -46

TABLE ? Values of F c,, F 3, FgaRa and Fg,R,

: Fﬂz—éx

5-679x 104 -
3-801x10¢ -
2-796 % 104
L2 ‘078" x:10%
1-592x 10
92-49

1-251% 104~ °
1-006 X104 -
8253 x 10°

6883 %108 - -~

5826x10°

‘ To facﬂltate caleulation, the main results derived earher in thls <ect10n are -
presented in the form of tables and figures. Table 7 gives the corresponding 5

4. 5 Summary of results

: E values of F¢; and F.; vs Fpy Ry and Fp, R, table 8 gives the values of F, at |
o -various M and Tg/Tg, and table 9 gives the values of Fp, at various 3z and '
: : T|Tg- Values from tables 8 and 9 are plotted in figure 12 for convenience of use.

4.6. Recommended method of caleulation

o B In the most common cases, the problem is to find the drag coefficient when the

’ ' Reynolds number, Mach number and temperature ratio are known. The pro- -
- cedure for solving this problem by use of the present method is as follow:. First,.
b T the value of F, is determmed from table 8 or figure 12. Then the v\alue of Fp, is
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" .0-0099

48-7395

T31-8949
22-9549

17-5454
11-4818
8-2634
2-9747
1-6364
1-0708
0-7707

0-5891 -

0-3855

0-2774 -

0-2121
0-1690
0-1388

0-1167-.
0-0999 -
0-0719 .-
E 0-0640

TA.BLE 9. Values of F gy at various Mg and TSJTG . '

0-0549

45 109..

162385

~ 89328
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- 42071
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2-1043 °
15145 .
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0-2999 -
- 0-1963
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0-0310

10:0183

00132
75 00101

2 796-8344
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88-6012
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56-8032
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13-3812
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1-9071

12480
0-8982
0-6862

0-4493
0-3233

0-2471
0-1969
- 0-1617
10-1359
-.0-1164
0-0838

-0-0508
-0-0389

00254
0-0214

371718 4

29- 4336;':
12:3407
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5-8121

2-9071

20923
07532

01951

0-1491 -~

00976

00702
00537
0-0428

- 0-0351

0-0295

0-0253
0-0182

n

04143
02711

0-0139

60091
3-9323
2-8301

" 1-0188
| 05604
0:3667

- 0-2639
10-2017
10-1320

“0-0950-
0-0726 -
- 0-0579
0-0475 -
0-0400
0-0342

0:0246

0-0188 -

396990
21-8384°

14-2910

. 102853
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“5-1445
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1-3328
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-0-3453
£0-2639

5. 84 2949 ° 110 2803 139- ;634'
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“ 16-6926
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01727 -
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0-0950.
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0-0447.
003227
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©0:0312 . 0
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13-0335.. 16
9-9636 * 12
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06081 - 0

04377 -

©0-3345°7 041
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0:1575

01204

0-0959 . 0
0-0788 - 0-

00662 .

0-0567
0-0408

916-5768 1042-629 1174:722 1312:620 1456116
320-9519 375-3286 422-8798 4725207 524:1767

1189770 185-1119 152- 2290 170-0993  188-6946 - .
935716 1038009 . .

65-3392

30-7729
23-5210
15-3920
11-0777
3-9878
2-1937
1-4353
1-0332
- 0-7897

0-5168

0-3719

0-2843

02265
0-1860
0-1564
0-1339
0-0964
00737

427577

748250
48-6380
35-0050

26-7557 -

17-5088

12-6012

4-5362
2-4954
1-6330
1-1752
0-3983

0-5878

- 0-4231
0-3234
02576
0-2116

01779

0-1523
0-1096
0-0838

83-7414
_54-8000

1 39-4398

30-1455
19-7271

14-1977.

5-1109

" 2-8115
1-8398
1-3241

- 10121

0-6623
0-4767
0-3643
0-2903
0-2384
0-2004

. 33:6842

61-2328

440696

220428
15-8643
57109

31416

. 2-0558
1-4796
1-1309
0-7401
0-5326

©0-4071

03244
| 0-2664
- 02239
0-1716 :
01235 |
- 00944 :

0-1817
0-1380
0-1055

HE

57-0268

48-8873

- 87-3665 -
24-4525

17-5986
6-3352
3-4850
2-2806

1-6413 -

- 1-2545
0-8210
0-5909

0-4516 .
0-3598.

0-2955
0-2484
0-2127
0-1531
0-1170
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determmed from equa,tron (a ’), “table 9. or ﬁgure 12 and where necessary t-he}
 value of Fm is obtamed from the equation o s : ‘

FR:,..FRJ/F 2 L (25)}1‘,-9"

,VF maﬂy, by using the mput value of R, (or R,) and the values cf FR,, (or Fm) and;; E i f;f{’ o

o F above cf or cf can be obtamed from table 7 or ﬁgures 9—11
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R ; E M, . .
FIGImE 12 Chart of constant F and F RS hnes n Tsf’fc amd ‘ifg co-ordmat%

The abqve calculatlon can be performed ina few mmutes Wlth an accumcy of -
N % The 1atter 1s of course well w1thm the hrmt of expenmental a,ccuracy
at present = o : :

-5 Conclusrons

In conclusmn the 1esults of thls work can be summanzed as follows _
A procedure has been developed semi-empirically for predicting the drag
coefficient on a smooth surface of zero stream-wise pressure gradient at various
Reynolds numbers, Mach numbers and ratlos of surface temperature to stream. -
- temperature, ., . ~
The extent to’ whlch the procedure correlates the existing experlmenta,l data
can be judged by 1nspect10n of figures 9-11, whereby it must be remembered that
the experiments have been carried out in several entirely different pieces of
. apparatus and are not of high or uniform accuracy. The correlation is better than
- that given by any of the other existing theories as can be seen from table 6. The
value of the present procedure is that it does not make use of the more arbitrary
a‘ssumptions' of earlier theories; it lets the data speak for themselves. -
The procedure is simple and quick to use in engineering calculations and its
- 4ceuracy is only limited (at the’ present time) by the accuracy of experlmental
data from which it is in part derived.
The necessary auxiliary functions have been tabulated (ta,bles 7-9) and
plotted in ﬁgures 9-12 for ready reference. However, it must be remembered

1 R
5678 901211516
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been the range of experimental conditions so far.

 The proeedure is capable of greater refinement .when more acéumte expen-_“
_mental data are available, say by mod1ﬁoat10n of “the Frs functlon It can also be )

,exten&ed to include mass transfer (Spaldmgf _
* Finally, it should be noted that the calcula,tmn procedure which" has been
‘recommended is based on no new ph‘_’y s:eal hypothesxs. The expression recony.

mended for F, implies the assumptlon of one or other vanety of the mixing-length -
theory; but the expression for Fi, is entirely empmcal Tt may indeed be rather

hard to find a physical hypothesis to fit the empirically derived Fg, functxon' for,

whereas the exponent of (Z/7;) in equation (52) has a sign and magnitude which -

~allows us to aseribe its effects to the role of the viscosity near the wall, the sign of
‘the exponent of (T4 5/T) is quite unexpected. This point certainly deserves

: ff{'; : that etpeﬁmﬁnts«have noﬁ yet beerreamed outover the wholeran geoftone ltlona.A":ﬁ 1
covered by the tables and figures. Figure 4shows how remarkably restrlcted has !

- explanation.. However, we have thought it better at the present stage'to provide

 quantitative results against which old and new hypotheses can be tested than to
S advance <ueh hypoﬁheses om:selves. Gt
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Appendlx - e :
' Summary of tfw metkods of ewluatmg R,, mtegmz app?'oxzmtzons A cmd B

. appearmg in éaf}ies 1-4 } S
?'Approxmmte amalytwal (4) :

Takmg equatlon (3) of. §2 2, for example, we. ha,ve - :-’:_t‘ : ; i

Lniamren)

,Apprommate anal, Jtzoal (B)

‘Taking equahon (3) of § 2.2, for example, we have 8

R ¢s (1—~z)exp(KuG f ¢<zz)dz | : @) i

| Rs’ ‘ SK?@ J. ¢3z(1—z)exp {K“GJ éd'z} (3)

