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ABSTRACT 

The Naval Ordnance Laboratory research program on the 
investigation of aerodynamic heating effects at supersonic veloc­
ities is outlined briefly. Results of recent experimental investi­
gations on temperature recovery and heat transmission along 
the surface of cones and cylindrical bodies in axial flow are pre­
sented. The experiments were conducted in the N.O.L. 40 by 40 
em. Aeroballistics Tunnel at )'lach Numbers between 1.5 
and 5.0, inclusive, and cover the regions of laminar, transition, 
and fully developed turbulent boundary-layer flow. The ex­
perimental results are compared with analytical solutions for 
temperature recovery and heat transfer with laminar and tur­
bulentboundary layer. The qUalitative effect of the direction of 
the heat flow and the surface temperature on the limits of the 
transition region is discussed in detail. 

INTRODUCTION 

T HE NEED FOR ACClJRATE HEAT-TRANSFER DATA is 
apparent if one considers that the surface of a 

supersonic vehicle flying in the atmosphere with 2,500 
m.p.h. or a Mach Number of about 3.4 will adopt an 
equilibrium temperature of about 540°e. above that of 
the ambient air. This rise in temperature is caused by 
conversion of kinetic energy of the flying body into heat 
by compression and friction in the boundary layer, 
which increases the temperature of the air in proportion 
to the square of the speed of the flying body. 

How much of the heat produced will be transferred to 
the surface depends greatly on the surface coefficient of 
heat transfer. This coefficient in turn depends on the 
flow conditions in the boundary layer. Our knowledge 
of the aero thermodynamic characteristics in supersonic 
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flow is rather incomplete. It is, therefore, of 
importance to investigate surface temperatures ann 
heat transfer in this range in order to provide the de­
signer with the data that are needed so urgently. 

Considerable theoretical and experimental work has 
been expended in recent years on the solution of the 
supersonic heat-transfer problem. Despite many valu­
able results that have been obtained, however, we are 
still far from a solution of this problem, especially in the 
region of turbulent-flow boundary layers. More theo­
retical and experimental work must be done before we 
win be able to predict supersonic heat transfer reason­
ably accurately. 

Accordingly, the Naval Ordnance Laboratory 
(N.O.L.) has started a comprehensive experimental and 
theoretical research program on supersonic heat trans­
fer. The experimental program is being conducted in the 
White Oak Aeroballistic Research Facility; it consists 
of the following phases: (1) temperature recovery fac­
tors, (2) heat-transfer correlations, and (3) bound­
ary-layer transition. 

Although this program is far from completion, some 
significant results have already been obtained and are 
presented here. 

EXPERIMENTAL FACILITIES AND INSTRUMENTATION 

The principal experimental facility is a 40 by 40 cm. 
aeroballistics wind tunnel. The wind tunnel operates 
with atmospheric supply pressure. A range of IVlach 
"Numbers between 1.2 and 6.5 can be covered in this 
tunnel by a fixed nozzles. (The tunnel, at present 
intermittent, is described in detail in reference 1.) 

Different models have been employed to produce 
laminar, transitional, and turbulent boundary-layer 
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20 0 DEGREE CONE MODELS 
FIG. 1. Three 20° cone models for recov<~ry··fac~tor 

transfer measurements: (a) thin-walled cone, thj(:k-1walled 
cone, and (c) cone with insulated frustra. 
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FIG. 2. Cone-cylinder model. 

flow. For laminar boundary-layer flow, small cones 
have been used. Three typical 20° cone-models are 
presented in Fig. L The first cone (a) is a thin-walled 
copper cone of 0.025-in. wall thickness ,'\lith several 
thermocouples inserted along the skin of the cone for 
surface temperature. mea..."llrements. The second cone 
(b) has a thick wall of copper, the heat of 
which is used for the determination of the average 
heat-transfer coefficients. The third cone (c) is a cop­
per cone subdivided into frustra. The latter are ther­
mally insulated from each other to avoid heat flow in 
the axial direction and to allow the determination of 
local heat-transfer coefficients. Except for the sub­
divided cone, cones with 10, 40. 60, and 80 deg. total 
angle were used throughout the investigation. 

For transitional and turbulent boundary-layer flow, 
there were employed cone-cylinder models, as shown in 

2. These models are composed of a 40° cone and 
a number of cylindrical sections 2 in. in diameter, up to 
2 in. longest. The cylinder can be built up to about 40 
in. total length. For insulated suriace-temperature 
measurements, the sections are made of thermally in­
sulating material; a surface temperature element as 

shown in Fig. 2a can be inserted at any desired position 
of the cylinder. Four cu-const. thermocouples of low 
heat capacity are inserted equally around the 
circumference of the measuring element. 

For heat-transfer measurements 2-in. sections of 
copper rings of lis-in. wall thickness are used, as shown 
in 2b. These sections are mounted on a heat­
insulating body. One to four thermocouples are in­
serted in the copper rings; the heat capacity of the 
copper is used for the determination of the heat­
transfer coefficients in the same way as done with the 
cones. 

TEMPERATURE RECOVERY FACTORS 

The surface of a body in supersonic flight will assume 
its highest temperature after it has been heated up to 
the temperature of the inner edge of the boundary layer. 
Then the transfer of heat has become zero. This maxi­
mum temperature depends on the energy distribution 
in the compressible boundary layer and is usually ex­
pressed in terms of the temperature recovery factor r. 
This factor is defined as the ratio of the actual tempera­
ture rise across the boundary layer to the adiabatic tem­
perature rise. The recovery factor, in general, is a 
function of the similarity panimeters, Reynolds Nwn­
ber Re, Prandtl Number Pr, and ),fach Number M. 
Thus, 

r f(Re, Pr, M) 

where T. is the telnp,er:attITe of the insulated surface, 
Tl is the ambient air outside of the bound-
ary layer, and To is the temperature. 

According to the different energy distribution, we 
must different recovery factors on bodies with 
laminar, transitional, and turbulent boundary layer. 

(A) Laminar Boundary-Layer Flow 

The results of the temperature measurements with 
the thin-walled cones are presented in Fig. 3. The local 
recovery factor determined with the loeal temperature 
at the inner edge of the boundary layer is plotted versus 
local Mach Number iVIL for the various cones. The 
local l\1ach Number was determined from the M.LT. 
Tables2 by disregarding the existence of the boundary 
layer itself, which was considered immaterial for the 
small cones. The measurements show that the tem­
perature-recovery factor is 0.845 ± 1 per cent independ­
ent of the ::Vfach Number in the entire range and within 
the measurement accuracy in agreement with the the­
oretical value r = vPr, provided that the Prandtl 
Number is evaluated with the physical oi 
the air at equilibrium temperature, Te. 

The obvious independence of Mach Number leads to 
the conclusion that the compressibility effect is the 
same at all Mach Kumbers in the investigated range. 
n appears, therefore, that the above simple relation 
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can be applied with confidence in predicting insulated 
surface temperatures for laminar-flow boundary layer 
at least up to .M 5. It must be considered, however, 
that the recovery factors are determined at low temper­
atures. It will be necessary to verify the results for 
actual flight temperatures. 

The Reynolds Numbers, encountered in the cone 
measurements with laminar boundary layer, presented 
in Fig. 4, are ranging from 6,000 to 500,000. The 
Reynolds Numbers are evaluated on T, 
from the physical properties of the air at equilibrium 
temperature, the velocity v outside of the boundary 
layer, and the length of the cone along an edge. The 
investigations with the cones are reported in more detail 
in reference 3. 

(B) Transitional and Turbulent Boundary Layer 

For higher Reynolds Numbers, surface temperatures 
were measured along the cylindrical part of the cone­
cylinder model. The local flow conditions along the 
cylinder outside of a boundary layer were taken from 
computations provided by the Ballistic Research 
Laboratories, Aberdeen, according to a method devel­
oped by Clippinger. 4 Static pressure taken along the 
cylinder was found to be within 2 per cent in agreement 
with the data given by Clippinger's method. 

The temperature recovery factors determined from 
the surface temperature measurements for ~Iach 

N tunbers 2.87 and 4.25 are presented as a function of 
the cylinder length in Fig. 5. The experiments show 
(a) that there is a separation of the data according to 
Mach Number for a cylinder leIlgth than 7 in. 
and (b) that for each Mach Number there are generally 
two distinct regions--one in which a rather large varia­
tion of the recovery factor occurs and one in which 
the recovery factor is essentially constant. Schlieren 
photographs, taken with 0.5 microsec. flashlight (Fig. 
6), show that the boundary layer is fully turbulent in 
the region of constant recovery factors. Hence, the 
front portion of the cylinder can be considered as having 
transitional flow in the boundary layer and the rear 
portion as having turbulent flow. No means of de­
termining precisely the beginning of the transition 
region on wind-tunnel models has yet been found. The 
value of the recovery factor 1 in. behind the leading 
edge of the cylinder is 0.89. This is about 4.5 per cent 
higher than the laminar value for the cones. This high 
value indicates that some turbulent motion exists al-

at this point. As the air moves along the 
der, the turbulent motion becomes more and more 
pronounced, and the recovery factor increases until it 
reaches a distinct maximum in the rear portion of the 
transition zone. The highest measured values are 0.96 
at ::Vlach Number 2.87 and 0.98 at Mach Number 4.25. 
The recovery factor then drops to its turbulent values 
of 0.92 at M 2.87 and 0.97 at it! 4.25. The data 
plotted against Reynolds Number are presented in 

Fig. 7. The Reynolds Ktunbers are determined on T. 
basis in the same way as defined above. The character­
istic is the length of the model along the surface 
from the tip of the cone to the respective measuring 
point. The recovery factor results from the measure­
ments on the cylinder may be summarized as follows: 

(a) In the transition region the recovery factor in­
creases to a value that is above that of the turbulent re­
covery factor (an observation that was also made re­
cently by Stalder5). 

(b) The recovery factor is essentially constant once 
turbulent flow in the boundary layer is established. 

(c) The turbulent recovery factor at M 4.25 is 5 
per cent higher than at M = 2.87. 

(d) The Reynolds Number of transition to turbulent 
boundary-layer flow is lower for the higher Mach Num­
ber. 
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These experimental results differ from the usual con­
cept of turbulent recovery factors deduced from ap­
proximate aualyses. These aualyses give the recovery 
factor either as a function of the Prandtl Number-i.e., 
r = Pr'/o (as, for instance, Ackermann6 and Squire7)-or 
as a function of Prandtl Number and Reynolds ~umber 
(as, for instance, Sebau8) but not as a function including 
the Mach Number. ::\tIore data at low and high stagna­
tion temperatures are needed to evaluate precisely the 
influence of the similarity parameters Re, Pr, and ""t. 
However, it appears that the recovery factor is consid­
erably higher thau widely accepted from various analy­
ses and the few experimental data from cones with 
artificially induced turbulence. The insulated surface 
temperature of supersonic vehicles with turbulent 
boundary layer must be expected to be near the stag­
nation temperature. 

HEAT TRANSMISSION 

The next question is: How much of the heat pro­
duced in a boundary will be transferred to the 
solid surface of a body at supersonic ,speed? The 
measured temperature recovery factors were used to 
determine the surface coefficient of heat transfer It and 
the nondimensional heat-transfer coefficient Nusselt 
Number Nu. The Nusselt Number is, in general, a 
function of the Reynolds Number, Prandtl Kumber, 
aud ::Vlach Number; thus, 

Nu = hl/k = J(Re, Pr, j'VI) 

where It is the surface coefficient of heat transfer, I is the 
characteristic length, and k is the thermal conductivity 
of the air. However, in compressible flow the similarity 
parameters referred to free-stream conditions are not 
adequate for boundary-layer phenomena. The de­
pendence of viscosity, thermal conductivity, and specific 
heat on the temperature suggests new variables that 
make the experimental investigations complicated and 
the comparison of the available data difficult. 

FlO. 6. 40° cone-cylinder model = 2.87 in the I\.O.L. 
40- by 4O-cm. Aerob,allilsti,~s TunneL 

(A) Laminar Boundary-Layer Flow 

Two sets of experiments have been made with laminar 
boundary-layer flow on cones: In one set, the average 
heat transfer over the entire cone was.determined with 
thick-walled copper cones; in the other set, the local 
heat transfer for each section was determined with the 
subdivided 20° cone. 

S shows the heat-transfer data from the thick­
walled copper cones in nondimensional form as N usselt 
Number versus Reynolds Number. The physical prop­
erties of the air are again evaluated at equilibrium 
temperature and the velocity at the outer edge of the 
boundary layer. The data are obtained for heat flow 
in both directions--that is, into and out of the wall of 
the cone. The wall temperature, on the average, was 
either 25°C. below or above the equilibrium tempera­
ture. Local JYIaeh Numbers at these measurements 
ranged from 0.88 to 4.65, inclusive. The data show 
that the difference between heating and cooling is small. 
As in the case of the recovery factor, no influence of 
Mach Number was found. The data can be well rep­
resented by the analytical solution for average heat 
transfer over cones, as given in reference 9, 

In a similar way, the local values of the heat transfer, 
shown in Fig. 9, have been determined for the sub­
divided cone in a range of local Mach Numbers from 
1.42 to 4.22. These data show even less evidence of a 
separation with respect to heat-flow direction. Again, 
the data cau be well represented by the corresponding 
analytical solution for local heat trausfer-viz., 

Nu. = 0.575 R&·5Pr' /o 

From these measurements we may conclude that 
application of the above heat-transfer correlations to 
predict supersonic heat transfer in laminar boundary­
layer flow with reasonable accuracy is justified up to 
Mach Numbers of about 5. However, data at higher 
wall temperatures and higher supply air temperatures 
are still needed to verify the result in the high tempera­
turerange. 