. As the‘ magnxtude of the mtegrand lssmall at sma]l 2,
’ ;Vis,reli_lléce(:lf byNz,ﬁifheigl, R : B
.N‘ 09 @W‘-“:;r-
"‘SK“‘g f &(1 z)exp (KNuGz)clz. @Ay
o On mtecraimg equa.tlon (A 1) by parts thce, there IS obtamed e
.» L AR.S@G 3. 7, R ‘ ’
| R ]L EN[¢ z(l z)exp(Kl\uGz) 1‘. oL _
- 1
J [gé"(l—’z)-}—z(l z) (d¢3/dz)]e:xp (K.Nuoz)dz]
- 0
. __ Vs“S 3 » v
= KNZE[gs exp (K.Niee,z)] +s:§aller terms |
~MKENZGXI_?(K1W¢2)-4 - o (A2
- - p _ Rs$h 2T\ S
“‘I{eience ‘ e Ry = P Ni’KEeXP {K‘ (C}Ts) . {A3)

Gortler wng

o e

[




’ \‘here 7 1S so chosen tha - A
~ have Ku.;; $ =mn. Now equatlon (B 1) can be re- wntten as '

. 5' Ra ~#‘fw§2‘? exp (Kugf ¢dz) [ 9532(1 z)z“dz

‘ r @Mﬁp (KQ&GJ‘ éégz)f (zn+1 zn.;.g)dz-’ 2

G

i,  psgbKuboxp (Kue f »' ¢—dz) RIS e
T B EGeug v (Kpug 3 | ‘
a&s K uggé > 3 in general equamon (B 2) can be appromma,tely Wmtten as

(f ) ()}

" Hence
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~ The Problem of Aerodynamic Heaﬁﬁg

E R. van Dr!est*

North Amerxc&n /\wet‘cn, Inc. '

I\‘TRODL CTION

% ERODYNAMIC HEATING is the heatmg of an oi:nect o
as a result of the flow of air at high speed about

that object.
they stream along the body and compression at and

‘near the stagnation regions of forward sufaces convert

- the kinetic energy of motion into heat within a thin
" layer of air which blankets the body. Such a region is

.. SvmBoLS:
Parwble: end Parameters - . : .

x, 9 = geometrical coordinates parallei ana nermal to a
PR body surface with origin at Ieadmg edge or stagna- .

SR IN tzonpamt .
R IR velocxty i z-direction
" €r: = local skiu-friction coefficient -
.- €5 " = mean skin-friction coefficient
Che= heat-transfer coefficient, q.,/( T, — T, ,,)
“p . = fluid density ‘

#e = coefficient of fluid viscosity | ) -
k.o = coefficient of thermal conductlvnty hexght of wire trip -
" .€p i = specific heat at constant pressure . ’

v . == ratio of specific heats at constant pressure and con-. .

CT _stant vohume . ~ :

T == ,absolute temperature
g - = heat iransfer at the wall
- M. = Mach Number

¥ 0 = recovery factor - )
5 = Reynolds anslogy factor

" ems: = Stanton Number, h/psscy _
G = Stanton Number, k/petwty
L Regy

) = Reynolds Number, pswsx/ps -~ - -
" Rep, = Reynolds Numbeér, pouel/us
© Pr - = Prandil Number, c,u/k
4 . < mizing length .
n | = powerin vxscomty-temperature power faw’
‘8 - = constant in uz = gx
D - .= diameter o
€ = 'height of roughness
§ . = thickness of boundary laver
B = dxsplacement thickness of boundary layer at position - L
T of wire trip -
L ut = root-mean-square. of turbulence ﬂuctLatlons
- Repp. = transition Reynolds Number, ps %5 %7/us
Reg, = transition Reynolds Number on a mmoth body
. Subscripts Lo
8 = condition at outer edge of boundary layer

W = condition at wall

@ = conditions in undisturbed fAow

r = Tecovery

T~ = tramsition

0 = condition for smooth body or in tunnel ‘supply
chamber = | o

ratio to free-stream conditions'

- insulated plate

N3

If

s

Presented at’ the Aerodynamic Heating:Aerodynamic Aspects

shown in Fig. 1. The temperature of this layer in-

_creases with the square of the speed so that, already .
at a Mach Number of 3, the boundary-layer tempera- -~ .

ture attains a value of about 600°F. Since this tem-

perature is concentrated in the air at the surface of the .

aircraft, heat will flow readily from the boundary layer

to the aircraft, the ease with which it fows increasing

also with speed. = Because of the increase of heat trans-

- fer with speed, it appears that a “thermal barrier”

B exists much as it appeared in the past that a “s
barrer” existed. However, like the sanic (drag) bar-
_rier, which was eventually hurdled by informed design

“soni¢

practices, it is believed that the thermal barrier can'also

be overcome by realistic and proper engineering design. -
The problems differ somewhat in that the drag barrier
existed over a narrow band of Mach Number, whereas
the thermal barrier does not occur over a limited range-

of Mach Number but rather tends to increasein severity
as Mach Number is increased.

~ the thermal problem, the first question that arises is:
“What is the rate at which heat enters the surface of a

. The first question, which must be answered by the .

Gession, National Summer ‘\Teetmg, JAS, Los Anve}es, june»"

18-21, 1956.
* Chief Scxent;st, Missile Development Division.
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_does the heat go?

high-speed vehicle? Subsequent questions are: Where
there® How can the designer live with it?

aerothermodynamicist, will be geperally dealt with in
this paper. The subsequent questions must be

‘engaged by a host of engineers from the sinictures man
thrm.gh the detail designer. ‘

Smws OF CAL‘CULATION PROCEDURE FOR AERODYNAMIC
‘ HeAaTING

The rate of heat transfer from a hot boundary Ia\"r toy ,

a cooler wall fellows the modified Newtonizn law

Friction between the fluid filamexnts while ‘

In atternpting to solve .

What happens when the heat gets

e




w = h(Tr - Tw) < {T) :._

where 77; is the recovery boundary-layer temperature, T
‘the wall temperature, and 7 the heat-transfer coefficient.
The boundary-layer temperature 7 is usually written
. in terms of a recovery factor 7 defined by

T, = T{1 4 r((~ - 1)/2]3 3} : (2).

where :Ta and M are the local stream temperature and

~ Mach Number, respectively, at the outer edge of the -

. boundary layer; and y the ratio of the specific heat at
constant presstire ¢, to the. $pecific: heat at constant
volume ¢,. Furthermore, the heat-transfer coefficient
- b can be expressed in dimensionless form by

Cm = h/ P.suaczz

cient Crs in a modified Reynolds analogy form
0 ems = (1/5)(cz,/2) Gy
In Eq. (3), the symbols ps and 15 are the density and

o veloctty, respectively, just outside the bouadary layer, .

and, in Eq. (4), the term s is called the Reynolds
analogy factor. . Eq. (1). may now be written as

vy =1 Ma?) _:‘Tw] ®

L

: G = 'éﬂspsuwy [T,'s (1'—}- 7

*' Thus, according to Eq. (5), it is nmecessary to know
the Stanton Number cg; and the recovery factor r in
- order to compute the rate of heat transfer. Now r will

.vary from about 0.85 for laminar flow to about 0.88 for - -

turbulent flow, so that-the exact value will not make or

" . break a design. The coefficient ¢x;, on the other hand,

varies considerably from laminar to turbulent flow and
__ furthermore, for turbulent flow, is a strong function of
* Mach Number. . Also, the point of transition from
laminar -to turbulent flow is. not yet predictable.

Therefore, so long-as eg; is indefinite, it appears that .

the state of the art of heat-transfer calculation is rather

shaky. Nevertheless, with certain assumptions, cal-
Calculation of heat transfer -

culations- can ‘be made.
with laminar flow is felt to be quite reliable, since the
fundamental equations are amenable to mathematical
solution. -
tirely turbulent flow islessreliable, because the physical

-/— I-SOTHERM

.
S e——
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-
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-

: : KTHERMAL ENERGY

THERMAL ENERGY OWING TO FRICTION
. OWING TO . o
" COMPRESSION

Fic. 1. Hot region covering body. at supersonic speed.

- e

g which is called the Stanton Number.. The Stanton -
Number is proportional to the local skin-friction coeffi-. -

Calculation of heat transfer involving en- -

flight at zero angle of attack with 7; = 400°R.

transfer.
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‘.pheno'meﬁon is not well understood. Least reliable of

all is the calenlation of heat transfer in the transition

- range, since little is known about the location of the

transition point. The state of knowledge in each of the

" above areas Wﬂl now be dlscussed

: 'FLAT PLATES

- Although pressure and temperature gradients along %

the surface of a body affect heat transfer appreciably,

the primary constant-free-stream-velocity boundary

layer with constant wall temperature will be discussed '

first. Later the heat transfer to blunt bodles will be :

described. )
The heat-transfer coefficient depends also uponn
whether the boundary layer is laminar, turbulent, or
transitional.
significantly lower than turbulent rates, it is important
to study the laminar results, owing to the possibility of
maintaining laminar flow by suitable control.