(B) Transitional and Turbulent Boundary Layer 

The heat transfer for transitional and turbulent 
boundary layer was determined with the cone-cylinder 
models. The recovery factor for each location along 
the cylinder observed under identical flow conditions 
was applied for computing the local heat-transfer co­
efficients from the wall-temperature measurements. 
These heat-transfer coefficients were converted into 
N usselt Numbers, in the same way as for the laminar 
boundary layer, by use of the equilibrium temperature 
as reference temperature for the thermal conductivity. 
The data, at 2v! = 2.87, were taken with a model made 
up of 2-in. copper sections, thermally insulated from 
each other. With this arrangement heat transfer occurs 
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over the full model length, the surface being at uniform 
temperature within ± 5°C. Again the heat transfer is 
measured for heat flow into and out of the cylinder wall 
at a wall temperature about 25°C. below and. above 
equilibrium temperature, respectively. Fig. 10 shows 
the relatign, between Nusselt Number and ReYU<i)lds 
Number. Contrary to the result for cones with laminar 
boundary-layer flow, the change in the direction of the 
heat flow produces roughly 100 per cent change in the 
amount of heat transferred in the transitional, as well as 
in the turbulent, flow region. The question whether the 
separation of the data is due to the direction of heat 
flow or due to the difference in wall temperature cannot 
be answered from these experiments. Data in a larger 
range of wall temperatures are necessary to answer this 
question. 

The data from the starting section of the cylinder for 
the cold model seem to follow the equation for laminar 
flow over a flat plate as given by Crocco.10 Taking into 
account the ratio of wall temperature and ambient tem­
perature for the flow conditions prevailing on the model 
in the wind tunnel, the equation reads 

Nu 0.295 Reo,sPrlj, 

The data for the heated wall indicate- an appreciable 
amount of turbulent motion in the boundary layer. In 
the turbulent-flow region, the heat transfer for heat flow 
from the wall to the air follows closely the turbulent 
correlation of heat transfer as derived from the momen­
tum-heat transfer analogy by Colburnll for subsonic 
veIoci ties-viz., 

The data compiled so far are not sufficient to make any 
final conclusions. The data, however, indicate that 
small changes of temperature distributions in the bound­
ary layer near the wall are likely to cause large changes 
in heat transfer. This is one reason for the nonuni­
formity of the available heat-transfer data. From the 
data that we have we must conclude that we cannot ex­
pect a high accuracy in predicting turbulent heat trans­
fer. The application of the well-known Colburn corre­
lation for practical design purposes will give fairly ac­
curate data up to :Mach Numbers of about 5, as was 
found at free-flight tests by Fischer and Norris.12 In the 
higher Mach Number region, however, predictions are 
uncertain, as recently pointed out by Kaye,13 who at­
tempted to determine temperature distributions in a 
wing flying at supersonic speeds. 

TRANSITION OF THE BOUNDARY LAYER 

Considerations of the stability of a laminar boundary 
layer are of considerable practical interest because of 
the large change in equilibrium temperature, as well as 
in heat transfer, associated with the change of bound­
ary-layer flow. Boundary-layer theory shows that 
there is a principal difference between subsonic and 
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supersonic flow. \\lllereas in subsonic flow instapility 
of a boundary layer will occur in all cases for sufficiently 
high Reynolds Numbers, in supersonic flow there exists 
a cri~ica1 Reynolds Number above which a boundary 
layer will stay laminar. If the prediction as given in a 
theory by Lees and Lin14, 15 is correct, radiative cooling 
might be sufficient in particular cases to keep a bound­
ary layer laminar. 

In Fig. 11, the Reynolds Number of transition which 
can be observed in a wind-tunnel test is plotted as a 
function of the ratio of wall temperature, Tw, to ambient 
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air temperature, T I , for ratios T wlTl between 2.3 and 
3.0. The transition Reynolds N nmber increases by a 
factor of about 3 when the wall temperature is lowered 
over about lOOoe. A wall temperature for which a 
boundary layer stays laminar over the entire length of 
the body has not yet been established. 

CONCLUSIONS 

The experimental investigations of temperature re­
covery, heat transmission, and boundary-layer transi­
tion in the N.O.L. Aeroballistics Wind Tunnel have 
shown the following: 

(1) Temperature-recovery factors in a laminar-flow 
boundary layer, measured on small cones with total 
angles between 10° and 80 0

, have been found to be inde­
pendent of Reynolds Number and Mach Number in a 
range between .AI 0.88 and 4.65 and can be repre­
sented by the square root of the Prandtl Number for a 
Prandtl Number evaluated at wall conditions. 

(2) The transitional recovery factor rises with 
Reynolds Number to a maximum that is higher than the 
turbulent recovery factor for the same Mach Number. 

(3) The turbulent recovery factor obtained from 
temperature measurements on cylinders at ]'v[ = 2.87 
and 4.25 is found to be independent of Reynolds Num­
ber but 5 per cent higher for jvI = 4.25 than it is for 
1vf = 2.87. 

(4) The Nusselt-Reynolds relation for heat transfer 
with laminar boundary layers, determined from cones 
at Mach Numbers between 0.88 and can be 
represented by known correlations. No influence of 
Mach Number and little influence of the direction cf 
heat flow has been found. 

(5) Transitional and tUrbulent heat transfer for a 
cone-cylinder model at 111 2.87 shows separation of 
the data according to the direction of the heat flow. 
There are not sufficient data yet to approve or dis­
approve existing approximate analyses. 

(6) All the experimental data on temperature re­
covery and heat transfer are taken between 50° 
and +50°C. Verification of the data at higher tem­
peratures will be indispensable for practical applica­
tions. 

The Reynolds Number for transition to turbulent 
boundary-layer flow becomes lower for higher Mach 
Numbers. For a constant Mach Number, this 
Reync1ds Number increases as the model wall becomes 
cooler. 
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The Lift, Rolling Moment, and 
Pitching Moment on Wings in 
Nonuniform Supersonic Flow * 

HENRY L. ALDENt AND LEON H. SCHINDELt 

lJ1auachuJ'ettJ' InJ'titute oj Technology 

SUlIiMARY 

A method is developed for computing aerodynamic coefficients 
of wings in arbitrary nonuniform supersonic flows. It is shown 
that lift, pitching moments, and rolling moments can be obtained 
by single integrations without calculation of pressure distribu­
tions as an intennediate stage. Application of the method to 
wings with supersonic leading and trailing edges is formally simi­
lar to conventional strip methods but gives results that are cor­
rect within the limits of three-dimensional linearized theory. 

="JOMENCLATURE 

a tangent of sweepback angle of leading edge 
b wing span 
c wing chord at root 
d tangent of sweepforward angle of trailing edge 
e, f intersection of Mach line and leading edge 
l rolling moment 
m pitching moment 
q dynamic pressure (free stream) 
t parameter locating spanwise position of upwash pulse 
u velocity perturbation in x-direction 
v velocity perturbation in y-direction 
w upwash velocity perturbation in z-direction 
Wp upwash due to pulse 
x chordwise coordinate on wing 
y spanwise coordinate on wing 
z vertical coordinate 
A.R. = aspect ratio 
CL lift coefficient 
Cp 

F(t) 
L 
11£ 
pet) 
R(t) 
u 

pressure coefficient 
influence function for lift 
lift 
Mach Xumber (free stream) 
pitching moment influence function 
rolling moment influence function 
free-stream velocity 
local stream angle at wing tip 

v'M2 - 1 
span wise coordinate on wing 
chordwise coordinate on wing 
perturbation velocity potential 

INTRODUCTION 

T HE COEFFICIENTS OF LIFT AND PITCHING :\IOYlENT 

of supersonic aircraft are known to be affected ap-

Received July 19, 1951. 
* This work was carried out as part of the Guided Missiles Pro­

gram (Project Meteor) at the Massachusetts Institute of Tech­
nology and was sponsored by the Bureau of Ordnance of the Xavy 
Department. 

t Xaval Supersonic Laboratory. 

preciably by downwash flows over tails and aft wings. 
In cases where there are stringent requirements on con­
trol and stabi'lity of the air frame, these effects must be 
included in any accurate performance estimate of wing­
tail combinations. Much work, both theoretical and 
experimental, has been carried out on various phases of 
the problem, including studies of pressure interference 
between wings and bodies and between vertical and 
horizontal surfaces of cruciforms, and investigations 
into the structure of flow fields behind lifting surfaces. l 

If a flow field is known, the problem of downwash effects 
is resolved into the calculation of aerodynamic coef­
ficients of tail surfaces that operate within the nonuni­
form supersonic flow. In principle, this calculation 
can be carried out by integrating fundamental solutions 
of the wave equation2 to obtain pressure distributions 
and, hence, the aerodynamic coefficients; in practice, 
the labor required is enormous. This report deals with 
the problem by developing a simple method for the 
direct computation of lift, pitching moment, and roll­
ing moment without recourse to the intermediate stage 
of pressure distributions. The general approach em-

'ploys the idea of lifting strips, as presented by Lager­
strom and Van DykeS for the case of straight trailing 
edges. 

7 

BASIC EQUATIONS 

The theoretical derivation is subject to the restric­
tions of non viscous linearized theory and is based on the 

FIG. I. 
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standard form of the wave equation for the velocity 
potential of small disturbances, 

02~ 02~ 02~ 
{32 -- - - - - = 0 

ox 2 oy2 OZ2 (1) 

where o~/ox = u, o~/oy = v, and o<p/oz = w. The 
flow is represented as a stream of velocity U in the x­
direction (see Fig. 1) with perturbations v and w. The 
absence of a perturbation in the x-direction (u) implies 
a constant-pressure field and no variation of v or w in 
the flow direction, a situation that physically corre­
sponds to a downwash field several chord lengths be­
hind a wing or at least far enough downstream for the 
flow pattern to have stabilized. Associated with the 
field is a velocity potential that satisfies Eq. (1). In 
this field is placed a thin airfoil that will disturb the 
field in a manner determined mathematically by a 
second potential also satisfying Eq. (1). It is this 
second potential that will describe the pressures and 
aerodynamic behavior of the airfoil and which will be 
termed the wing potential ~ for the purpose of theoreti­
cal development. 

The airfoil surfaces under consideration are taken as 
flat planar surfaces with supersonic leading and trailing 
edges, as well as tip edges that are aligned with the 
stream. Within these limitations the wing may have 
arbitrary angles of leading-edge sweep, trailing-edge 
sweep, and aspect ratio. 

The boundary conditions are thus set up for flat 
plates, since the increments due to thickness are addi­
tive and can be treated independently. In the plane 
of the wing, the flow field has an upward velocity w(y) 
and a lateral velocity v(y) which are constant in the 
chordwise direction; to ensure that flow over the wing 
is tangent to the surface, it is sufficient to specify that 
the vertical velocity of the wing potential cancels the 
vertical stream velocity or 

w(y) + (o~/oz) = 0 (2) 

on the wing in the plane z = O. Off the wing in the 
z = 0 plane, the pressure will be zero.2.~ Since Cp = 

-2u/U = 0, 

(3) 

off the wing in the plane z = O. Provided there are 
no subsonic edges, Eq. (1), with the boundary condi­
tions expressed in Eqs. (2) and (3), determines a wing 
·potential that will vanish at an infinite distance from 
the plane of the wing. For the present purpose, the 
argument is carried through for wings with supersonic 
leading and trailing edges, as indicated in the typical 
plan form in Fig. 1. The problem, as stated here, is 
completely equivalent to a warped wing in a uniform 
flow if small chordwise strips are inclined to the stream 
at various angles equal to w(y)/U. 

By superimposing fundamental source solutions to 
Eq. (1), several authors have been able to demonstrate 
that full solutions to the above problem can be expressed 
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formally as integrals. The lift, for example, can be 
written as a triple integral with variable limits. The 
wing potential, a double integral over the fore-cones of 
Mach lines, is given as 2 

rp(x, y) = !. f (. ga, 7J)d~d7] (4) 
7f" JA V(x - ~)2 - f32(y - 71)2 

areas of integration which would give the potential on 
the trailing edge are indicated in Fig. 2, showing that, 
for points (x, y) not influenced by tip Mach lines, the 
region A is the Mach fore-cone, whereas in tip zones 
the region is modified as shown. To evaluate the lift 
in a field of arbitrary vertical velocities by pursuing 
this method is generally impractical. A different ap-

where g(~, 7]) = upwash distribution function. Sample proach is desirable. 
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FIG. 7. Linear symmetric upwash distribution wet) and influence 
function Fet) for rectangular wing of effective aspect ratio 4. 
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It is assumed that the up wash can be divided into 
elements, as indicated in Fig. 3, with the objective of 
computing the increment of lift from a representative 
element. The total lift results from the proper addi­
tion of increments. Specifically, an up wash element or 
pulse of unit strength, W p07] = 1, is placed at spanwise 
station, 7] = t, while everywhere else W = O. The 
pressure disturbance will spread over the Mach cone 
from the leading edge and will produce, upon integra­
tion, an increment of lift which evidently will be a func­
tion of the pulse position t and the geometry of the wing. 
The methods of solving for the influence of a single 
pulse are relatively simple and stem from application of 
the formal solution of Eq. (4) and formulas derivable 
from it. For given plan forms, the lift due to a unit 
pulse at t can be expressed as F(t), the integral of pres­
sure over the disturbed region. The total downwash 
is a continuous distribution of pulses of various strengths 
w(t)dt at various positions along the span, with the re­
sult that, if the lift increment is written 

dL = [w(t) dtJ F(t) 

it follows that the total lift is 

L = jb/2 F(t)w(t) dt 
-(b/2) 

(5) 

The function F(t) is the influence function for lift; 
once it is known for a given plan form, the computation 
proceeds by determining the area under a single curve, 
a process similar to approximate strip theories. 