Laminar Flow

As ment1oned above, the two necessary items to be
known for heat-transfer calculation are the recovery
factor and the Stanton Number.

Recovery Factor-—In order to compute the recovery

~factor, it is necessary to solve the momentum and energy

equations for the boundary layer simultaneously. = This

~ has been done carefully for completely variable proper--

ties, such as density, viscosity, Prandt] Number, and

specific heat.! Since the Prandtl Number (cu/k) is

the most important parameter influencing the recovery
factor and since it varies strongly with temperature, it 1§
indicated in Fig. 2 (cf. reference 1). Fig. 3 shows the
theoretical results for recovery factor for a plate in free
In the
Figure the Prandtl Number Pr; = (cpu/k); where k is
the coefficient of thermal conductivity. Subscript ins
denotes ‘insulated-plate condition. It is first noted

- from the Figure that the recovery factor is not Lonstcm't

but rather a function of both Mach Number and hea

~This variation is due largely, although uot
entirely, to Prandtl Nuwmnber varation within the
boundary layer. Second, it is seen that the ssumerical
spread of 7 is omnly from about 0.82 to about 0.85. Asud

Since laminar-flow heating rates are . -
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:‘VFIG 3 Recower; factor for a laminar boundary las er on a ﬂat .

plate in free ﬂlght

. third, one notes thét"the quantity of Pé'gl/ ? represerits
~ " that range within engineering acciiracy and can be used
- for most engineering calculations. Tt is interesting to
" note that Pr,/2i is very closely equal to 7 only at M; = 0 o

. and /Ty = 1.

- 'When expe.nmental work 1s conducted in a wmd o
g tunnel, the free-stream ‘condition becomes cold, unless
" the air is heated. At any rate, during sich experimen- -
*-tation, one is usually operating at the lower temperature -
“end of the scale for the various property variations..

" For a wind tunnel with various degrees of heating, the

" . exact recovery-factor calculations are plotted in Fig. 4, a
. numerical value of 0.85 again roughly representing the

results. These calculations have been substantiated
. by experimental measurements at the Naval Ordnance
Laboratory® and the Massachusetts Institute of Tech-

- nology,? as ‘shown in Flg 3. Apparently the recovery; .
"+ factor for laminar flow is well accounted for. S
" Stanton Number—As with the recovery factor, the
Stanton Number can be. computed exactly for laminar . o
- flow, - including variablé propert1es The results for = -
flat plates in free fhght and in heated wind tunnels are -

_ given in Figs. 6 and 7, respectively. The curves of Fig.
7 represent only the insulated plate case. Comparison

- of the figures for the insulated plate case show that the
" effect of Mach Number is much smaller in the wind

- tunnel that in free flight, certainly at the lower tunnel

" supply temperatures. Thus, at supply temperatures o

around 100°F., one could hardly expect to see any

- effect of Mach Number qh wind-tunnel heat-transfer
- data. This conclusion, as well as fair substantiation of

~ the theory, is indicated in Fig. 8 in which are plotted

NOL heat-transfer data® corresponding to some of the

recovery-factor data in Fig. 3.
As far as laminar flow is concerned, it appears that,

for moderate supersonic speeds, the theory can be de-

" pended upon to yield accurate heat-transfer coefficients,

~ in spite of the scatter of experimental data owing to the °
difficulty of measuring the generally low laminar-flow

heat-transfer rates on flat plates. This conclusion fol-
lows because the analysis is exact and the fluid proper-
ties are well known at moderate temperatures.
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A pplzmtw% to Cones—The abeve esults for flat pIate:» o
can be applied to cones in av;xai flow bv merelv muztx-
. plying the flat-plate heat-transfer coc ‘
+ local Mach Number, local Reynold

.t0~10ca1—free-stream temperature r;‘do bv ‘\/3

. Turbulent Flow

“Until the day comes when the boaudary layer ean be

controlled and held laminar, it will be necessary to live
with a certain amount of turbulent flow. Indeed, for .
_ insurance, the designer should assume fully turbulent
flow. The bitter consequences of such an assumption

will be seen later in Fig. 22 where it is seen that, for a
Reynolds Number of 107 and moderate supersonic Mach

Numbers, the turbulent heat—trancfercoeﬁiment isabout -
10 times the laminar value. .
" Recovery Factor—With turbulent flow, the energv o
‘ equa’uon (in terms of mean quantities) can still 'be
integrated, and a general expression for recovery factor
~ in terms of shear stress (to be obtained from the mo-

- mentum equation) derived.b * - However, with turbu-
lent flow, the momentum equation cannot be integrated

for lack of complete knowledge of the turbulent mech-

. anism, and therefore simplifying assumptions concern- .-

ing shear and velocity distribution must be made.

, ' Assuming a linear shear distribution with distance from
_the wall and dividing the viscous subregion into the

Jaminar and transitional layers as von Kirmén had

done,® one arrives at the followmg formula for recovery

factor:» 4

R U PO D
7 = Prp l:l +E‘f§{l — P?'r}[%“}'é(l—}?fr)}'%'

P?’L
o [1 s (Fr; ) .1)]

i@ e

T for 0.7 £ Pry £ 1. In t‘his expression, Prz and Prr

represent the laminar and turbulent Prandtl Numbers,

respectively, and K is the mixing length proportionality
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layer on an insulated fat plate ina wind tunnel.
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R factor usuaﬁy tal\en at {34 Although the e\pres~1on .
" was derived for incompressible flow, it can yield ap-

proximate trends for compressible low. With laminar

- flow, the recovery factor was independent of Reynolds .
SO ‘\Tum‘ber When the recovery factor as well as the .
. turbulént Pﬁgdﬁj&r_gber are assumed independent.
- of Reynolds Number in tm'bulent flow, it will be |
. uniquely necessary that r = 0.88 and Prr = 0.86.-
.. Hence, out of these assumptions comes also a nummcal S
. value for the turbulent Prandtl Numbez. B
" Fig. 9 shows Eq. (6) for various values of Prr, but
. with Pry = 0.71. Also plotted i in Fig. 9 are some ex- .

perimental data from the Ballistics Research Labora-

~ tory, M.L'T.;? and NACA” The independence of the =~
~ recovery-factor data with Reynolds Number appearsto -
- be a good assumption, and the data fall close to the .

theoretical value of r = 0.88 con'espondmg to Prr =

A 0.86. Tt is seen that Squire’s Pr)Mt = (0.71)Y s
 0.892isa good approx1mat10n to Eq (6) for Prr'= =
086, -

Eq. (6) for recovery factor can be extended to com-
- pressible flow, approximately, when wall conditiouns are

© . .introduced in the friction coefficient. - Thus the factor

- (l_{_r‘f; 1%"[5‘;')’ :

should be mﬁlﬁpﬁed into ¢; wherever 'c}"apkpws in

Eq. (6), and then the compressible flow values of .-
. ':"c, are used (see Fig. 13).. It will then be found ‘
e ﬂlat -the ,‘recovg;g' y. factor_is. essentially independent
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flat plates

of Mach Number at least for moderate supersomic

speeds, therefore justifying the use of the data in Fig. 9

. when the theory was plotted for 3f; = 0. This inde- -
- pendence is indicated in Fig. 10 where Eq. (6) (with - -
Pry = 0.86) is plotted vs. Mach Number for a flat plate -
- in a wind tunnel at a Reynolds Number of 107. Fig. 11 -
shows the variation of recovery factor for a flat plate in
‘free flight in the atmosphere. The stronger variation

with Mach Number is due essentially to the stronger

~ variation in laminar Prandtl Number in free flight than .
- -in the unheated wind tunnel. The laminar-flow
recovery factors are shown in Figs. 10 and 11 for com- - o

parison purposes.

~ In conclusion, it a appears tha‘t a recovery factor of
" 0.90 is accurate enough for most engineering calculations

assummg a turbulent boundary layer.

(¢) Friciion coefficient: A semxanalyhml method of

" obtaining the local friction coefficient for high-speed

-turbulent flow is through an extension of von Kérmén’s
mixing-length incompressible-flow theory to take into

©account density and viscosity variation with’ tempera— ,
- - ture. Theresultis® 4 : '

0242 - N

1 i72 (Sin_i,a{ff‘ sin 8) =

cf;/% (T——-g M, 52> ‘ a S )
- 041 r—f-vlyogm (Rez,-c5)
where | ‘

@ = (24 - B)/(B* + W)"Z
6 — B/(BOJ"' M)lfz ’

Fre. 12, Companson of 'cheory and expenment oft Tocal skin- "
friction coefficient for turbulent bour*éam Iayers on msulated

— f(n) logie( T/ Ts) - (7)

AN . : A - :

- Stanton Number—As mentioned above, itis not poss:— Sk :
" ble to integrate the momentum equation for turbulent - .
motion, and therefore other means must be utilized in. - -
- order to include the role of the momentum law in the -
calculation of heat transfer. What is wanted from the -~
* momentum equation is the momentum defect, or,
rather, the friction coefficient, for use in Eq. (4). Also, -
as seen from Eq: (4), it is necessary to compute the
Reynolds analogy factor s, which, like the recovery fac- ’
* tor, will depend upon the friction.
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- and in which f(n) is a function of the exponent 7 in the
- power viscosity law p =
that- f(n). depends upon the law assumed for mixing
. lengthl. Thus, when the Prandt] mixing length [ = Ky
is assumed, where y isthe distance from the wall normal ~
- to the flow, then f(n) = (1/2) 4+ »; and when the von
- Kéarmén mpixing length 1 = - K (::E-u/d'v) / (dzufziy") is ag-
. sumed, then f(n) = n. ,
o - There seems to be no- really valid theoreucai reason -
o ,for favonng either assumption for mixing length. For

const.» T,

Tw/Ts = 1, both assumptions lead to the same result.

Q'However, for T,/ Ts # 1, the above difference in f(n) ap-
" Therefore, it seems that the choice of mixing-.
length law must be left to experiment. -
Fig. 12 shows a plot of the theory for local skin fric-
tion om an insulated plate using the two choices of mix-

ing-length law. The ordinate is the ratio of compressi-

~ ble to incompressible friction. Also plotted are floating-
. element data of Coles® and Korkegi.? The data seem to -
“fall between the two mixing-length choices. {Of course,

it must be considered that probably too much is being - .~

: expected of the mixing-length theory itself.) ;
- Another test of thetheory can be made using average

‘ shn-fnctxon data. The equation for the average fnc- -

: txon coeﬂ’xczent defined by ‘

x

L :
_C‘fg:’*‘};‘ €y

is

0.242 e i
- )1/2 (sin"t o +sin~! 8) =

/9 T_ 1  ra
1/ ( . M

=
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~ logu(Res, Cy) — fim) logul(Tw/ T (8)
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For insulated plates; the ratio of compressible to ins~ -
" compressible average friction is shown in Fig. 13. The .
-divectly measuy ¢
~ and the iategrated local data of Coles® are also plotied i S
o It appears that these sets of data are not .
' sufficiently consistent to allow a decision on the mixing-

&d mean data of Chapmen and Kester™®

length law if the mixing-length theory is to be adhered

. to. More experiments are required, particularly at hy- .
_personic Mach Numbers where the effects are greatest.

A further check on the theory can be obtained from
free-flight data. TUnder transient conditions of free

, Aﬁight, the wall-to-free-stream temperature ratio T3,/T; < v
_ is close to unity, whereupon the last term in Eq. (8) and

the effect of f(x) disappears.
of f(n) would also djsappear from Eq. (7).
is plotted the mean-friction theory of Eq. (8), assuming

For T,/T; = 1, the effect

 the similarity law for mixing length—i.e., f(n) = n,
. where n is taken as 0.76. Also plotted in the Figureare
free-flight totalfriction-drag data of Sommer and
-Short.1t ‘I‘he thec)ry and data appear to a.gree well for-

TW/Ts =

ity of the substance to transport that energy. Thisis

© expressed by the Prandtl Number, which is 2 dimen- - .
- sionless grouping of the ‘specific heat thermal condue-
_tivity, and by viscosity—i.e., Pr = ¢u/k. Thus the =
be found - - ; ; ’ P :
It will be foun - Prandtl Number should strongly influence the convec-

tive heat-transfer processes. Indeed, the Prandtl Num- '

ber is embodied mainly in the Reynolds analogy factor s -

" of Eq. (4); with the Prandtl Number havmg a Small

effect in turn upon the friction coefficient ¢,

. As with the recovery factor, integration of the
energy equation also yields a general expression for the
Reynolds analogy factor. ¢ -And then, again, when a
* linear shear distribution with distance from the wall is
. assumed and the boundary layer is divided into a
" laminar sublayer; a transitional layer, and a wholly -~ -
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" Fre. 14, Eﬁect of heat transfer and Mach Number on mean

- skin friction coefficient for a body in free ﬁlght in a wind tunnel )

at Revnolds Numbers of approxmateh 07,

In Fig. 14 o

: (b Reyzzoids amlogy faa‘or Fundamentaily ’r_he key:, -
" to the rate of heat transfer within a substance is in the .7
~ availability of energy to be transported and in the abil- =



for (} 7
. Kérméin formula® When it is assumed that Prr = ,
. Also for Pry = Pry = 1, then s = 1, which gives t’ﬂe _
S v.el? known Re ]L'OldS analogy formula——wz 5 CE =
- Eq (9} is presented as the sohd line in F;g 15, upon
subghtutlon of the turbulent Prandtl Number 0.86 {de-

[aa}
m

AcPOhAUT!LALENG?N

[
A

turbulent layer, one‘arnves at the formula® o

?S:PWL?%§§§tﬁﬁ*f”ﬁ§(”,.,
S {% + = (1 - .P?'T}j o 5

e ,..)

Prp £ Thxs formula reduces to the von

termined from Eq. (6)] and a typical laminar Prandtl

- Number 0.71.. Also shown in the Figure are the formn-
+ - lation® of vou Kérmén (Prr= 1} and the estimate of Col-
burn (s = Pry /3y, “Thus, it is seen numericallv( for the © -
- particular example choser where Pr; = 0.71) that,
~ while Colburn’s estimate is a good approximation to
Eq. (9 with Pry = 0.86, von Kérmén's formulanon :
" yields a result significantly higher, - %
" The effect of compressibility on s can also be esm-,
- mated in the same manner as with 7. ,
~ plotted in Figs. 16 and 17 for 4 flat plate in free flight -
_ . and in a wind tunnel, respecﬁvely, usmg the laminar
- Prandtl Number of Fig. 2. '
* The Stanton Number ‘can now be computed usmg :

The results are

Cx, = (l/s} (£;5/2) Wherems’taken from Fig. 15, and
cfa is obtained from Eq. (7).

:Q%j s —

S T L
R K - ._/”' )

, )'/«"’ \PrT:LO

- prgs | P zom
N
S 0B8R~

. A3

= :

ogal—- -

s |

o8z

080

- ozsl—
i0® 5 107 5 0P
Rey, - ,
Fig. 15. Re}molds analogy factor for a turbulent boupdary

laver on )a flat plate in air as a function of Rew“mlde Number
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- without a comparison of the results for both laminar and -
- turbulent flow. Fig. 1
* an insulated flat plate in free flight. The laminar- -

Whence the calculated

- Stanton Number can be compared with heat-transfer- ~
. .data with an eye to deiemnne what mixing-length Iaw :
- should best be used ’ :

NG aEvlgywﬁcx, oafa'i9ss

© Heat- transfer data obtmnad at™. I T 12 for supersomc

© Mach Numbers of 2 .0, 2.5,
- Reynclds Number in Pigs. 18,15, 2

R VV'The(‘r(_‘Ll(‘:al curves using s = 0.825 from Fig. 17 and the

~ similarity law for mixing length [f{z) = z] seem to fit '

the data well. When these data, as well as other data,
are plotted vs. Mach Number as in Fig.
favoring of data toward the similarity law is observable.

and 3.0 are plottcd vs. .

4 20, *cs*“{u:x elyl

21, an apparent - . B

A discussion of heat transfer would not be complete

22 gives the Stanton Number for

flow curves are obtained from Fig. 6, and the turbulent-

 flow curves are from Eqs. (4) and (7) assuming s =

- 0.825 and f(n) = :
. turbulent heat transfer is of the order of 10 txmes the
 laminar heat transfer.

n. It is significant to note that the

An apparent difficulty in comphtmcr heat transfer is

that the rate depends also upon the surface temperature . .
V " Therefore, a tedious -
" . iteration process, discouraging to the engineer, must be -
" . resorted to. For engineering purposes, it is then con- -
venient to have the Stanton Number as a function of -

often’ desired in the first' place.

Reynolds Number, Mach Number, and wall-to-free-

" stream temperature ratio in the form of a nomograph.
" This has been done in Fig. 23 using s = 0.825and in Eq.

- {7) with f(n) = n." Thus; not only is the basic equation ;
solved for a given wall temperature, but the Stanton = °
Number can be qmcLly adjusted for changmg condi-

tions. .