INFLUENCE FUNCTION FOR LIFT 

This computation is most easily carried out by use of 
an expression for pressure coefficient derived from Eq. 
(4). When the downwash is constant in the chordwise 
direction, as assumed here, Mirels5 demonstrates that 
the difference in pressure coefficients between .the top 
and bottom surfaces at a point (x, y) is given by a single 
integration 

(6) 

where h (7]) = up wash velocity = Wp and where the 
typical paths are along the leading edge between e and 
f on Fig. 4. The unit pulse, W p07] = 1, results in zero 
upwash except for an extremely narrow zone 071 at 7] = 

t; at this point, ~ = a7] = at. The radical is substan­
tially constant over the range of t to t + 07], and there­
fore Eq. (6) can be evaluated at once as 

The regions of influence of the pulse in the central and 
tip regions are shown in Fig. 5. As a result of the spe­
cial integration limits in the tip area, there is a section 

where the pressure cancels and the value of f:.Cp is zero, 
not that given by Eq. (7). The resultant lift is the 
influence function and is given by 

F(t) = q J.~ f:.Cpdxdy = 

4q Ii dxdy --- (8) 
Un B V (x - at)2 - f32(y - t)2 

Fig. 5 shows sample areas of integration. The plan­
form characteristics--chord, span, and leading- and 
trailing-edge sweep-will define the exact areas B for a 
given Mach Number and will thus determine the shape 
of the curve F(t). However, it is significant to note 
that in any case the areas B are simply Mach cones 
starting at the leading edge and spreading to the trail­
ing edge; near the tip, the Mach line reflects back from 
the tip edge. Thus, if the flow were coming from the 
opposite direction, these areas would represent the 
fore-cones of points on the downstream edge. This 
suggests that F(t) is also the solution to a reverse flow. 

Let it be assumed that there is a reverse flow over 
the wing of Fig. 5 at the same Mach Number. Refer­
ence to the integral of potential of Eq. (4) and its areas 
of integration in Fig. 2 shows that the areas B of Fig. 5 
are fore-cone areas of integration for calculating a re­
verse flow potential at the downstream edge. It is con­
venient to note in this connection that spanwise loading 
is related to the wing potential at the trailing edge 
by 

dL 

dy i
T .Eo 

q f:.Cpdx = 
L.Eo 

- -dx 
4q iToE. 010 
U L.E. ox 

4q 
= U IO(Trailing Edge) 

A comparison may be made between the influence 
function, Eq. (8), and the spanwiseloadingfora uniform 
reverse flow with unit constant upwash. Using Eq. 
(4) with g(~, 7]) = 1 and using the coordinate system of 
Fig. 5 in which the downstream edge for reverse flow is 
defined by x = ay, the resulting span load is 

dL (y) 4q I ( d~d7] (9) 
dy = Un J B Va - ay)2 - f32(7] _ y)2 

By comparison, the function dL/dy(y) is identical with 
F(t). The influence function for lift is, then, the span 
loading of the reversed wing flying at a constant angle 
of attack. The span loadings for wings of various 
plan forms are available,6 and they can be used directly 
to obtain the influence function, F(t). For generalized 
trapezoidal wings it is given below. The wing is split 
into three spanwise zones, as shown in Fig. 6, having 
associated with them, respectively, three formulas for 
the influence function. 
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For Zone I: 

4q { [d UJ2 - d
2
)t ] (c - at - dt) COS-1 - - + 

U1rV 132 - d2 13 (3(e at - dt) 

For Zone II: 

Fn(t) 

For Zone III: 

r d (8 2 

(e - at + dt) cos-1 L- + ' 
13 {3( c 

--;==== (c - at - dt) 
d2 

11 

d
2
)t ]} 

at + dt) , 
(10) 

(ll) 

FmCt) ~;===--dt COS-1[1- (13 + d)(b =?..t2].+ ~/?(b - 2t)(c + dt - db-
d2 c - at - dt" {3 - d 

- (b 2t)2} (12) 

If the Mach Hnes from the tip and the root overlap, the influence function in the overlapping region is 

F(t) = FICt) + Fm(t) - Fu(t) 

EXAMPLE OF LIFT CALCULATION 

In general application, the lift is computed from Eq. (5) by mUltiplying the curve F(t) by wet) and measuring 
the included area graphically. However, for illustration, an example is chosen which can also be calculated 
analytically. Consider a rectangular wing of aspect ratio 2 or greater [for which F(t) is found by letting a d () 
in Eqs. (10), (11), and (12) ~ in a field of linear symmetric upwash (Fig. 7). Thus, for the right half-wing, 

FI(t) = FuCt) = 4qc/ U (3 

Fm(t) = U{3 {; cos-1 [1 - (~b - 2~)] + ; ~2 (e : 2{3 D 
and wet) = [UaT/(b/2)]t 

The product of F(t) and wet) is shown by the dotted curve in Fig. 8 and encloses an area that can be evaluated 
analytically to give 

210/2 

b 
F(t)w(t)dt 

q c 0 

tdt + -- cos-1 1 - - - 2 - + 16aT 1 (bI2) -(efl3) 16aT l bl2 t { [ (13b (3t)] 
(3b 2 0 ,eb2 (biZ) _ (c/~) 1r c c 

~'2-(-~b-2 {3-'-c
t)-({3-: _-2-~-ty} dt 

(1/ (3A.R.) + [1/2({3A.R.)2] I 

Lagerstrom and Graham7 treated this case, with the same result, by integrating the pressure coefficients. In 
addition, the actual span loading that they obtained is plotted in Fig. 8 for comparison with the product F(t)w(t). 
Although both yield the correct lift coefficient upon integration, only the true loading curve could be used to com­
pute the bending moment about the wing root chord, since an attempt to treat F(t)w(t) as a load distribution curve 
obviously would produce an erroneous bending moment and is unjustified. Similarly, treating F(t)w(t) as a load 
distribution curve in will not correctly give the roll moment on a wing in a nonuniform stream. To com­
pute roll moments in nonuniform fields it is necessary to use a roll moment influence function analogous to the 
lift function. 

I.r-.."FLUENCE FUNCTIONS FOR ROLL MOl\IENTS 

By similar methods it is possible to derive a rolling moment influence function R(t) such tltat the total rolling 
moment around the root chord of a wing is 

J
bl 2 

I = -biZ w(t)R(t)dt (13) 



12 J 0 U R ;:.;; A L 0 F THE A E R 0 X AUT I CAL SCI ENe E S - JAN U A R Y, 1 952 

Consider the contribution to rolling moment due to the unit pulse of Fig. 3. The pressure at each point within 
the disturbed region must be multiplied by its moment arm y and then integrated over the area. The pressures 
are given by (7). The contribution of a pulse at station t to the rolling moment is now 

R(t) = 4; f r --;========== 
Urr JB (14) 

The integration areas are again those of Fig. 5. As before, this expression is to be compared with the span loading 
of a reverse flow. This time the reverse flow contains a linear variation of vertical velocity along the span and is 
zero at the root with a slope of one-that is, get, 7) = 7) ill (4). Again using the coordinate system of Fig. 5, 
the span loading in reverse flow is 

dL (y) = 4; f r ;===~~=== 
dy U7r JE (15) 

Since the limits of integration are those used previously, (15) is the same function as Eq. (14). The flow de­
scribed by Eq. (15), or the roll influence function, is equivalent to the span loading of a reverse uniform flow in 
which the wing is rolling at 1 rad. per sec. The span loadings on rolling trapezoidal wings have been calculated 
by Lagerstrom and Graham.7 

Referring to the zones of Fig. 6 and the work of Lagerstrom and Graham, the influence functions for roll can be 
obtained. 

For Zone I: 

RI(t) 

For Zone II: 

For Zone III: 

Rm(t) 

t 

b/2 

t 
- (a + 
c [ 2 (3t + td (a - d) - ~J [ti - (1 + a~)l 

c (3 (3 C (32 
((3b/c)[l cos-

1 

1 (t/c)(a +d)...J + 

Rn(t) 

[
~ + ~ (1 ~)] ,_. __ . __ ....... _-

cos-
1 

1 _ (t/ c) (a d) -

{
2t[C - tea + d)] 

U(3 VI - (d 2/(32) 

(d/(3)[c - tea + d)]2} 
(3[1 - (d 2/ (32)]'/2 

;(a+d)J[2'~+ic(a-d)-~J [~((3+d)G t)] 
((3b/c) [1 - (d 2/ (32)]'/2 cos-

1 
1 - 1 (t/c)(a + d) + 

((3 a) - ~ ((3 + d) + 1 [~((3 + d) - ~ (d ~ .. a) + ~ ic ((3 + d)] 

(b/2c)((3 - d) 1 (d2/,B2) 

~ [~ ((3 a) - !'. ((3 + d) + I]';' 
2(3b t c 2c 
-3~- 1 - b/2 (b/2c)((3 - d) 

If the Mach line from the tip and the root overlap, the influence function in the overlapping region is 

R(t) = RI(t) + Rm(t) - Rn(t) 

INFLlJENCE FL"'NCTIONS FOR PITCHING :MOMENTS 

(16) 

(17) 

(18) 

Proceeding in'the same manner, the pitching moment about the 7) axis of Fig. 5 is expressed in terms of an in­
fluence function pet) by 

1 
(bI2) 

m = w(t)P(t)dt 
-(b/2) 

(19) 
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Computing the pitching moment of a unit pulse 

pet) = f r x dx dy 
U7r JB vex - at)2 - fJ2(y - t)2 

(20) 

In a uniform reverse flow the function pet) compares with the span load of wings pitching at 1 rad. per sec. about 
the downstream?] axis. For this case ?]) = ~ in Eq. (4), and 

~~ (y) (21) 

Thus Eqs. (20) and (21) are identified; this relationship is preserved for arbitrary choices of the axis of pitching 
moment. 

The influence function curves for pitching trapezoidal wings are: 

For Zone I: 

For Zone II: 

Pu(t) 

For Zone III .. 

(
b 

(fJ + d) ~ 

t 
1 a 

c 

2 

( d! - a ~J (1 - d ~ - a [) 
d2 C C; \ C C; 

t t)2 - a - d-
C C 

+ ~ G - 2 D (fJ + d) [3 (1 t), (t t) 2a ~ (fJ2 - d2) - 1 - a ~ - d ~ X 

The influence function in the overlapping region is 

pet) = PI(t) + Pm(t) - Pu(t) 

The axis of moments for these formulas goes through the middle of the wing root chord. 

(23) 
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DISCUSSION 

Wing lift, moments of roll, and moments of pitch are 
readily computed in dOV'.'ll.wash fields by Eqs. (5), 
(13), and (19), respectively. For any wing with super­
sonic leading and trailing edges, the appropriate in­
fluence functions have been identified ,vith load dis­
tributions in reverse uniform flows. The problem of 
thickness ratio, not considered in this report, can be 
treated independently by the linear theory and is the 
same as in the case of uniform flow; previous results 
for wave drag due to thickness are valid for nonuniform 
flows. 

The influence functions may be computed byapplica­
tion of Eqs. (8), (14), and (20). They are given here 
for generalized trapezoidal wings. For rectangular 
wings, the functions are illustrated in 9. In general 
they show, as expected, the effects of three-dimensional 
flows in the vicinity of roots and wing tips. In com­
parison with two-dimensional strip theories, the three­
dimensional treatment shows marked differences in 
these root and tip regions, confirming the idea that low 
aspect ratio wings that consist mostly of root and tip 
cannot be treated with any success by two-dimensional 
concepts. 

Inspection of influence functions for lift and pitching 
moment shows that it is possible for different distribu­
tions of downwash to produce the same total lift but 
different moments. Thus, the spanwise distribution 
of downwash will have an effect on the chordwise center 
of pressure. From the point of view of tail efficiency, 
then, the reduction in lift due to dovl'nwash might be 
expressed in terms of one efficiency, while the moment 
efficiency would have a different value because of the 
shift in the center of pressure. This fact, which is al­
ready known from experiment, is shown by analysis to 
be an inherent feature of nonuniform dowuwash dis­
tributions flowing over planar tails. 

The analysis, however, is restricted by the assump­
tions of the linearized theory. If, as would be expected, 
the importance of wing thickness is similar to that in 
the case of uniform flows, the pitching moment should 
be modified by a correction such as Busemann's higher 
order approximation, whereas the lift and rolling mo­
ment would be properly predicted for closed profiles by 
the linear formulas. 

The extension of influence functions to include sub­
sonic leading and trailing edges has not been attempted. 
Such extension would introduce questions concerning 
the Kutta condition at trailing edges and the proper 
application of leading-edge suction and would make the 
problem in general more complicated. The results of 
an investigation, however, would be of interest to the 
designers of airfoils having highly swept plan forms. 
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The Interpretation of Failure Loads in the 
Plastic Theory of Continuous Beams and 

Frames 
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SD'"MMARY 

Plastic failure loads on continuous beams and rigid frames of 
ductile metal can be simply computed when certain assumptions 
concerning the moment-curvature relations are made and when it 
is assumed that individual loads remain in constant ratio to each 
other during the loading process, so that the load value is de­
fined by a single parameter. The simple theory is mainly con­
cerned with the prediction of the maximum load a structure can 
carry before "plastic collapse" occurs. However, in some cases it 
will be desirable to estimate some of the deflections, and a case of 
a continuous beam is described herein in which the calculation of 
plastic failure load may be misleading unless accompanied by a de­
flection analysis. The deflection values that make the plastic 
analysis meaningful are calculated for this case by a simple ap­
proximate method that requires little additional labor after the 
plastic failure load has been determined. The results are com­
pared with test results previously published by Stiissi and Koll­
brunner" and by lVIaier-Leibnitz.1, 12 The method may be used 
for general framed structures, and an analysis of a two-story 
portal frame is given as a further illustration of its use. 

(1) INTRODUCTION 

T HE PLASTIC METHODS OF AKALYSIS and design for 
beams and frames of ductile meta}l-7 are ..,.,."""hr 

concerned with the load at which failure by "plastic 
collapse" would occur. The basic assumption of these 
methods is that the bending moment at any cross sec­
tion cannot exceed a value termed "the fully plastic 
moment." This value corresponds to the spread of 
plastic zones across the entire cross section, and, as it is 
approached, large changes in curvature can occur, with 
negligibly small in bending moment. A "plastic 
hinge" is said to occur at a cross section where the fully 
plastic moment is developed, since it is assumed that 
hinge action can then take place at this cross section 
while t.1J.e bending moment remains constant. 