Itis pomted out that the local and average values of
the skin-friction coefficient are also determined in the
nomograph of Fig. 23. Since these are based on ‘the

- similarity law [f(n) = =] in Egs. (7) and (8), the per- _
formance engineer. should- proceed -with caution in the
- light of the spread of data in Fig. 13. For drag calcula-

. ‘tion, it would appeéar mfer to use the hnear anmgi

: length assumption,. :

4 pplication to Cones——The turbulent heat transfer on

a flat plate will equal that on a cone in axial flow for the

same local Mach Number and wall-to-local-free-stream
. temperature ratio, provided the hedt-transfer coefficient
“on the plate is computed for a Reynolds Number of one
, half that on the cone. : »

" Brunt BopIiEs

- Laminar Flow

~ The above results for flat plates represented the re-

. sults for a boundary layer with constant external ve-
locity. The solution for laminar flow was found tobe of
~  the form eV Rexy = [(Ms, T/ Ts, Prs), wherice

Drrptate ?»CH‘;?‘;&'SCZ?(TI - Tw}

= ?—}i--pazfacﬂ(~T, — Tuy ! - (10)
4P .
\ Ha V

In fact, for ihcompressibl‘e flow,

AR PR




FIG 16 Reynolds analogy fact tor for a turbulent boundary
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fl = cHﬁ\/Rezs = O33‘>P —2/% E . {11)— .

S in which’ Re, = p‘,uaw py It thus follcms that as the
o K.adm« edge of the plate is appmachvd—vl e., x~ O—the
IR heat tra nsfer rate becomes exceedingly Iarge Thisisa
. consequence of assurning the boundary layer thin in the =
* first place, an assumpnon which is not true near the
S " However, regardless of the accuracy of -
. the ‘ihéof,y; it is evident that the heat-transfer rate =
- would be greatest at the leading edge of a plate or at the -
~ ' pointof a cone. Now it is known that the heating rate
. at the stagnation point is finite. Hence, it appears.
- proper to blunt leading edges or noses in order to refieve

" leading edge.

' ‘the heat-transfer rate at those Iocatmns

- © . Inthe stagnation regions of cylmders and spheres, the -
S heat—transfer problem can be solved exactly for incom-
- pressible flow.” However, with high-speed flow, the
- problem is not amenable to exact solution. Neverthe- .
© - less, approximate calculations can be made when itis =
' assuriied that the flow behind the ‘bow shock wave is

incompressible.
" The formula for the Iammar heat transfer rate in an

: R zm:ompressble stagnatxon region xs agam found to. be of‘ :
- the form : »

';nyff@>

o Gsiag = T Pauacp(Tr
A 1}%‘“5’3 il

,»#a

g t7b<>dy shape For cylinders,® - .
' fi = ¢, '\/Reza = 0.570 Pr‘°6 e

and for spheres u

_thatu, =

TOBER 1956

of ihe boundafy laver, in the étagﬁa{ion Tegion u; varies. .
with x along the surface. In fact, Eq. (12) with Egs.

- (13) and (14} were derived using u; = £x, where Bisa-

constant. It turns ouf that. for meompressible  ficw

8 = 4u_;D for evlinders and 3u_/D for sphercs, where.|
‘the D’s are the respective diameters, and 2, is the veloc-

ity of the undisturbed stream. -

For supersonic flow whereby a shock wave stands in.

front of the body and forms a region of subsonic flow

“around the stagnation point, it is still found,* from -

measurement of pressure and calculation of velocity,
Bx, where 3 is then a function only of the un-
dlsturbed Mach Number M before the shock wave.
Hence, since p; and Hs are relatively constant in the
subsonic region behind the shock, %#; = Bx can be used in

. Eq. (12) with either Eq. (13) or (14) for both subsomc L

and supersomc flow. Thus :

_,f'

Qursies = “ps- Bx cp(T T‘;)'). B
| /oaﬁr o
L= f2 \/ﬁpaﬂscg(lff w)

o from thch 1t is generaliy concluded that in subsomc as
. well as in supersonic flow, the heat-transfer rate is a
constant independent of x in the immediate neighbor-
- hood of the stagnation point. As stated above, forin- .~
~ compressible flow—i.e., M, = 0, 8 = 4u,/D for the -

‘in which x is measured along the surface from the stag- ~_ cylindrical edges of airfoils and 3u_/D for the tangent .

* nation point; and where f; depends a]so upon the fore-

spheres of axisymmetric noses. However, with super- -
sonic flow, a practical solution for 8 can be obtained
when the Newtoman flow is assumed, whence N

__‘____ 8 (7«-1);{ P4 2]
8= { (v + DM 2

‘
"
1

|

Rexa

fs = (:)763.%”‘;’8 i (14) e [1 + r=1 (=DM, -%-9"—11/0:'*1}1} ;
) . - Py 7 S
= Of course for mcompresszble ﬂow Ps = P bls = . ,“' )7Mr (7 1) 1 ,
g and Ty = Ty= T,. Now, unlike the flat plate . = _ --f(it[ 7) R R
' ‘where thé'vebc%t?ﬂgwas constant along the outer edge -~ ' =" R T
L LAMINAR - |
\ S o \ TURBULENT = | i
L a’ R \2 . \\ ™ T
-3 —
ol \*\ e § -
e* 5 10° . ’ 5 10° 5 107 . .5 0% 5 wof

Fi6. 22. Heat—*—ﬂnsfer coet’ﬁcxent asa functzon of Re\ nolds \umber and Mach Number for an insulated flat p[ate in ‘rcc ﬁagl t.
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R which u_ is the ve10c1ty ahead of the sh’ock wave.

It is seen from Eq. (15) that the calculation of the

" heating rate at- the stagnation point depends upon the .

~ experimental verification of f; and 8. The validity of -
- Eq. (16) is seen in Fig. 24 where experimental values of
. B at the stagnation point of a hemispherical nose are
. plotted.. A check on f> (c;;‘;\/ Rexs) is obtained in Fig.

© - 25 which shows experimental  heat-transfer data’®
... around a hemispherical nose at M, =1.97.. Inspiteof -
. the scatter of the data, it ‘appears that Eq. (14) corre- |
. lates roughly with experiment in the vicinity of the |
| stagnation point. ‘Also plotted in Fig. 25 is a theoretical -
.. curve showing how cgsx/ Re., decreases as x increases,
o accordmg to Stine and Wanlass. - : '
- As far as aerodynamic heating is concerned, 1t follows‘ .
. from Egs. (15) and (16) that gyye, ~ 1/D'2.  Hence, by
increasing the diameter of tangent cylinder or sphere,
one can decrease the heat-transfer rate at the stagnation - - °
. point.” : : R
Smce in supersonic flow the temperature will begin to "

decrease at an increasing rate away. from the stagnation

.. region, p; and p; w111 Tlikewise decrease, and conse-

quently, according to Eq. (15), Qustag will also. begin to

- 'fall away from its constant value near the stagnation
point. Consequently, the heat transfer is a maximum .

at ‘the’ staonatxon pomt so long as lammar flow 1s as-
sumed. . S : '

' Turbulent Flow

’I‘he above dxscussmn had to do with lammar flow.

Indeed it is expected that the flow at the stagnatxon

LA ~ - J
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" Fie. 25. Local heat transfer data for a hemuphencal nose

(u’ = 1.97).

o andfor spheres '
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B pomt W111 be lammar, owing to the low Reynolds Num-.  ~
- bers there. However, it is possible for the flow to be-
come unstable and eventually turbulent with increasing -

distance from the stagnation region. Tlus possibility

 brings to mind the Prandtl-Eiffel ehpeuméms Itis .
o recalled that Eiffel’s drag data, obtained by droppmg
" .. spheres from the Eiffel tower, showed the well-known

drag-drop for critical sphere Reynolds Numbers above

- about 300,000. - On the other hand, Prandtl's wind-
~ tunnel data did not show a drap. Prandtl explained the

phenomenon on the assumption that the boundary

" layers on Eiffel's spheres became turbulent before -
separation, whereas his (Prandtl’s) boundary layers re-

mained laminar. To prove this, Prandt! induced

~ transition by means of a wire trip, whereupon. his-drag
coefficients agreed with Eiffel's. In the present dis- -
cussion, however, drag is of ne concern but, rather, the .

increase in heat transfer incurred by transition.

A theoretical calculation for a turbulent boundary .- /
layer can be made when it is assumed that the velocity
- profile remains similar in the region of the stagnation .

point. Itis alse assumed that the flow is fully turbulent

in spite of the low Reymolds Numbers there; further- =~
more, that the turbulence is generated in the boundary -
layer near the wall, being produced by either roughness =
- or external disturbances which are amphﬁed as fhey o

enter the boundary-layer region.