Under these hypotheses, when the loads on a framed 
structure are steadily increased in fixed proportion to 
each other, a critical load is finally reached at which the 
structure would become a mechanism owing to the 
formation of plastic hinges at a sufficient number of 
sections. It has been shown 8-6 how this critical load can 
be easily calculated as compared with elastic analyses 
for highly redundant structures. 
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Tests, 1, 8, 8 as well as theoretical considerations, show 
that in actual structures a certain amount of strain­
hardening always takes place at the cross sections where 
plastic hinges form in the theory, so that the load can 
be carried slightly above the theoretical collapse value. 
In practice, complete collapse, witb a drop or total loss 
of load-carrying capacity, occurs only when additional 
effects arise, such as lateral instability of beams, rupture 
of welds, additional moments due to large deflections, 
etc. These effects ordinarily appear only after large 
plastic deformations have been produced, at loads ex­
ceeding the theoretical collapse value. The collapse 
load of the plastic theory then a good estimate, 
generally conservative; of the observed load at which 
small load increases produce much deflections 
than at previous load levels. 

15 

Although most of the experimental investigations 
have dealt with mild steel structures, the methods 
should be useful in cases of structures of other metals of 
sufficient ductility. The effects of strain-hardening 
should be qualitatively" the same: The actual structure 
does not collapse at the critical load of the theory but 
carries loads more or less higher than this, depending on 
the rate of strain-hardening. Further experimental in­
vestigations are needed; questions of failure by rupture 
or by buckling, among others, must be investigated for 
the metals tbat have not yet been studied. 

The plastic methods are directly concemed with 
loads rather than with deflections, although the criterion 
of failure is the imminence of large plastic deflections. 
In cases where the precise values of the permissible de­
flections themselves are the primary. quantities that 
control a the plastic theory win probably not be 
applicable. The exact calculation of deflections in a 
partially yielded redundant structure is a formidable 
task, especially if measured stress-strain characteristics 
are used. Even for simple beams, fairly lengthy calcu­
lations are required,S while, for redundant structures, 
trial-and-error procedures must be carried out based on 
extensive preliminary computations. to Except for re­
search purposes, such calculations would never be justi­
fied, however. They are based on assump­
tions as to constancy of physical properties, such as the 
yield stress, the strain at which strain-hardening begins, 
etc., and as to conditions of end-fixing, rigidity of sup-
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(a.) 

(b) 

(c) [~ .~ 
p ; 

LI ------i 
FIG. L Type of continuous beam tested by Stiissi and Koll­

brunnerll and Maier-Leibnitz.12 

ports, absence of residual stresses, and the like. :Many 
tests have ShOV\lI1 that in actual structures these 
conditions may vary by large amounts quite unpre­
dictably. :110reover, if elaborate calculations to de­
termine deflections had to be made, the great ad­
vantages of the simplicity and directness of the plastic 
methods would be lost, and conventional elastic methods 
would be better employed. 

In many cases, however, fairly rough estimates of de­
flections either at the critical collapse load or at the 
normal working loads may be desirable, or necessary, 
and it would be useful to have for these cases a method 
of estimating important deflections which would require 
only a small amount of work beyond that needed for the 
usual plastic analysis. The present paper shows how 
such deflection estimates can be easily obtained, with 
some indications as to their probable accuracy. 

CONTINUOUS BEAM:S 

As an example in which deflection estimates are essen­
tial in order to make the plastic analysis fully meaning­
ful, consider the continuous beam and loading shown in 
Fig. lao Tests on this t)'])e of structure were reported 
by Stfissi and Kollbrunner,11 whose main purpose was 
to investigate the effect of changing the ratio Ld L2 on 
the observed failure load. The concept of failure load 
used by Stfissi and Kollbrunner was not the plastic col­
lapse load derived from the fully plastic moment values, 
which is the basis of present-day methods. They were 
concerned with loads at which complete collapse oc­
curred rather than with the load at which a given load 
incrcment first begins to produce much larger plastic 
deformations than previously. 

Let the fully plastic moment of the beam (assumed of 
uniform section and material) be Alp. Then the load P 
has reached the plastic collapse value Pc when the bend­
ing moments at the midpoint m and at supports Band 
C have reached the magnitude 11;1p. To calculate PC} 
consider the moment equilibrium equation for the 
middle span under the given symmetrical loading, 

11'11" it follows that 

(2) 

The critical value Pc is therefore given by 

(3) 

This is the highest load that can be applied without 
violating either the equilibrium conditions or the re­
quirement that the bending moment shall not exceed 
the fully plastic moment in magnitude at any section. 

If outer spans were removed, leaving the central 
span simply supported, the collapse load I would be 

(4) 

Apparently, therefore, the effect of attaching the outer 
spans is to double the load at which plastic collapse 
occurs according to the plastic theory, and this result is 
true independently of the length L l • However, if Ll is 
made extremely large compared to L z, the middle span 
becomes effectively simply supported. There is ap­
parentlyan inconsistency in the plastic theory, which in 
the one case predicts a failure load 411;1p/ Lz and in the 
other case predicts twice this value for effectively the 
same simply supported beam. This was pointed out by 
Stfissi and Kollbrunner, who cited their test results to 
show that the failure load of the continuous beam with 
large ratios of Ll/Lz was less than double the failure load 
of a beam without outer spans. They concluded, there­
fore, that the "moment equalization" method, as they 
called it, was not sound, since it led to an overestimate 
of the failure load in this case. 

There is, in fact, no inconsistency in the plastic 
theory. According to this, if there are outer spans of 
any finite length, then the rate of increase of deflection 
w-ith load is finite, since it is limited by the elastic con­
straint of the outer spans. This is true until the 
moments at the supports Band C reach the negative 
fully plastic moment, when theoretically the deflection 
begins to increase at an infinite rate. 

The difficulty in the present example is that if the 
ratio is made extremely large, then a large deflec­
tion of the central span will occur before the moments 
jlfB arId A1c reach thefully plastic value. Normally, the 
plastic failure effect is observed as a transition from 
moderate to much higher rates of deflection with load. 
In the present case, if L 1/ Lz is made large, this would 
become increasingly difficult to observe. It is evident 
that the theoretical collapse load may not, in this case, 
give a reliable indication of the limiting useful load 
that the structure can carry; for, if LJ/Lz is large 
enough, tolerable deflection values would probably be 
exceeded before the theoretical failure load is reached. 
The usual plastic analysis must therefore, in this case, 
be accompanied by an estimate of important deflections. 
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To estimate the central deflection Om in the present 
case at the instant when the critical load has just been 
reached, we note that continuity of slope still exists 
across any section until the full plastic moment is de­
veloped there. Therefore, at a load infinitesimally be­
low the critical value there is continuity of slope across 
the section at C, since it is obvious in this case that the 
fully plastic moment develops first at the ruidpointm and, 
finally, at C, leading to plastic collapse. Free-body dia­
grams of the lengths mC and CD are shown in Fig. Ie, 
with the moments ll-nd deflections as they would be just 
as the failure load is reached. 

The following two assumptions will be made: 
(1) Each span retains its original flexural rigidity EI 

except at the cross sections where fully plastic moments 
are reached. 

(2) Rotations occur freely at constant moment values 
at the cross sections where the fully plastic moments are 
developed. 

The first of these amounts to neglecting the additional 
flexibility caused by the spread of plastic zones along the 
length of the members. The second states that the 
strain-hardening at sections where plastic hinges are 
formed is to be ignored. The errors caused by these 
two assumptions tend to cancel each other, so that the 
calculation of deflections based on them may often be 
accurate. This calculation can be made directly from 
the collapse analysis without requiring successive elastic 
solutions for the beam as various plastic hinges have 
formed. 

The last plastic hinge having formed at C, continuity 
of slope just as the collapse load is reached requires 
that 

(5) 

these being the clockwise angles of rotation at the ends 
at C of the spans Cm and CD, respectively. The slope­
deflection equations* for these spans are 

2EI 1 
-(J =-7\!I 
~ Om 3- l' 

1 
-M, 6 p 

(EI/L1)OoD = - (1/3)lv[p 

(6) 

(7) 

After equating the expressions for (Jam and (JOD and 
solving for Om, we obtain 

(JlpLN24EI) [1 (8) 

This result shows at once that the plastic collapse 
load calculated for the extreme case in which LrI~ 00 

has no practical significance, since the deflection Om 

The general form for a span PQ is as follows: 

(EI/I)(OPQ - tJpr/ oil) = (1/3)J;fPQ - (1/6)J,fQP 

where EI flexural rigidity (constant), I = length of span, IJpQ 

= slope angle of P, opQ' = slope angle at P which given span 
loads would produce if the span were simply supported at P and 
Q, (} = relative displacement of ends, and lI£PQ, are end 
moments at P, Q, respectively. Signs of all slope angles, a/I, and 
all end moments are defined by the positive-clockwise convention. 
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FIG. 2a. Curve shows deflections measured by Stiissi and 
Kollbrunnerll on continuous beam of dimensions shown. Pc 
is collapse load and am is approximate deflection at collapse, 
determined by simple plastic theory. 

would also become infinite. This limiting case, how­
ever, is of interest mostly as a mathematical curiosity. 
For spans of reasonable length ratios the failure load 
and central deflection values of the simple plastic 
theory have their usual significance of marking the 
transition from moderate rates of deflection with load 
to much higher deflection rates, with useful accuracy. 

Stiissi and Kollbrunnerll tested steel beams with span 
ratios Ll/L2 equal to 3, 2, 1, and 1h. in addition to a 
simply supported beam. In all cases L2 was 60 cm. 
However. the only curve for load plotted against central 
deflection reproduced in their paper is that for the case 
Ll/L2 2. The measured points given for this case 
(beams 532/6 and 534/8) are shown in Fig. 2a, together 
with the point corresponding to the calculated collapse 
load and central deflection according to the simple 
plastic theory. No value of NIp is given in the paper; 
however, a sufficiently close estimate is obtained by 
multiplying the yield moment My by a shape factor 
1.10 appropriate to the rather light I-section used. 
(The dimensions given are shown in Fig. 

.:vIp (9) 

Fig. 2a shows how Pc and O,ft given by the simple theory 
appear in relation to the curve of load vs. midpoint de­
flection measured by Stiissi and Kollbrunner. The 
point with coordinates (Pc. Om) does not fall on the 
measured curve. However, the value P< gives a fair 
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estimate of the plastic failure load, and Om indicates 
roughly the magnitude of the deflection at the load at 
which large plastic deformations begin to occur. StUssi 
and Kollbrunner gave the total failure load for this 
beam as P w 3.90 tons, without stating precisely what 
happened at this load except that "deformation = OJ." 
Since the usual effect of strain-hardening is to cause the 
load-deflection curve to rise steadily until an additional 
effect, such as rupture or buckling, causes a drop in the 
load-carrying capacity, it is difficult to interpret the 
meaning of Pw without supposing that one of these 
effects occurred. The failure load Pc, with which the 
plastic theory is properly concerned, is conservative, 
since in almost all cases slightly higher loads can be sup­
ported. 

Further tests on a beam loaded as shown in Fig. la 
and with LI/L2 2 were made by Maier-Leibnitz. 12 

The beam tested was of steel, with area A = 25.8 cm. 2, 

section modulus Z = 90 em. 3, I = 453 cm. 4, Lz 60 cm., 
E 2,035 tons per cm. 2

, lIy 2.455 tons per cm.2
• The 

latter is the lower yield stress obtained by averaging 
values from four specimens cut from flanges. The 
value of Afp calculated from the cross-section dimen­
sions (see Fig. 2b), and the above value of lIy is 248 ton­
cm., corresponding to a "shape factor" of 1.12. \Vith 
these values the Eqs. (3) and (8) yield the results 

= 16.5 tons, 1.45 cm. (10) 

This point is plotted in 2b for comparison ,vith the 
measured deflection curve. The beam used in these 
tests was strengthened at the supports and load point, 
and Fig. 2b shows that this had considerable stiffening 
effect. If the value for of 262.5 cm. is used, as sug­
gested by Maier-Leibnitz on the basis of tests on a 
simply supported and centrally loaded beam, the calcu-

lated values are Pc 17.5 tons, Om = 1.54 cm. This 
point lies close to the experimental curve. However, it 
seems advisable to calculate Afp from the measured 
yield stress and section dimensions in assessing the 
simple plastic theory. Maier-Leibnitz did not carry the 
test to complete failure and therefore did not obtain a 
value of P" corresponding to that of Stiissi and Koll­
brunner. 

As a second example of the estimation of deflections 
at the collapse load of the plastic theory, consider 
another continuous beam for which Maier-Leibnitz 
gave test results. 1 In this reference tests are described 
on the beam shown in Fig. 3a. The supports are at 
equal heights. For this steel I-section, the author gave 
the value of Mp as 660 tons per em., and further data as 
L = 80 cm., I = 1727 cm.\ E 2100 tons per cm.4. 
According to the plastic theory collapse occurs when 
the magnitudes of the moments at A and I reach the 
value Afp. The moment equilibrium equations are 

PL + (1/3)MA. 
PL + (2/3)MA 

From Eq. (11), we obtain 

PL - (1/3)1/;1A :::; (4/3)Mp 

Corresponding to the upper limit 

the set of bending moments are 

(11) 
(12) 

(13) 

(14) 

(15) 

The theoretical collapse load is, therefore, as given by 
Eq. (14). 

To estimate the deflection at the collapse load under the same simplifying assumptions made previously, the 
free-body diagrams of Fig. ab are used. It is assumed that the last plastic hinge to form is at section 1. Con­
tinuity of slope across the middle section requires that 

(16) 

These angles are given by the appropriate slope-deflection equations, in view of the assumed continuity of slope at 
section 1, as 

2EI 
3 L 8mB 1 (~M) 

3 6 p 
(17) 

1(5 ) 5 ~ -}vI + -PL 
3 6 p 54 c 

(18) 
EI 

.-----

[(3/2)LF 

The value of Om at collapse is found to be Inserting numerical values, the results are 

(103/144) (MpV /EI) (19) 11.0 tons; Om = 0.833 cm. (20) 
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The point with these coordinates is plotted in Fig. 4 for 
comparison with the measured load-deflection curve ob­
tained by Maier-Leibnitz. It will be seen that in this 
case the calculated point locates accurately the load and 
deflection values when large plastic deflections are im­
minent. 

(3) RIGID F'RA:YIES 

The method of estimating deflections used in the 
above examples may be applied to portal frames and 
other types of rigid frames such as that shown in Fig. 
5a. It is especially advantageous in these cases because 
of the high degree of redundancy usually involved. 

The method used depended on an as'sumption as to 
which plastic hinge of all the. plastic hinges that occur 
in the collapse mode of the structure was the last to form. 
In the beam exam pIes taken, the choice of the last plas­
tic hinge to form was obvious. However, in more com­
plicated frames, it is rarely obvious which hinge will 
form last, although usually it is easy to guess where the 
first few plastic hinges will occur. The procedure is to 
assume, in turn, that each of the hinges is the last to 
occur and, by applying the slope-continuity condition 
to this hinge, to calculate the corresponding value of 
some particular one of the deflections of the frame. 
The choice Of hinge that yields the largest value of that 
deflection is the correct one. The reason for this is that 
imposing a false continuity condition amounts to re­
moving a "kink"-i.e., a discontinuity in slope which 
was produced at that section in the course of bringing 
the loads up to the collapse value. However, the only 
way such a kink can be removed, while maintaining the 
values of the moments that actually occur at the col­
lapse load, is by a motion of the frame as a mechanism 
in the reverse direction to that which would occur in the 
actual mode of collapse. 'Thus, when a condition of 
slope continuity is assumed across any hinge other than 
the one actually formed last, the resulting value of the 
deflection may be considered as the true value dimin­
ished by a certain amount due to a backward motion of 
the frame as a mechanism. No such backward mecha­
nism motion is imposed when the correct choice of hinge 
is made, and this corresponds, therefore, to the largest 
value determined by the several choices. 

To illustrate by a simple example, consider again the 
continuous beam of Fig. 1. If the last hinge to form is 
assumed (erroneously) to be the one at midpoint, then 
the condition OmB = Ome is sufficient to determine a 
value om'. The pertinent slope-deflection equations 
are 

2EIOmB 1 

6 (4EI) ! + -L 2 0,,, 
2 

(21) 

(22) 

Thus, the assumption of continuity of slope at m yields 
theresuIt 
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FIG. 2b. Curve shows deflections measured by :Maier-Leib­
nitz on beam of dimensions shown. Pc is collapse load and Om is 
approximate deflection at collapse, from simple plastic theory 
(ignoring stiffeners actually present at load points). 

(0) 

(b) 

FIG. 3. Type of continuous beam tested by n,laier-Leibnitz.1 

Om' = (1/24) (23) 

Comparing this with the result for Om given by Eq. (8), 
the above value of iim' is seen to be smaller than 0", for 
any value of Ll greater than zero. The agreement be­
tween the two results for the case = 0 indicates that, 
when the beam is clamped at Band C, both plastic 
hinges form simultaneously. 
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FIG. 5a. Rigid frame and loads used to illustrate deflection 

calculation. FIG. 5b Mode of collapse; black circles show plastic 
hinge locations. FIG. 5c .Free-body diagrams used in calculation 
of deflection (shear reactions omitted for simplicity). 

If the result Eq. (23) is used to compute the discon­
tinuity in slope across the joint C (or B), we find 

OCD - Bcm = (24) 

The negative sign indicates slope angle values at section 
C corresponding to a concave upward shape of the beam. 
This absurd result is due to having made a false assump­
tion as to continuity of slope at the midpoint. As 
pointed out above, this false assumption corresponds to 
removal of a "kink" that actually existed at m by 
means of a "backward" mechanism motion of the span 
BmC. This suggests that we can obtain the correct re­
sult from Eq. (24) by imposing a "forward" mechanism 

motion of magnitude just sufficient to cancel the dis­
continuity given by Eq. (24). In this motion the outer 
spans are held rigid, all motion occurring at the hinges 
at B, m, and C. The resulting angle change at C, 
- !lOcm, is set equal to (1/3) (Llltfpl EJ). The corre­
sponding increment of deflection !lom is given by 

(25) 

The result of adding this to the value of Om' given by 
(23) is 

(; I + M = (L22 + LII:..Z) 
m q m 24 6 EI 

This is identical with the correct result for Om given by 
Eq. (8). The above process provides a check on the 
value obtained for Om which is useful in more compli­
cated problems. 

As an example of deflection calculations for a more 
complicated frame, the two-story portal frame shown 
in Fig. 5a will be considered. The vertical loads are 
taken as W and the horiwntalloads as O.90W each. 
All members are taken to have the same fully plastic 
moment 1>11" The mode of collapse under these circum­
stances is as indicated by Fig. 5b, the black circles 
representing plastic hinges. There are six redundant 
moments in this structure, and the mode of collapse in­
dicated in Fig. 5b has only six plastic hinges. This is a 
case of incomplete or local collapse, 5. 6 [see Section (5) of 
this paper] in which the elastic moments are not com­
pletely determined by the values of the moments at 
plastic hinges and conditions of statical equilibrium. 
However, the elastic moments can readily be calcu­
lated, the method of least work being especially con­
venient for this purpose. It is found that there are four 
undetermined elastic moments that are related by three 
equations of equilibrium. The values of these moments 
can be obtained by minimizing the strain energy of the 
frame with respect to one of the four moments, taking 
proper account of the equilibrium equations but re­
garding the remaining eight moments as constant. The 
complete set of moments thus obtained is given in 
Table 1. The moment sign convention used in Table 1 
is indicated by the dashed lines in Fig. 5a; positive 
moments are ones that cause tensile stress in the side of 
the beam adjacent to this line. 

The collapse load We is found to be 

TTT, 2. 13 (M1'jL) (27) 

TABLE 1 
~--~ 

Section A F G I K L 
Moment 

-1 -1 -1 

Section B C D E H J 
Moment 

0.90 0.87 0.03 0.87 0.07 -0.93 
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The details of the analysis to detennine the collapse load 
and the bending moments at collapse need not be given 
here; references 3-6 may be consulted if necessary. 

The first step in the deflection analysis is to draw the 
free body diagrams of the members of the frame, as 
shown in Fig. 5c. Using these, one can then calculate 
anyone of the deflections, such as the side-sway OB at 
joint B, from an assumption of slope continuity across 
anyone of the plastic hinges in the collapse mode. 
Suppose, for example, that the hinge at L is assumed 
to be the last one to fonn-i.e., that Ow = eLl' Writing 
the slope-deflection relations for members CL and LI, we 
obtain at once 

(28) 

whence 

0.323.i"1p (29) 

Now, since sections Band C are not plastic hinges, we 
know also that OeL = and can write, therefore, 

0.90 1 
3 Mp + {3 IvIp + ~B 

(30) 

whence 

(31) 

An assumption of slope continuity at each of the other 
five hinge locations leads, after a similar calculation, to a 
value of ~B [defined as in Eq. (31)J. Some of the cal­
culations are shorter than that just given; others are 
somewhat longer, but none takes more than a few 
minutes to work out. It is unnecessary to give the full 
details. The results are set out in Table 2. The choice 
of F as the last plastic hinge to form leads to the largest 
value of OB' It is therefore concluded that this is the 
correct choice and that the value of the side-sway at 
jointB when the collapse load is just reached is given by 

1.363 (L2Mp/EI) (32) 

As a check, the alternate procedure used in the pre­
vious beam example may be applied. The (incorrect) 
choice of L as the final plastic hinge allows the slope dis­
continuities to be calculated at all of the hinge loca­
tions. For example, the rotation angles at F are found 
to be given by 

Hinge where slope 
continuity assumed 

Result EI 08 

0.605 (LMp/EI) 

0.294 (LJfp/EI) 

TABLE 2 

F L G I A 

(33) 

(34) 

K 

1.363 0.913 0.908 0.450 0.183 0.178 

From these, the slope discontinuity (in the sense indi~ 
cated in Fig. 5b) is found to be 

The negative value of this means, of course, that the 
choice of L as the location of the last hinge to form. is 
wrong. However, we can now imagine a motion of the 
frame as a mechanism in the actual mode of collapse of 
just such an amount as to remove this discontinu­
ityat F. Let the clockwise rotation of leg AE be 1/;; 
then the relative rotation at F is 21/;, and this is chosen 
so that 

0.899 (L.J.fp/EI) (36) 

Corresponding to this mechanism motion, there is a 
side-sway displacement at B equal to 

1/;L (0.899/2) (DkI1/EI) (37) 

Adding this to the result for as given by Eq. (31), we 
obtain 

( 
0.899) L2_o/fp 

OB = 0.913 + 2- . EI = 1.363 EI 

(38) 

which agrees with the result obtained previously by 
assuming the last plastic hinge to be that at F. It may 
be checked that all of the slope discontinuities are now 
positive-i.e., in the sense shown in Fig .. 5b. 

It may be noted that a consideration of deformations 
in the elastic structure will usually indicate which are 
the most severely stressed sections. In the present exam­
ple the joints at A, K, I are obviously highly stressed 
initially. It would have been a safe guess to assume at 
the start that none of these is the last plastic hinge to 
form.; this would have eliminated about half of the work 
involved in the calculation. 

(4) ACCURACY 

As pointed out already the method of esti-
mating deflections depends on assumptions that amount 
to neglecting (1) additional flexibility due to spread of 
plastic zones along the lengths of members and (2) 
stiffening due to strain-hardening at joints where plastic 
hinges are assumed to occur. 

The accuracy of the method depends on the extent to 
which these two effects cancel each other. In the cases 
of continuous beams used as examples in this paper, the 
bending moments changed in sign at successive joints. 
This meant that the plastic zones were rather localized, 
and the additional flexibility due to them was nearly 
canceled by the stiffening effect of strain-hardening. In 
other cases some members may be in pure bending, or 
nearly so, and, if plastic flow occurs in these, the actual 
deflections may be considerably larger than those pre­
dicted by the present method. 

The comparisons shown in Figs. 2 and 4 give some in­
dication of the accuracy of the method as applied to 
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continuous beams. Comparisons between deflections 
calculated by tbe simple theory and tbose observed in 
tests on small-scale portal frames have been given in 
another The test results were obtained by 
Baker and using portal frames of 4-in. span 
and 2-in. and loaded by a horizontal load at the 
beam height and a vertical load at the midpoint of the 
span. Sinee tbe load ratios in tbese tests were chosen to 
cause collapse in all the possible modes, they indicate 
what may be for portal frames of rectangular 
cross section under a wide range of conditions. The 
comparison between observed deflection curves and cal­
culated points at collapse shows tbat in many cases tbe 
agreement is extremely close. In other cases the calcu­
lated deflection is considerably too large and in otbers 
too small. However, the agreement in general is good 
enough so that, in view of its the method may 
be considered a useful means of deflections 
at the theoretical collapse load of a structure. Such 
tests as tbese on model frames must, however, eventu­
ally be supplemented by similar tests on full-scale frames 
made from standard commercial sections normal 
fabrication procedures. 

(5) SPECIAL CASES 

Three types of collapse under proportional loading 
can occur, depending on the structure and the ratios of 
the loads. Let n be tbe number of redundant moments 
in a beam or frame. The type of collapse which most 
in've1;ti,ga1tm's have consideredl - 4 is that in which n + 1 
plastic have formed just as the collapse load is 

this may be called "complete" collapse. The 
beams used as in this paper failed with com­
plete collapse; in both cases n = 1, and there were two 
hinges at collapse. However, collapse with fewer than 
n + 1 hinges will often occur in practical cases. This 
has been termed "local" collapse or preferably "incom­
plete" collapse. For example, the two-story frame of 
Fig. 5a fails, under the loading shown, with six plastic 
hinges as in Fig. 5b. In this structure n 6, so this is a 
case of incomplete collapse (but tbe term "local" seems 
inappropriate). Finally, a third type of collapse is 
possible, although in ordinary structures under normal 
loadings it is less likely than the other This is the 
type of collapse in which several hinges form simul­
taneously (in tbeory) just as tbe critical failure load is 
reached, so that in the collapse mode there are more 
than n + 1 plastic hinges. As an example, consider 
tbe two-story frame of Fig. 5a, but let the two trans­
verse loads each be W instead of O.90W. Then tbe 
mode of collapse is actually one with ten plastic hinges, 
only the moments MD and lvIH being elastic. This sort 
of failure might be termed "overcomplete" collapse. 
(Alternatively, the terms "indeterminate," "determi­
nate," and "overdeterminate" might be used to specify 
the three types of plastic collapse.) 

In the rather special cases of overcomplete collapse, 
. the present method for estimating deflections may be 

difficult to apply, since in order to calculate one of 
the deflections it will often be necessary to assume slope 
continuity at a group of hinge locations ratber tban at 
merely one. Obviously, tbere may be many more pos­
sible groups than there are plastic hinges. In some 
eases, however, such as the portal frames whose test re· 
sults and calculated failure points are discussed in 
reference 13, the occurrence of more than n + 1 hinges 
does not present any difficulties that cannot be easily 
resolved by tbe use of a little judgment concerning the 
probable behavior of tbe frame. However, in a more 
complicated case, such as the frame cited, 
tbe situation may be awkward. Probably the simplest 
expedient is to alter slightly the ratios of the applied 
loads so that the mode of collapse will be different and 
of eitber the complete or incomplete type. In eitber of 
these cases there will be no difficulty in making the de­
flection analysis as described in this paper. The result­
ing deflection values may either be as suf­
ficiently accurate in themselves or may be taken as a 
guide in investigating deflections under the original 
loading. 
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Simplified Treatment of the Turbulent 
Boundary Layer Along a Cylinder In 

Compressible Flow 
HANS U. ECKERT* 

Wright Air De~elopment Center 

(1) SUMMARY 

An attempt is made to determine the effect of lateral surface 
curvature upon the turbulent boundary layer of a circular cyl­
inder immersed in a compressible fluid with its axis parallel to the 
direction of flow. The calculation is carried out by means of the 
momentum theorem with the assumptions that the velocity pro­
file (I!7-power law) and an empirical relation that puts the wall 
shear stress inversely proportional to the fourth root of the bound­
ary-layer thickness (Blasius Law) are unaffected by the curva­
ture. Further assumptions are constancy of static pressure and 
total energy. On this basis the following results are obtained: 
Full thickness and displacement thickness are less than on the 
flat plate, while momentum thickness and local and mean fric­
tion coefficients are higher. For the displacement thickness the 
deviation from the flat plate value may become appreciable al­
ready if the ratio of full boundary-layer thickness to cylinder 
radius is less than 0.1 and for the full thickness if this ratio is 
somewhat above 0.1. The friction coefficients on the other side 
are rather insensitive to curvature and deviate appreciably only 
if the ratio becomes as large as one. Compressibility in general 
somewhat increases the effect of curvature except for the displace­
ment thickness where a slight decrease is found. The reliability 
of the basic assumptions and effects of their variation are dis­
cussed. 