" For incompressible flow in. the nelghborhood f the -
stagnation point, the heat-transfer rate is then found to

be given by17 -

L M5 .
in which 'for cvlinders

fa = Cb's(Rezg)uo

Tt will be recalled that the flat-plate result, assuming -

a power law for Veldcif;y profile, is also of the form

Gt = et Ts ~ T (20)
: (P.su&"?) ) o o
’ R
B where - }
fa = 0.030P; =& @D

Thus, as with laminar flow, the forms of the equa-

tions are the same for flat plates or for stagnation re- =

gions. (For the stagnation region, u; = jx. again.)

- Also, as with laminar flow, the incompressible-flow re-
sults of Eqgs. (17-19) will be used for supersonic flow as

well, provided the proper value of 8 is inserted. Thus,
for incompressible flow, 8 = du_ /D for cylinders and 3

. /D for spheres, whereas "or superson:c flow 3 =

(e / DV, ).

Subsntutzon of u; 3v into Eq. (1:) gives

, o R B
»?’*é%f’ée = @%Tg-pw»m =T . 0n

- 0.00P A ag) |

&

fo=002P®® a9 -

R
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THE P_R_OB"LE?{ OF AERODYNAMIC HEAT

._ _:._qw 1 (T = Ty (22)

" Hence, it follows that the turbulent heat-transfer rate
©ineresses with distance from the stagration’ point.
However, with supersonic flow, p;and g; would gr‘aduaﬁ-y :
decrease so that the turbulent heating rate would
"eventually begin to fall, thus yielding a maximum some
- place along the surface.

Again, the reader is reminded
that the turbulent heating rate given by Eq. (22) could

o "prevaﬂ only after the flow has become turbulent.
Gemerat .o ,
' A direct indication of the heating rate in the neighbor-
hood of a stagnation point is presented when the equa-.
‘tions ‘[Egs. (15) and (29)] are put in the following form

(say for spheres):

L 0me3 fADNYE £ NV [p\M2
oy = o (ﬁ—) (i-) (L) «
R A pUD/ pa’

U

o

s \ V2 SRR

0.042 (ﬁD)% ( B -)115_ (b_.s )4;5 ><
_P7'2/3 TR Pty D Y .

_ _(,,_5)1/5 (_)?5 p.muo,cp(T ‘ T (24)

g"’stay

u.) \D

®

'for_ turbulent flow. ‘Hence .Writin.g }

Yoy = .CHmPe:umCP(Tr = Tu) o (25) -

CNEG/

- for turbulent flow.

As stagnation point solutions, Eqs. (26) and (27).are
plotted in Figs. 26-28 as asymptotes at x/D = 0 for

"M_ =3,Pr= 0.7, and Rep, = 105.10° and 10°. The
value of 8D/u,; = 13 is taken from Fig. 24, and the .-
ratios ps;/p,,. and p;/p, are computed from stagnation -

conditions behind a normal shock. _

* Since the form of the heat-transfer equations is the
same for the stagnation point where #; = 3x as for a
flat plate where u; = constant [cf. Eqgs. (10) and

(12), and (17) and (20)], it appears that 2 reasom- -
able approximation of the heating rate over the en- -

tire face of a blunt body may be gained by substi-

- tuting the local value of 8 into Egs. (26) and (27)

and also by allowing the coefficient f to change with

" B as well as with geometry. TFor the laminar case,

‘lass curve of Fig. 25—i.e.,

‘the plate leading edge.

ING L e

the value-of f was taken from the Stine and Wan-"
j‘_,: C[{E'\/Re_ré.

turbulent case, f was assumed to change linearly with.

B, the effect of geometry being negligible—i.ei, changiag
~only from 0.040 Pr~*" to 0.042 Pr—* in going from

cylinders to spheres. This type of caleulation is carried
out in Figs. 26-28 for a sphere for both laminar and tur-
bulent flow—i.e., using Egs. (26) and (27), respec-

. v'ﬁi/ely. The ratios ps/p.,, ps/k., as well as 8, are com-

puted from Newtonian pressure calculations and isen-
tropic expansion from- the stagnation point.. Appar-
ently, from Figs. 26-28, the maximum heat transfer
would occur at about the -lO-deg angle if turbulence
should set in, with the maximum turbulent rate increas-
ing relative to the maximum laminar rate with increas-
ing Reynolds Number. .
It should also be pointed out® that the turbulent
shear stress increases as x® compared to the laminar
increase as x. Thus the shear will also be large at the -
maximum heating region at about 40-deg. angle.. This"
is important from the aerodynamic-erosion standpoint.

RovGH WaiLs .~~~ -

The above discussion had to do only with smooth . -
walls. - When the walls are rough, however, the rough-
ness would have an influence not only on transition but

also upon turbulent flow itself. The effect of roughness '
. on transition will be illustrated in the next sections. '
"“However, the effect on local turbulent skin friction (and -

therefore heat transfer) is 1nd1cated by the following = .
- formula for flat plates: S

1 1/2 T i T 1/2 ( i ! )
Sin. " « + SIII ﬂ

) (28)
where e is the plate roughness, and x'is the distance from

It is assumed in the derivation
of Eq. (28) that the roughness protuberances are large
ehough to -disrupt -the viscous sublayer but not high
enough to reach the sonic line.  As with skin friction,
the heating rates for rough plates should be significantly -

140 + logso ( ‘c

" greater than for smooth plates.

SwEAT AND FiLm CooLING

Even if the boundary layer was laminar at the staor-
nation point, it appears from Figs. 26—28 that the heat-
ing rate could still be excessive at extremely high speeds. -
Sweat or film cooling are means of insulation that are
worthy of development. . They would be particularly

~useful to shield the surface in the ewvent of turbulent

flow as is also seen in Figs. 26-28. In the latter connec-
tion, it should be pointed out that blowing into the -
boundary layer is a destabilizing agent and therefore

" should be applied with this in mind.

BouNDARY-LAYER CONTROL AND TRANSITION

Now that the extreme cases of laminar and turbulent
heat transfer have been discussed with some detail, it is

For the - )
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e necessarytoexamme’the xmportant problem of whether '
< ie,

- or not a boundary layer will be laminar or turbulent.

_ This is the problem of transition. = The answer to this V

‘question could make or break an overall _high-speed-
afrcraft design because the aerodynamic heating rates

for turbulent flow can be 5 to 10 times greater than for '
laminar flow. While transition is important to the de-

_sign of such systems as the cruising winged supersonic

‘ aircraft, it is critical to the des1gn of the hypersonic ghde E ]
" wall the curvature of the velocity profile is alwavs zero.

‘ 'and ballistic rockets. |

It is deﬁmtely knovm that low~speed Iammar bound—v
. ary. layers with constant external velocity (pressure)

. are unstable at relatively low Reynolds Numbers of the

" order of 100,000 and that turbulence usually setsinata
“Reynolds Number of about 3,000,000. High-speed
boundary layers on insulated surfaces—i.e., no heat
- cooled, the layer becomes more and more stable untilata . -
- given heat-transfer rate theboundary layer is completely
stable. The wall-to-free-streatn temperature ratio be-
- low which complete stability is possible is shown in Fig.
29. In that Figure, three sets of curves are drawn, de-
pending upon the Prandtl Number and viscosity law
(which determine the shape of the density and velocity

* transfer—do not fair much better. However, falling

. ‘external pressure is a good stabﬂizmg agent for high- =~
- speed as well as low-speed flows; as in the case of the

laminar flow airfoil which was purposely designed to de-

. lay transition by increasing the percentage of chord

over which the pressure could fall. In fact, the word
- “favorable” has been applied to negative pressure

‘gradients along the flow because such gradients tend to - :

hold the boundary layer stable. Ordinarily the pres-
sure gradients on high-speed aircraft wings and bodies
. are small owing to the flat or slendex shapes necessary to
- decrease wave drag. However, at the noses of bodies
~ and at the leading edges of wings where the heat-trans-

fer rates are expected to be greatest, such as for glide

- and ballistic-type missiles, the falling pressure will be
most welcome. The falling pressure works toward
stabilization by filling out the velocity profile—i.e., by

- increasing the velocity near the surface so that the fluid -

- cannot fold over on itself so easily.