(2) INTRODUCTION 

I N A PRECEDING PAPER,l an approximation method 
has been presented for treatment of the turbulent 

boundary layer on a flat plate in compressible flow 
based on von Karman's momentum theorem and- the 
assumptions of constant static pressure, constant total 
energy, and a velocity distribution according to the 
1/7-power law. A shear stress relation involving thf' 
same assumptions has been derived from tests on com­
pn:ssible flow in pipes and applied to the case of the 
plate in a manner that is consistent with earlier success-
fu1 in the incompressible regime. 

In the same way as it has been shown in that paper 
already on some parameters for flow in pipes, it can be 
proved for cases of rotational symmetry that, 
if the velocity' profile follows a power law, boundary­
layer parameters (as, for instance, mean values for ve­
locity density and or momentum and dis­
placement thickness) can be expressed by corresponding 
parameters for two-dimensional flow. These consist 
of the ordinary flat plate term based on the same ve-

Received April 20, 1951. Revised and received July 30, 1951. 
* Research Engineer, Flight Research Laboratory. 

locity profile as it occurs on the rotational body and a 
second term based on a profile with half the exponent 
of the common profile, which may be called second-order 
profile. The second term takes account of the lateral 
surface curvature. It is negative for axial flow inside 
cylindrical surfaces (concave curvature) and positive 
for flow outside such surfaces (convex curvature). t 

In the present paper the influence of convex surface 
curVature will be investigated. This case has some 
practical significance for boundary-layer experiments 
in wind tunnels where, though ultimately data for two­
dimensional flow are cylindrical surfaces are 
often preferred to flat plates in order to avoid the margin 
effects. In reverse, the problem emerges if two-di­
mensional data are to be applied to missiles of large 
fineness ratio. In cases of model tests with large dif­
ferences in Reynolds Number an additional scale effect 
produced by the lateral curvature may have to be 
taken into consideration. Finally, the problem is of 
some importance for determination of the base pres­
sure on projectiles since a close relationship between 
this quantity and the boundary-layer flow has been dis­
covered in recent years. 3, 4 

It can be anticipated that the behavior of the bound­
ary layer along a cylinder will deviate appreciably 
from that on a flat plate if the boundary-layer thick­
ness becomes comparable in size to the cylinder radius. 
The question is, however, in which way the boundary 
layer adapts itself to the changing condition. 

Without a detailed knowledge of the mechanism of 
turbulence one can suppose merely that the following 
two cases form limits within which the actual behavior 
may occur. One of these probable limits is that the 
shear stress at the surface, and thus according to the 
momentum theorem also the momentum defect of the 
fluid, remains unaffected by the lateral curvature. 
For equal momentum thickness it follows, out of the 
cylinder geometry, that the full thickness of the 
boundary layer will be smaller on the cylinder than on 
the plat~ if the simplifying assumption is made that 

,the velocity distributions within the boundary layer 

23 

are the same for cylinder and plate. If this limiting 

t The existence of this relation has been indicated in an earlier 
paper by Tetervin. 2 
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I. a suitably shaped nosepiece and sucking off the bound­

.If 

FIG. 1. Nondimensional momentum thickness of second-order 
velocity profile related to same value of first-order profile vs. free­
stream Mach Xurnber for various power law exponents of the 
first-order profile. Values refer to fiat plate flow. 

case would be true exact application of friction (and 
heat transfer) coefficients from flat plates to cylinders 
and vice versa would be possible. 

The other limit may be that the full thickness of the 
boundary layer remains constant. For same velocity 
distributions this means higher momentum defect 
and thus higher shear stress on the cylinder. On this 
basis Jakob and Dow· made an estimation for incom­
pressible laminar and turbulent boundary layers to 
find out how closely their measurements of heat trans­
fer from cylinders may represent flat plate values. For 
turbulent boundary layers they assumed a velocity 
distribution according to the I/7-power law and ob­
tained for ratios of boimdary-Iayer thickness to cylinder 
radius between 0.249 and 0.654 ratios of cylinder to 
plate coefficients between 1.075 and 1.196. The au­
thors find no unequivocal support for the existence 
of increments of that order by comparing their test 
results with flat plate values from other experimentators 
and suggest that in the case of the cylinder the higher 
"wiping capacity" of the flow will produce a smaller 
boundary-layer thickness. 

The method proposed in the present paper leads to 
results that are intermediate but closer to the first one 
of the extreme cases. Instead of keeping the friction 
coefficient or the boundary-layer thickness constant, it 
is assumed that the relation between friction coefficient 
and boundary-layer thickness applied to the flat plate 
in reference 1 remains applicable to the cylinder. The 
assumptions regarding velocity profile, static pressure, 
and total energy are also the same as made for the flat 
plate in that reference. 

(3) THICKNESS OF THE BOUNDARY LAYER ON A 

CYLINDER 

To simplify the calculations it is required that the 
direction of the free stream just ahead of the cylinder 
leading edge is parallel to the surface, that the boundary' 
layer is turbulent from the beginning, and that it starts 
at the leading edge with zero thickness. 

Under actual conditions these requirements might 
be best approximated by equipping the cylinder with 

ary layer formed along the nose. 
If no pressure gradient has to be taken into account, 

the momentum theorem reads, for this case, 

d 11 =. ~... pu(U - u)27r(r 
dx y=o 

y) dy = 2~T (1) 

where x is the distance from the leading edge along the 
surface in the flow direction, y is the normal distance 
from the surface, and Il is the boundary-layer thick­
ness. p and u are density and velocity inside, and U is 
the velocity outside, the boundary layer. r is the cyl­
inder radius, and r is the shear stress at the surface. 
All flow characteristics are time-averaged. 

The momentum thickness 8 is defined by 

1 !y=- () 8= 79. pu(U-u) l+~ .. dY 
PuG- y=o r 

(2) 

where Pu is the density outside the boundary layer. 
Introducing the ratio 8/1l = 0 and splitting the in­

tegral, the following expression is obtained: 

u) (y) 011 
pu ---.; d - + -.x 

D 0 r 0 PuD 

(1 ;)~dG) (2a) 

The first integral apparently represents the ratio of 
the momentum thickness to the full boundary-layer 
thickness for a flat plate. By applying the samE' pro­
cedure as described in Part (III) of reference 1, it can 
be shown that the second integral represents half the 
value of the same ratio for a plate with a velocity pro­
file of half the exponent. 

If the profile is denoted as 

u/U (3) 

this relation can be indicated by writing Eq. (2a) 
plate plate 

On On + (o/2r) 027> (4) 

plate 

Numerical values of On as a function of Mach Number 
up to l11"a 10 are given in Fig. 3 of reference 1 with the 
parameter n varying between 5 and 10. The corre-

plate 

sponding values of 02n can also be detennined from the 
data of Fig. 1 and Eq. (26) of that reference. (NOTE: 
the tenn it is designated by 8 in reference 1.) 

To eliminate the wall shear stress T from Eq. (1), use 
is made of Eq. (34) of reference 1, which is the above­
mentioned relation derived from pipe-flow experiments. 
After replacement of the pipe radiusd/2 by 0, thisrela­
tion becomes 

T ( J.Lu )1/4 (f) [(w+l)/4]-1 
-- = 0.0233 -- -
PU U2 . Upuo Tu 

(5) 

where J.Lu is the free stream viscosity, f/T u is the tem­
perature of the mean state across.a pipe section related 
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to temperature at the axis of that section evaluated 
for I/7-power law velocity distribution, and w is the ex­
ponent of the viscosity variation power law, in reference 
1 taken as 0.8. 

Using the identity 8 = flo and Eqs. (2), and 
(5), we obtain, from Eq. (1), 

( 
f.lu )1/4 

= 0.0233- X 
Upu 

(
1')-(3-"')/4 

Tu 
(6) 

The superscript "plate" on Q has been omitted for 
simplicity, since only flat plate values of this term appear 
in the following. Eq. (6) can be readily integrated 
to 

4 4 0'/' 
Q 0'/4 + - Qo -.5 n 9 _n r 

2 (/.LV )'/4 (~)-(3-W)/4 X 
0.0 33 TT T' upu u 

or, if solved for o/x and with Upux//.Lu=Re, 

x 

(
1')-(3-"')/5 

0.059 Qn -<i, T u 

( 1 + ~ Q2n 

9 Qn 

Re- '/, 

(7) 

(7a) 

For o/r = 0, Eq. (7a) becomes identical with Eq. (37) 
of reference 1 for the plate. Dividing Eq. (7a) by the 
plate equation, the effect of convex lateral wall curva­
ture upon the boundary-layer thickness is obtained. 

(8) 

fl2,,/fln has been plotted versus .Mach Number in 
1 for n 5, 7, and 9. This ratio increases with Mach 
Number and decreases with n. Both effects are mod­
erate. For ]i,fa = 0, !J2n/Qn (n + 2)/(2n + 1), which 
for n 7 yields 0.6. Eq. (8) thus reduces for the in­
compressible case to 

I 

+ (0/3r)]'!' 
(Sa) 

The ratio 0/01'1 is plotted vs. olr in Fig. 2a with 
.Mach Number as parameter using n 7 which is con­
sistent with the applied shear stress relation. For 
Ma a and olr = 0.1 the boundary-layer thickness is 
about 3 per cent less than on a flat plate under same 
conditions; for 1 the decrement is about 20 per 
cent. Compressibility slightly increases the effect 
of curvature. 

The fact that (8) and (Sa) and their graphical 
representation in Fig. 2a are implicit with respect to 
o involves no serious complication for practical pur­
poses. First determine Opl and use opz/r as independent 
variable to obtain a preliminary value for O/Opl from 

Eq. (8) or Fig. 2a. With this preliminary value, cor­
rect that initially used opz/r to obtain an improved 
value for O/OPI' If o/r > 0.1 it may be necessary to 
repeat the operation. 

FRICTION COEFFICIENTS 

With known, the coefficients of local and mean 
friction can be found in the following way: 

The local friction coefficient is defined as 

(9) 

With the aid of Eq. (5) and by relating the skin friction 
value for the cylinder to that for the plate, 

= (0 10)'/4 1'1, 
Cfpl 

(10) 

is obtained. Combining Eq. (10) with Eq. (8) yields 

(11) 

Numerical values for (11) are plotted versus o/r in 
Fig. 2b for Mach Numbers 0 and 10. 

The effect of curvature on Cf is small and becomes 
appreciable only if o/r approaches unity. 

-+--1'-H--++~-i---'f'O>i:k-++++-:-+O' 9 

1-+-~.p.r.O.8 

I. OS -I----I--+~l_+_+-H-+t--_t 

1.00 i-i --+--+~"i'"""" +-+-+-++++Hf. I 0 

1.05 

Characteristics of the turbulent boundary layer along 
('vlinilier in compressible flow related to flat values vs. the 

boundary-layer thickness to radius of cylinder. 1/7-
power law velocity distribution. Parameter: :Mach Number. 
(2a) Full thickness of the boundary layer; (2b) local friction 
coefficient; (2c) mean friction coefficient. 
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The mean value of the friction coefficient over the 
distance x is 

(12) 

From the integrated momentum Eq. (1) and with 
the aid of Eqs. (2), (2a), and (4), the ratio of cylinder 
friction to plate friction is 

20 (nn + ~ n2n\ 
x 2r ') 

(20pl/X)Qn 

Using~Eq. (8) to eliminate %pdrom Eq. (12) yields 

(13) 

o 0*2 0* 0* + ----+1 
2r 20r 8 r 

(I pu (y) 
Jo puU

d i 
In the same way as for the momentum thickness, it can 
be shown for the displacement thickness by the 
procedure in Part (III) of reference 1 that as 

pu d ~ 11 () 

o puU 0 

there is also 

(19) 

where again the superscript denotes plate values and the 
subscript velocity profile parameters as defined by Eq. 
(3). With Eqs. (18) and (19) and.:l 0*/8, Eq. (17) 
becomes, after rearrangement and canceling ont equal 
terms on both sides, 

r The ratio C,/Cfp! is plotted versus o/r in Fig. 2c for 
Mach Numbers 0 and 10. The deviation from the 
plate value is still smaller than for the local friction 
coefficient, which is obvious from the fact that the mean 
friction coefficient includes all values from the leading 
edge where o/r, and thus the curvature effect, is smaller or 
than at the downstream end position. Eg. (14) and 

2r 

plate 0 plate 

.:In + - .:l2n 
2r 

(20) 

Fig. 2c also represent the ratio of momentum thickness 
on the cylinder to that on the flat plate, as is evident 
from Eqs. (4) and (13). 

If in Eq. is set 0 = 0pI and Q14/fh 0.6, then 

= 1 + (3/10) (o/r) (15) 

which is the result obtained by Jakob and Dow.' 

(5) DISPLACEMENT THICKNESS 

In determining the influence of the cylinder radius 
upon the displacement thickness it must be remembered 
that this quantity for higher Mach Numbers becomes 
comparable to the full thickness of the boundary layer 
itself, and it is therefore not permissible to disregard the 
quadratic term as in the case of the momentum thick­
ness. 

From the continuity of mass flow, it follows that 

Pu U1T[(r + 0 - 0*)2 

1~:i! pu21T(r + y) dy (16) 

where 0* denotes the amount of radial displacement a 
free-stream line experiences up to its intersection with 
the of the .boundary layer. This definition 
differs from that used conventionally for cylindrical 
surfaces. It is felt, however, to be preferable because 
it represents the correct influence upon the potential 
flow. 

After rearrangement and division by 27rropu U, Eq. 
(16) can be written in non dimensional form 

.:l" 
1+ 

plate - (21) 
.:In 1 + : (1 .:l" .:l" ) 

.) plate 
~ .:In 

plate 

The ratio (.:l2nl.:ln) which is required for evalnation 
of Eq. is plotted in Fig. 3 versus Mach Number 

for n 
aid of 

plate 

5, 7, and 9. .:l2" has been determined with the 
(24) and Fig. 1 of reference 1. The be-
plate plate 

havior of (.:l2n/ .:In) is similar to that of (n2n/Qn)' For 
i1fa = 0, 

plate 

(.:l2n/ .:In) = (n + 1)/(2n + 1) 

plate 

For values of o/r up to 0.1, the ratio .:In/.:ln can be calcu­
lated conveniently and with an error of less than 0.5 
per cent in one step from Eq. (21) by setting on the 

right side 1. For larger values of o/r, one 
has to use either successive approximation or the 
solution of the quadratic Eg. (20), which is 

.:l =!:. [1 -I- 8 (-7-) 
no' r 

(22) 

The ratio displacement thickness on the cylinder to 
displacement thickness on the plate is 
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plate 

0* / OPI* = (Llnl Lln) (0/ 0pI) (23) 

or with Eqs. (8) and (22) 

(24) 

O*/Opl* is plotted versus B/rfor n = 7 and Mach Num­
bers 0, 2, 5, and 10 in Fig. 4. As can be seen, the in­
fluence of lateral curvature on the displacement thick­
ness is larger than on any of the other quantities 
considered. For incompressible flow, about 90 per 
cent of the flat plate value are obtained at 0/1' 0.1 
and only about 50 per cent at o/r = 1. It is noteworthy 
that in this case Mach Number somewhat decreases 
the effect of curvature. 

(6) SUFPLE:VlENT 

In the absence of experimental data for comparison 
with the results above, some considerations are re­
quired as to the reliability of the basic assumptions and 
the effects of modifications to which they may be sub­
jected. 

Measurements of turbulent boundary layers in com­
pressible flow are at the present time available only for 
two-dimensional cases. For flat plates the velocity 
profiles obtained from Pitot tube readings by Wilson, 
Young, and Thompsons at ::Vlach Numbers from 1.6 to 
2.2 and Reynolds Numbers from 4 X 106 to 20 X 106 

are in good agreement with the 1/7-power law. Except 
for a region in proximity of the wall, the same can be 
said about similar tests by Rubesin, Maydew, and 
Varga7 at Mach Number 2.5 and Reynolds Numbers 
varying from 2.7 X 106 to 6.2 X 106• Comparison of 
the values for and Cf derived from these experi­
mental data with the theory of reference 1 indicates 
their variation with Re - 1/" while the Mach Number 
effect appears to be underestimated by that theory. 
This does not, however, influence to a great extent the 
results of the present paper, since its purpose is mainly 
to show differences in the behavior between flow along 
cylinders and flat plates where only a second-order 
effect of Mach Number comes into play. 

At higher Reynolds Numbers it must be expected 
that, similarly as for incompressible flow, the 1/7-
power law for the velocity profile and the Re- l

/5 law 
for the friction coefficient will no longer hold. The 
velocity profile will probably change to a fuller shape, 
and the effect of Reynolds Number on skin friction will 
become weaker. Both effects are interrelated. If -1 /m 
denotes the Reynolds Number exponent, the relation 
between m and n can be obtained approximately from 
a dimensional analysis by von Karman.12 It reads 

m (n + 3)/2, which for n = 9, t for instance, pre­
dicts an effect of Reynolds Number according to Re-'!'. 
Eq. (8), which in the generalform reads 

o ( m a)-Cm - 1)lm 
\ 1 + -

BpI \ 2m - 1 Qn l' 
(8b) 

t \VilsonS obtained from measurements at the wind-tunnel 
wall for :Mach Number 2 a velocity profile dose to a power law 
with n = 9. The equivalent flat plate Reynolds Number was 
determined to 50 X 106• 
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can be written with the relation above 

(
1 + _n __ 3 02n ~)-("+1)/("-'-3) 

2n 40" r 

For large values of n, Eq. (8c) converges toward 

1 .~)-1 
20" r 

(n -t 00) 

which for the incompressible case reduces to 

( 0) ( 0) 1 - "'-' 1 +-
0pl inc. 4r 

(n __ OJ) 

(8c) 

(8d) 

For o/r 1, the value obtained with (8e) differs 
by less than 1 per cent from the one obtained with Eq. 
(8a) where n = 7. With respect to the small depend­
ence of the ratio O2,,/0,, upon Mach Number, it can be 
concluded that Eq. (8d) will give results that are simi­
larly close to the values obtained with Eq. (8) for com­
pressible flow. This means that for n > 7 and S 1 
the ratio O/Opl is practically independent of n. 

The ratios of the local and mean friction coefficients 
decrease in steps of about 0.5 per cent if n is increased 
in steps of unity between 5 and 9. For n __ OJ 

These results are valid for the assumption that the ve­
locity distribution is not influenced by lateral wall curva­
ture. There is reason to expect, however, that the 
profile will be altered by convex curvature toward 
larger n~that is, to a fuller shape compared to the flat 
plate-because the flux of momentum from the free 
stream toward the wall is concentric. This will lead 
to higher velocities within the boundary and a 
stronger velocity gradient near the wall. 

An effect in this direction has been noticed for in­
compressible flow by Schultz-Grunow,9 who found that 
velocity profiles are fuller on flat plates than in pipes. t 

In order to allow an estimation of the effect of differ­
ent velocity profiles, some calculations have been car­
ried out assuming n 9 and an accordingly altered 
shear stress relation for the cylinder while retaining 
n = 7 for the plate. For this condition the ratios of 
cylinder to plate values depend, besides on o/r, directly 
on the Reynolds Number, and it is found that for Re > 
107 the friction coefficients may well exceed those on 
flat plates by 20 per cent. It can be supposed that 
the effect of curvature on the velocity profile will be­
come significant only if 0 > r, but the indication is 
given that the results of this paper might be low. 

The assumptions of constant total energy and con­
stant static prcssure have been checked experimentally 
for two-dimensional flow at Mach Number 2.8 by Spi­
vack.lO Variations of these quantities with wall dis-

t The fact that this difference is rather small in view of the 
differences in the flow geometry may be due to the pressure drop 
inherent to subsonic pipe flow which tends to compensate the 
effect of the concave wall curvature. 

tance by about 5 per cent have noticed. The in­
fluence upon integral parameters that enter the present 
analysis is irrelevant. 

It may be added that for a laminar boundary layer 
and incompressible flow the problem has been treated 
more fundamentally by starting with the differential 
form of the boundary-layer equation in a paper by 
Seban and Bond. ll Results given for the local friction 
coefficient are similar to those of the present paper but 
indicate a stronger effect of lateral curvature. For the 
behavior of the displacement thickness, no clear result 
has been obtained because of the limited number of 
terms retained in the series expansion. 

(7) CONCLUDING REMARKS 

The JesuIts obtained by the approximation method 
above indicate that the growth of the turbulent bound· 
ary layer along a cylinder becomes considerably slower 
compared to the flat plate if the boundary-layer thick­
ness approaches the dimension of the cylinder radius. 
The effect is still more pronounced on the displacement 
thickness. 

::VIore important for engineering purposes, however, 
might be that the influence upon the mean friction co­
efficient comes out to be extremely small and hardly 
exceeds the uncertainty of present-time experimental 
determinations even if the boundary~layer thickness 
equals the cylinder radius. This would substantiate 
the use of flat plate values for cylinders and vice versa. 
The reliability of this conclusion depends, of course, 
upon that of the assumptions involved, mainly the in­
variance of velocity distribution and shear stress law 
with curvature radius. It can be expected, however, 
that the results will, by their presentation as fractions 
of corresponding plate values, 110t be sensitive to 
variation of parameters that simultaneously affect 
conditions at both cylinder and plate. This is evident 
from the small influence of Mach Number. 

If at higher Mach Numbers or higher Reynolds Num­
bers the actual behavior of the turbulent boundary layer 
on the plate does not follow the relations of reference 
1, then a similar deviation differing only by higher 
order effects will also exist for the cylinder and quali­
tatively useful results can be expected by basing the re­
sults of this paper on improved plate values as they may 
be given, for instance, by the theories developed in 
references 7 or 8. 

Once dependable relations for the case of the flat 
plate are established, it will be desirable to check also 
in particular the effect of lateral curvature upon the 
boundary layer by appropriate experiments. 
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On the Fligh t Dynamics of Slender 
Special-Purpose Aircraft 
R. M. ROSENBERG'" AND GEORGE STONERt 
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SUMMARY 

In this paper, general equations of motion are derived for 
slender special-purpose aircraft of nearly circular cross section. 
It is shown that considerations of steady roll and lack of circular 
synnnetry of cross section lead to lVlathieu equations. Aero­
dynamic force derivatives for flight not near the flutter speed are 
given which appear to be useful in that their application hasre­
suIted in theoretical predictions that agree satisfactorily with 
flight experience. Finally, some possible instabilities are dis­
cussed. The method is illustrated by an example. 

INTRODUCTION 

FROM THE STANDPOINT of the flight dynamics of 
modern special-purpose aircraft such as missiles, 

it is of interest to develop fairly general equations gov­
erning the flight of a slender, essentially cylindrical 
body that is elastic in a sense to be defined later. The 
solution of these equations leads to the analysis of os­
cillations that may occur in flight and which may be­
come unstable under certain unfavorable circumstances. 
The results of the theory presented here have been com­
pared with flight experience, and astonishingly good 
agreement was achieved. 

THE DEGREES OF FREEDOM 

The aircraft under consideration is assumed to be 
slender and to possess geometric, elastic, and inertial 
characteristics having nearly circular symmetry with 
respect to all points on a longitudinal axis through the 
body of the aircraft. 

The right-handed orthogonal xyz-system of coor­
dinates is fixed in the craft; it coincides with the prin­
cipal axes, and the x-axis is positive in a forward direc­
tion. Inasmuch as the coordinate system is right­
handed, the positive direction of all other quantities 
relating to the coordinate system are now defined. 

The nomenclature and sign convention of the rigid­
body degrees of freedom and of certain kinematical and 
dynamic quantities relating to them are defined in 
Table 1. All velocities, forces, and moments are posi­
tive in the direction of positive displacements. 

In addition to the degrees of freedom defined in Table 
1, the aircraft is considered to be elastic in the sense 
that it can execute beam bending vibrations. A vibra­
tion in the xy-plane leads to a displacement o-(x, t); that 
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in the xz-plane leads to a displacement rex, t). Both 
vibrations are restricted to occur in the fundamental 
modes only, and no elastic deformations, except for the 
two listed, are considered. The nomenclature regarding 
the kinematical and dynamic quantities referring to the. 
elastic degrees of freedom are listed in Table 2 where 
dldt D. 

(J is positive in the direction of positive y. r is pos­
itive in the direction of positive z. All other directional 
quantities in Table 2 are positive when they act in the 
direction of positive displacements (J and T. 

The aircraft under consideration is assumed to have 
certain controls having principal a£tions as listed in 
Table 3. These are described with reference to an axis 
system fixed in the aircraft-i.e., they are those seen 
by an observer on the aircraft. Thus, a side force, for 
instance, may give rise to a displacement that would ap­
pear vertical to an observer on the ground if the appli­
cation of that force had been precededbya roll displace­
ment of 90 0

• The symbols in the right-hand column 
are regarded as indicating the degree of application of 
the controls leading to the responses indicated in the 
left-hand column of Table 3. All control actions are 
positive in that direction in which they give rise to re­
sponses ina positive direction. 

THE BENDING VIBRATIONS 

In an aircraft capable of roll, the inclusion of the 
vibrational degrees of freedom presents considerable 
difficulties. 

Consider that the aircraft is not rolling and that 
bending vibrations are set up in the xz-plane, say. If 
the aircraft is now given a displacement in roll, the 
plane of the bending vibration does not rotate with the 
aircraft; it tends to remain fixed in space. 1 Let the 
plane of bending vibrations be the sx-plane, and, before 
rolling, the s-axis coincides with the z-axis. When a 
rolling displacement 'PCt) takes place, the s-8.."is re­
mains fixed in space, thr z-axis remains fixed in the air­
craft, and the angle between the two is 'P(t). The vi­
brational displacement r now has a y-component equal 
to rex, t) sin 'P(t) and a z-component equal to rex, t) 
cos <pCt). Obviously, these displacements introduce 
nonlinearities into the equations of motion which render 
analytical treatment extremely difficult. If the roll is 
steady at the angular velocity po, the components be­
come rex, t) sin pot and rex, t) cos pot. In this simpli-
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TABLE 1 

Coordinate Axes--,-. 
Axes Velocity Forces Displacement 

x u /]"" X 
Y II all 

y 
z w a. Z 

fied case, the vibrational displacements introduce 
periodic coefficients into the equations of motion which 
also makc the analysis difficult. Finally, if the air­
craft has unequal stiffness in mutually perpendicular 
directions of beam bending, then the spring restraint 
becomes, even in steady roll, a periodic function of time. 
Again, the system of equations will have periodic co­
efficients leading to Mathieu equations. Because of 
the difficulties resulting from a consideration of roll, 
the analysis will be carried out for a nonrolling aircraft, 
or 'P(t) = p(t) - o. 

\Vnen no roll is.permitted, the vibrational displace­
ments are 

(T(X, t) 
T(e, t) 

whereh,2(x) are the mode shapes satisfying 

. j!I,2(X) dm o 

(1) 

(2) 

where dm is an elemental mass located at x and the 
symbol Jz indicates integration along the entire 
length of the aircraft. 

PROCEDURE OF ANALYSIS 

The general procedure of analysis will be to write 
one equation of motion in each degree of freedom. 
Each equation will be of the form a = J/m, where a 
is an acceleration, linear or angular, f is a force or 
torque in the direction of the acceleration, and m is a 
mass or inertia. 