Stabzlzzatzon b}' Cooling

* Another effective method of boundarv—]a& er Lcntrol -
is to cool the laminar boundary layer
- This process is automatic under transient conditions of

ascent (boosting) or descent (re-entry}. However, for

. cruising aircraft, some forced method of heat absorp-
* tion, such as by fuel circulation within the aircraft, must

be resorted to. Cooling promotes stabilization by filling

. out both the density and velocity profiles—i.e., increas-
ing the momentum nearer the surface so that, as with the -
- falling pressure gradient, the fluid cannot fold over on

itself so readily. . Of course, the opposite effect of en-

at the surfzce,

- - “couraging transition would result from heating or from .
“an adverse (positive) pressure g gradient. , Ce

Theoretical estimates can be made of the cooimg rate B L

" required to stabilize laminar boundary layers at super-

sonic speeds.  As with incompressible flow where Ray-

" leigh and Tollmien showed that a criterion for insta- o
- bility was that the velocity profile have a reversal—i.e., -
" D%/dy* = 0 anywhere in the boundary layer—the . -

criterion for compressible flow!® ¥ js that the g-radient

 of the angular momentum be zero somewhere m ’che‘f

' -outer part of the layer Where
1 — ——
I : u; o Jf,;
2 ( 5_“) | -
oy u/ua =1-1/35 -

 This is the so-called inviscid solution which is arrived at
" upon consideration of only the inertialand pressure forces
to the neglect of the viscous forces. For the incompres- .
sible case with constant external velocity (the Blasius .
case), the boundary layer is always in impending insta- =

bility, according to the inviscid solution, because at the

For mcompressxble flow near the stagnation point, where

‘the pressure is favorable, the inviscid criterion indicates -
stability. For supersonic flow with constant external -

" velocity, the inviscid criterion indicates instability when =
“theflow is insulated—that is, when there is no beat trans- )

fer. It is then found that, as the boundary layer is

profiles) prevailing under the condition of motion

- chosen.™® Itis seenthatalimiting Mach Number occurs
in each case. A more exact (and complicated) analysis

can be carried out which takes into consideration the
viscous forces. For incompressible flow with any ex-

~ ternal pressure variation, it is found that inclusion of -
the viscous forces in the analysis predicts stability. at
-sufficiently low Reynolds Number so that there is a

minimum critical Reynolds Number below which all

- disturbances damp out. Thus, a Blasius lavér can.

really be either stable or unstable, depending upon the

speed—that is, it is not always in a condition of neutral

LT
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stability as indicated by the inviscid solution. In
_ spite of a favorable pressure gradient such as near the-
stagnation point, a boundary layer is expectéd to be .

“unstable gt a sufficiently h1<rh Reynolds Number—al-

, . though at a greater Reynolds Number than for a
. Blasius layer owing to the added stabilizing effect of the
o . falling pressure.’ Finally, for compresable flow, the in-
~clusion of the viscous effects requires. a ‘greater cooling . _
rate to stabilize the flow. In fact, it is only in super- -~
~ sonic flow that the boundary layer can be completely
| stabilized. The viscous solution for two-dimensional -
- disturbances® is also shown in Fig. 29.
It is important to notice in Fig. 29 that the coolmg -
. rates required to stabilize completely the boundary
‘layer are within practical reach, certainly under transient -
- conditions during ‘which the wall-to-free-stream tem-

perature ratio remains low.  Boosting trajectories should

- penetrate the stability loop from the left, whereas re-
. entry trajectories should enter it from the right. -

. Experiments have verified the theoretical prediction

o that cooling the boundary layer delays transition. Ina
’ - to d:splacement thickness' 6;3"), respectively. Only the -

“current research program™ conducted by North Ameri-

" can Aviation, a 20-in., 10-dég.-apex-angle cone ‘s cooled - -
" intefnally by precooling gaseous nitrogen so that tem-

- perature ratios well below the stability loops of Fig. 29
- are obtained. Transition is then observed by means of
- magnified schlieren ‘technique. Fig. 30 shows photo-
graphs of the boundary layer magmﬁed 20 times normal

- to the flow. The testing was carried out at the Jet Pro-~ -
. pulsion Laboratory 12-in. Wind Tunnel. = The local =
. Mach Number was 3.65, and the Reynolds Number per

- inch was 0.50-10°%. The top picture shows transition
-with no cooling; the next two show the successive delay
* . of transition with increasing coohng ‘Fig. 31 gives

‘transition data obtained from such photographs forlocal

. Nfach Numbers 1.90, 2.70; and 3.56. - In Figs. 30 and 31

o the ,cox_jle was smooth and the turbulence‘w as low. -
Figs. 30 and 31 indicate that transition can be de-
layed by coolirig. when the surface is smooth and the .

" tunnel turbulence low. However, for engineering pur-

“.poses, it is necessary to ‘determine whether transition

can still be delayed by cooling in the presence of surface

‘roughness and free-stream turbulence. Although the .

answer to this question is now classified, it can at least

. be said that the effects of both roughness and turbu-

o T a4 5 8§ 0
(ulu) 100 :

Fic. 32, Eﬂ'ect of supplx -stream turbalence on transition as 2
funetion.of Mach Number (Zero heat transfer}.

) \M5 9 (ORYDEN]
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. ) L . f . :
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) FIG 33 Eﬂect of rouwhness on trans:ticm asa functxon of Aach

\umber (zero heat tra'xsfer}

~ lence in’ promotitig transition decreases as the AMach™

Number increases. This is well observed in Figs. 32and
33 where the ratio of the actual transition Reynolds @
Number Re;, to the smooth-body low supply-chamber o

turbulence (0.4 per cent) Reynolds Number Re;, is

s plotted vs. intensity of turbulence in the tunnel supply .

chamber (%'/u), and relative roughness (wire height %

data for zero heat transfer are shown. . The wires were

" set at 3 in. from the cone vertex. Also shown in Fig. 33
- is the low-speed correlation developed by Dryden.?* =
" Preeflight data obtained by Fischer and Norris,® -
Sternberg,?* and Snodgrass® also seem to support the_' :
'theory for smooth surfaces ‘

EFFECT ON PER_FORMANCE AND DESIGN oF WINGED '
HiGH-SPEED AIRCRAFT

' V‘The' delay of bbundaxy—layer transition not only dé-

_ creases the aerodynamic-heating rates considerably but - -
also increases the performance of winged high-speed air .
vehicles. ' It is speéctacular how many benefits acerue.

"Aside from the myriad of high-temperature problems
(such as with fuel, oil, rubber, electromics) that are = -
alleviated, the structural weights will decrease, and per- =
‘baps even. stiffer structures could be used. And, of

~course, for-a given range and speed, the quantity of fuel

would be less. There would, however, be plumbing
problems because undoubtedly the fuel or coolant would

" have to be circulated within the missile and perhaps :

through annular surface structure.
An example of the effect of delay of transition on per-

formance is easily calculated. ~ A futuristic commercial -
air liner designed to fly from coast to coast (say 3,000
~miles) at a supersonic Mach Number of perhaps 3 could

very well have a zero-lift drag coefficient composed of 30

- per cent pressure drag and 50 per cent turbulent friction
 -drag. If the boundary layer could be stabijlized by cool- -
. ing such that considerable laminar flow prevailed over

the airplane surface, the skin-friction drag might be re-

- duced by as much as 50 per cent, which would reduce

the Cp, by 25 percent. . If other factorsremain constant,

the range of the airplane would vary proportionally to -

the square root of the ratio of Cj, with turbulent flow to
that with laminar flow. In this illustration, the range
would increase about 15 per cent—or 430 miles on the
assumed transcontinental flight.

S R - S

e




e,

T

- schaft fiir Luftfahrt e.V. (WGL), pp. 66-75;

" Bodies of Revolution ai Mach Nu,mbers Jrom 2010 3

THE PROBLEM

" ArEas OF FUTURE RESEARCH

~ Tu looking over the vast amount of recent effort to
.. understand the mechanism of aerodypamic heating, one

LITIE,

 quickly concludes that, although many advances have -
been made, there is still g lot to belearned before theen- .

 gineer can be confident in his design. Most of the avait-

- able knowledge concems the éxtreme cases of laminar -

. and turbulent ﬁows with zero or finear pressure g gradi-

“ents. Also, some understanding is evident in the.con- .

trol 'of tramsition. Certain areas of research in aerody-

namic heating which must be explored further are:

(1) Effects of surface roughness and free-stream tur-
. bulence on the control of transition by cooling at'super‘-f
- sonic flow for flat plates with cylindrical 1eadmg edges .

v and for cones with spherical noses:

{2) Study of (1) for hypersonic flow. Wlth reaustxc tem-‘

.perature behind the bow wave. ,

(3) More definite data on turbulent heat transfer on
o ﬁat plates. :
. {4) Effect of roug]mess on turbulent heat transfer at
: ordmary supersonic flow.” - S
(5) Stabxhty of boundary layers nea.r the stavnatmn

pomt.

(6) V:scous ﬁow solutlon at leadmg edges of plates,

and points of cones. -

- {7) Heat transfer in separatxon areas such as before oL
- vcontroi a'urfaces and in wakes : ~
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MEASUREMENTS OF LAMINAR SKIN FRICTION
' . IN SUPERSONIC CONE FLOW.

o
By W. S. Bradfield, Department of Aeronautical
Engineering, University of Minnesota

+ . Abstract

Measurements of laminar skin friction on a 15° cone at
freestream Mach number 3.47 'are reported. The momentum loss
technique was applied to velocity profiles obtained at Rey-
nolds numbers ranging from 486,000 to 2,000,000, - The Hantz~ -

' sche and Wendt transformetion from cone to plate flow was ap-

plied to the results, The transformed coefficients show agree-
ment with the theory of Chapman and Rubesin, S .

P, = Stagnation pressure of potential flow.,

pé = Local stagnatiop‘pressure sensed by total tubé within the '
_boundary layer. : R '

u = Local velocity within the boundary. layer, .

' U = Potential flow velocity at outer surface of boundafy Lo '

layer,

- Xx = Distance meésured from the cone tip alohg-a geheraﬁrix_of'~

the cone, . _ _
¥ = Distance normal to the cone surface,
Cp = Local skin frictioh coefficient for cone flow. .
¢ = Local skin”frictiqn coefficient for plate flow.
CF‘= Average skin friction coefficient for cone flow,

’ CF'= Average skin friction coefficient for plate flow, .

Ml = Mach, numbervin potential flow at outer surface of bound=- .
- ary layer, . ER Lo . Ce
Ry = Reynolds number based on conditions at outep surface of

‘boundary layer, - S N

&% = Displacement thickness.

IR

#The research reported in this paper has been sponsored by

the Air Research and Development Command USAF under Contract -
No. AF 33 (038) 12918, . ‘ nee
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_ T ) : . [
n = “’V _1*_ Dimensionless variable for plate flow.
k 1 ‘ ;
§ = Momentum thickness.

v& = Kinematic viscoéity at outer.surface of boundary layer.
Introduction

‘The investigation which is discussed in what follows was
carried out at freestream Mach number 3.47 in an intermittent
tunnel. Total pressure profiles, were recorded in the bound-
ary layer on a 15 cone at various distances from the nose and
velocity profiles, displacement thicknesses and momentum thick=
nesses were calculated, Skin friction coefficients were de-
termined and were compared with the theory. The variation of
the distance from the nose of the cone combined with variation
of stagnation conditions provided a Reynolds number range from
186,000 to 1,909,000, The purpose of the present paper is to
present a comparison of the experimental results obtained with
existing theory, and to discuss the technique. employed..

Description of Apparatus and Techniques

The wind tunnel used in this investigation is a 6" x 6"
asymmetric blow down channel operated during this series of
tests at Mach number 3.47. A photograph of the channel is
shown as Fig. 1. The model shown installed is a typical 15
conical model of the type used throughout the investigation.
The flow inclination at the tip of the model (as measured
after completion of the current investigation) was less than
1° in pitch and in yaw. The potential flow Mach number be-
hind the nose shock along the outer edge of the boundary layer
was 3.1 as measured by total pressure tube and the distribution
of the Mach number along the outer edge of the laminar boundary
layer is shown in Fig. 2., - :

The primary piece of equipment used in the investigation
is a conical model of the type shown in Fig. 1. A small pitot
tube (Ref. 1) was attached to fhe model for test purposes as

shown in Fig. 3. The pitot tube dimensions were approximately

3 mils by 15 mils outside dimensions with an orifice opening .
of approximately 1 mil in height. A photomicrograph of a typ-
ical pitot tube is shown as Fig. L. : :
Tnasmuch as the tunnel operation is of intermittent type,
1t became expedient to utilize the pump up time between runs
- for adjusting and measuring the probe positions within the
boundary layer with tunnel windows removed. Use of this tech-
nique permitted the simplest kind of probe adjustment to be
used throughout the investigation. ' '
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Figure 5 shows the experimental setup employed for de-
termination of probe location relative to the model surface.
Precautions were taken through use of a long focus, low magni-
fication microscope during running to make certain that the
probe @id not change its position relative to the surface.

Figure 6 is a shadowgraph showing a probe immersed in the
boundary layer on the cone. Figure 7 shows the total pressure
profile for Reynolds number 1,909,000, the largest Reynolds
number for which laminar flow was observed. T

- Data Reduction

The total pressure data was reduced to veloéity profile
information through application of the isoenergetic assumption
(Ref. 2, 3, 4). That is to say, it was assumed that the net
energy transferred across stream lines of the boundary layer
was zero. It was further assumed that the variation in static
pressure normal to the cone surface within the boundary~layer.
was negligible. It was assumed that the effect of heat trans-
fer from the model surface to the boundary layer (due to the
difference between stream equilibrium temperature and model
wall temperature) had negligible effect on skin friction co-

~efficients, : ' :

A velocity profile computed by this procedure is shown as
Fig., 8, For the purpose of comparison, a profile calculated
(Ref. 5) for plate flow at the same Mach number and Reynolds

- number is shown. :

In order to effect a direct comparison of existing plate
flow theory to the experimental results, the transformation of
Hantzsche and Wendt (Ref. 6) was applied. A transformed ve-
locity profile for Reynolds number 1,909,000 is plotted as
Fig. 9. The comparison of the velocity profile with theoreti=

- cal results (Ref. 5, 7) is reasonable; however, the departure

of the experimental results from the theoretical results in-
creases systematically as the surface is approached.  This
characteristic was also exhibited in the other profiles ob~

* tained in the laminar boundary layer, .-

, _'Ihe velocity profiles together with the dénsity profiles -
obtalned by the method just déscribed were used to compute dis-
placement thickness and momentum thickness at each station in-

vestigated., The variation of dimensionless momentum thickness

_versus distance along the conical ray is shown in Fig, 10, The
function : Lo o

19/& f‘5£%%9 ‘- T’V n - = - '- >(1) :

‘obtained from the results of (Ref.‘7) is shown for comparison.,
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- The momentum integral relation for cbnical'cdmpréssiblek
flow (Ref. 8) was applied to the experimental points. The
functional dependence of momentum thickness on Reynolds number
is -

0/x = 0,664 R_ 0.5k . (2)

- by least squares from the data of Fig. 10. From the momentum
integral (with help from Eq. 2) the local skin friction coeffi-
cient in terms of momentum thickness becomes

Cp = 2.92 0/x o 3)

and, by. definltion, the average skin friction coefficient for

the cone 13 , 1L ,

| [ Oy (x)xx .
S ~ ()

. I?/? ,

Using the results plotted as Fig. 10, Eq. 3 was evaluated, The
result was then transformed to equivalent plate flow conditions
through use of ‘the Hantzsche-Wendt transformation to plate

flow (Ref. 6) - ‘ o L
Cp - \{5'_ Ef ' o (5)

The transformed coefficlents are shown as Fig. 1l.

' The funetion Cp(Ry) having been obtained, average values
of skin friction coefficiant were calculated in accordance with
Eq. L and plotted as in Fig. 12, .The transformation to plate

flow (Ref. 6) ; v
v . 2 - i o | .
CF"g\/—B‘ ‘CF ) . (6)

‘ was applied and agreement of the transformed results wlth flat
plate theory is indicated. :

Cp

Conclusion f

The results of this investigation 1ndicate that the analyn

sis of compressible laminar boundary layer flow over a flat
' plate may be applied to conical flow at about Mach number 3
" through use of the Hantzsche-Wendt geometrical transformation.
_ ‘The result obtained should be extended over a wider range of

- Mach number before any more general conclusions are drawn,
It appears that the use of small pitot tubes in thin

. boundary layers will produce satisfactory results. However,
- there is a oyﬁtematic dlvergence of the experlmental results
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from the theoretlcal results for velocity profiles which must
be explained. ,
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Fig, 1. = Mach mmber 3,47 channel with 15~deg. conical
" model (side door raised),

' Fig.:?. ~ Mach mumber distribution at outer edge of boundary

: layer, as measured by total pressure tube,
Fig. 3. = Mowentum loss cone with Pitot tube attached,

.~ Fig. bh. - Photomicrogreph of Pitot tube. , co
- Fig. S. = Equipment used for total pressure probe ad;justnent. L
Fig. 6, = Shadowgraph of cone at “ach nnmher 3.h7 with total

pressure tube installed,

g Fig.‘ 7. = Total pressure ratio versus. distance from cone mzrface
- Mg, 8, = Comparison of velocity ratio measured in cone flow -

to that computed for plate flow,

jFig, 9;i- Velocity profile in the laminar boundary layar on

"~jv a lS-deg. cone oompared with plate flow theary; o
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