Because of the-essentially aerodynamic nature of the 
problem in hand, the natural dependent variables are 
the velocities rather than the displacenients. An ex­
ception to this occurs in the vibrational degrees of free­

-dam because vibratiQllal displacements, as well as ve-

TABLE 2 

Displacement Acceleration 
u 
v-

ir ii = D 2 tT 

i ;; D2r 

'L1BLE 3 

Principal Action 
Thrust 
Side force 
Vertical force 
Roll torque 
Pitch torque 
Yaw torque 

Forces 
P 
Q 

Symbol 
~ 
'tJ 
t 
p 
{3 

'Y 

Xatural 
Frequencies 

"'1 
"'2 

'" a<p L A 
IJ ao lv[ B 
if; r aY, N C 

locities, produce changes in angle of attack. Thus, as 
far as the vibrational degrees of freedom are concerned, 
the displacements will be regarded as the dependent 
variables. 

Inasmuch as the coordinates move in space, the ac­
celerations in the equations of motion are the absolute 
accelerations of a moving coordinate system. These 
will, however, differ from the well-known forms of 
these accelerations in that they contain contributions 
from the vibrational degrees of freedom. The forces 
(or torques) in the equations of motion are the summa­
tions of all forces that are not inertial in origin. They 
arise from two sources: One type of force is that arising 
from the motion of the aircraft. This type of force 
consists of such quantities as lift, drag, pitching mo­
ments, aerodynamic damping, and others, and these 
will be regarded as response forces; thus, they will 
appear on the left-hand side of the equations of motion . 
The second contribution is introduced by activation 
of the controls. The forces arising from this source 
will be regarded as exciting forces and "''ill appear on the 
right-hand side of the equations. 

The solutions of the equations of motion give the 
time histories of the motions; thus, they must clearly 
depend on the manner of activation of the controls that 
cause the motion. The equations here derived are 
completely general in this respect, and the investigator 
may search for steady-state solutions by introducing 
periodic control activation, or he may obtain transient 
solutions to unit-step or arbitrary control activation. 

theory here presented was actually applied to 
transient solutions resulting from unit-step control 
motion. 

THE ACCELERATIONS 

Derivation of the linear accelerations presents no 
great difficulty. They are easily shown to be, respec-
tively (for pet) 0), 

ax = (du/dt) + (w i)q (v + u)r} 
ay = (dv/dt) + (dir/dt) + ur 
az(dw/dt) + (di/dt) - uq 

(3) 

Eqs. (3) are obtainable from purely kinematical con­
siderations. 

The angular accelerations must be derived from dy­
namic relations. They are obtained from Euler's equa­
tions of inertia moments of a body rotating about a fixed 
point coinciding with the center of gravity, and their 
simple form used here requires that the coordinate axes 
coincide with the principal axes. 
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The derivation of the angular acceleration about the 
x-axis will be shown here. For the other accelerations, 
only the resultS are listed. 

The angular velocity vector w, whose components 
are the angular velocities about the xy and z-axes, re­
spectively, is 

w = q] +rk 

The velocity of a point P located at 

f = xi yj zk 

is 

where 

v" (z + T) q - (y + (T)r 
vl/ xr 
Vz = -xq 

Then, the angular momentum ofa mass dm located at 
Pis 

A = f dm v 
= Azi + Ay] + Azk 

where 

Ax= dm [(y + cr)v. - (z + T)Vy ] 

All = dm [(z T)Vx - xv,] 
Az = dm [xvy - (y + cr) 

The inertia moment due to the mass dm about the x~ 
axis is 

dL = (dA,,/dt) q Az rAy 
dm{ -xirq - x(y + o-)q - xir x(z + T)f -

(z + T) (y + cr)q2 (z T) (y + cr)r2 + 
[(y + cr)2 - (z + 

The total moment is 

L = -qjx(y+ cr) dm - f 1 x(z T) dm -

'121 (z T) (y + cr) dm + rzl (y + cr) (z + T) dm 

q{l(y + cr)2dm -j(Z + T)2dm J-
qiro!X/l(X) K dx rrojxf2(X) K dx 

By making use of the following notations 

where K = dm/dx is the mass per unit length and uSe 
has been made of Eqs. (1). It can be shown that, if the 
vibrational displacements cr and T are sufficiently small, 
the above expression for the moment can beapproxi­
mated by 

L (C - B)qr- qiroj Xfl(X)K dx - riol Xf2(X)K dx 

where higher terms of the small quantities and products 
of inertia with regard to the vibrations have been neg­
lected. Finally, the acceleration about the x-axis is 
obtained by dividing the expression for the moment 
by the moment of inertia of the body about the x-axis, 
or 

C-B 
a", = -A--qr [lj Xf1(X)KdX] i]iro-'-

[~! Xf2(X)K d:C] rio (4) 

Because the rolling velocity vanishes identically, par­
ticularly simple expressions for the other two angular 
accelerations are obtained in an exactly analogous man­
ner. They are 

ao = dq/dt} 
a" dr/dt 

(5) 

THE EQUATIONS OF MOTION 

Assuming that the force per unit length X, parallel 
> to the is a linear function of all variables and of 
all controis, the equation of motion of an elemental 
length of the aircraft (of lengthdxand mass dm) may 
be written as 

(ll - rv + qw rcrOfl +qTo!2) dm 

{ 2;:Xd+ 2;:Xjj + crOil + X"iro/l + 
• J 

where i can take on the values u, v, W, q, r,' j can take 
on the values ~, '1), t, p, {3, 'Y; the subScripts denote par­
tial differentiation; and the bar denotes forces per unit 
length. 

dm = K dx; 

1 Xi dx = Xi,' d/dt D 

and of Eqs. (2), the integral of Eq. (6) over the aircraft length is 
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D(u) rv + qw - {~Xii + Uo dx + D(uo) / X"il dx + roJ Xr!2 dx + D(ro) j XJz dX} = l1Xd 
(7) 

Similar equations for the forces parallel to the y- and z-axes are found to be 

D(v) dx D(uo) I Yo-il dx + ro J dx D(ro) j Yd~dx} = LtYd 
(8) 

D(w) - uq - {~Zii + uo/ Z,,}l dx + D(O"o) / ZiTh dx + r o/ ZT!2 dx D(ro) / Zd'J2dX}= pjj 
(9) 

The equations of torques about the coordinate axes are obtained similarly to (7) to (9). Of these, the roU 
,equation does not exist because roll is not an admissible motion. * 

With the aid of the following notation: 

Mi , Ilif; dx 1);1j 

f fVidx = Ni 

the equation of rotation about the is 

D(q) - {~}';1ii + uojl!"il dx D(uo) j M"il dx + ro/zMTh dx D(ro) fAld2dX} = I>Mjj 
(10) 

and the equation of rotation about the z-axis is 

D(r) D(ro) / fVd2 dX} = LtNjj 
(11) 

The remaining equations to be derived are those in the vibrational degrees of freedom. These are most easily ob­
tained by applieation of Lagrange's equation. That for the u degree of freedom is 

O"oj F"N dx + D(uo) j FiTN dx + roj PJd2 dx + D(ro) X 

/ Pdd2 dX} = L:j I Fjil dx (12) 

where use has been made of the notation 

With the notation 

the equation in the r degree of freedom beeomes 

ro [QTN dx + D(ro) X 
.' I 

1 Q .. N dX} = z;.j j Qjh dx (13) 

" It is not an entirely trivial matter to show the nonexistence of the roll equation because Eq. C 4) shows that a roll acceleration 
does exist even when PCt) = 0, and there are undoubtedly nonvanishing forces due to many of the variables that contribute to the 
roll torque. 
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The assumption that all forces are linear in their arguments is less satisfactory for the force X than for the others. 
Therefore; Eq. (7) should be more properly written as 

D(u) - TV + qw - {~ f Xi di + f f X "ftdU"o dx + If Xo-ftda-o dx + J f X-,.j2!i ro dx + 

J f Xd2!i+o dX} = ~ f Xj dj 

This equation is seen to introduce nonlinear terms into the system of equations of motion. However, the diffi­
culty is circumvented by the following well-known simplification: 

In the conventional analysis of airplane dynamic stability, it is a familiar assumption to consider the variation in 
forward velocity negligible compared to the mean value of that velocity, or u = U + u', where u' « U and U is 
a constant. In the problem here considered, it is sufficient to regard the maneuvers so small that their effect on 
the forward velocity need not be considered. For this special case, the first of the equations of motion-i.e., Eq. 
(7)-must necessarily express the equilibrium between thrust and drag. Thus, Eq. (7) simplifies to 

(14) 

where U is the constant forward velocity and ~o may be regarded as the constant throttle position. Eq. (14) is an 
equation containing none of the variables under consideration; thus it separates from the system of equations. 
Those that remain are conveniently written as the matrix equation, 

[E] {V} = [C] {tL} (15) 

where 
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{ vj 
v 1 w 
q 

r J (To 
TO 

THE AERODYNAMIC DERIVATIVES 

Eq. (15) and the equations defining the matrices of 
Eq. (15) demonstrate the necessity for determining a 
large number of aerodynamic derivatives. 

It is realized that, in the problem at hand, the aero­
dynamic forces (whose derivatives with respect to the 
dependent variables are desired) are those arising from 
unsteady flow about airfoils. Inasmuch as these forces 
have been determined for both subsonic incompressible 
and supersonic flows, their substitution in the equa­
tions of motion presents no insurmountable obstacle. 
However, their use complicates the problem so that a 
solution without high-speed computing devices seems 
forbidding. 

It is not unrealistic to suppose that the application 
of the air forces arising from steady flow will predict 
the dynamic behavior under investigation reasonably 
well, provided the velocity of translation of the airplane 
is not near the flutter speed. However, in applying the 
steady-flow air forces, the investigator deprives himself 
of the possibility of analyzing flutter. 

The analysis here presented was undertaken in an 
effort to duplicate analytically, in character as well as 
~uantitative1y, the appearance of oscillations observed 
in flight. As a first step, the forces appearing in the 
equations of motion were considered to be those of 
steady flow-i.e., the effect of vortices shed into the 
wake was neglected. results of this simplified 
analysis agree well with observation; therefore, it was 
considered satisfactory to treat the air forces in this 
simplified manner. 

It will be noticed that many aerodynamic derivatives 
appear simply as partial derivatives of forces with re­
spect to some of the dependent variables, while others 
are integrals in which the derivatives occur in the inte­
grand. The former are considered here to be quanti­
ties known either ftom theory or from wind-tunnel 
tests. The latter will be termed integral derivatives 
for convenience, and it is these that will be considered 
in this section. Specifically, the integral derivatives 
will be here computed from the "simple" derivatives. 

It is supposed that the simple derivatives (which are 
known) were obtained by superposition of contributions 
arising from certain components of the aircraft. Thus, 
to consider one of these as an example, it is assumed that 

was obtained by the operation 

k 1 a L: -~ 
,,=1 m ov 

(n 1,2, ... , k) 

(16) 

where the k numbers n represent k stations along the 
x-axis of the aircraft where components (such as air­
foils) are located, each giving rise to an aerodynamic 
contribution to Y.. If down wash or any other factor 
should introduce a phase lag between the k components 
to be added in the manner of (16), this effect can be 
taken into consideration by considering some of the 
oYn/ov as complex quantities. In any case, it is as­
sumed that all components of the simple derivatives 
and thus their sums are known. It will now be shown 
how the integral derivatives can be obtained from the 
"simple" derivatives. 

The integral derivatives will be considered in certain 
groups, the first of these being that in which the dif­
ferentiation is carried out with respect to a vibrational 
velocity. 

Consider which is the rate of change of the vibra-
tional force per unit length P with respect to the vibra­
tional velocity 0-. Both the force and the velocity are 
in the y-direction. Thus, with regard to an element of 
length of the aircraft, P (t is indistinguishable from or 

oY/ov = oP/oo-

But, since 

oY 1 oY oP 1 oP 

it follows that 

oP/OO- = (m/ fNK dx) (oY/av) 

In view of Eq. (16), it is clear that 

wherefl(xn) is the value offl(x) when x = itis 
the deflection in the fl(x)-mode at that value of x at 
which the nth station is located. In a similar manner, 
all other integral derivatives with respect to linear veloc­
ities can be found. 

In determining integral derivatives with respect to 
angular velocities, use is made of the operations 
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o 
or 

since the right-handed coordinate system 
implies v rx and w = -qx, it follows that 

%r x(%v) 

while 

%q -x(oIOw) 

Thus, for instance, 

(18) 

where the approximation was.made in view of the small 
maneuvers considered here. Then, 

OV/o1/; (oVlov) (ov/o1/;) 

or, finally, 

(oV/Ov) (21) 

Similar reasoning, together with the fact that wi U = 

-a, leads to 

oV/Or = (oV/Ow) [;TN(x)/fz(x)] (22) 

From Eqs. (21) and (22), two typical integral deriva­
tives with respect to vibrational displacements are 
evaluated by methods similar to those employed for 

But it is found that 

jPd1 dx = (19) Eqs. (17), (18), (19), and (20). They are 

The next group of integral derivatives to be considered 
is that of nonvibratory forces with respect to the vibra­
tional velocities. 

In view of the fact that, for example, 

~~ = ;!o: dx = !~: dx 

oY = ~l0Y dx = j<?.~ dx 
00- m I 00- I OtT 

it follows, from reasoning similar to that applied pre­
viously, that 

(20) 

It remains to evaluate the integral derivatives of forces 
and moments with respect to the vibrational displace­
ments. The aerodynamic effect of a vibrational dis­
placement on a component of the aircraft is the change 
in angle of attack which the component experiences. 

Consider as an the quantity 0 Vloa-. This 
quantity will be first regarded in its relation to the yaw 
angle 1/;. In fact, 

o V lOa- = (0 V/o1/;) (o1/;joa-) 

But the yaw angle may be written as 

da- d 
1/; = - = - (a-Jl(X» 

dx dx 
a-oJl'(x) 

where the prime denotes differentiation with to 
x. Then 

However,1/; is expressible in terms of the sideways ve­
locity v. In fact, 

tan 1/; = ~'. U"" 1/; 

1 
and 

(24) 

A list of all required integral derivatives is given in 
Table 4. Their derivation is in all cases analogous to 
one of those shown in detail in this section. 

TABLE 4 

DeRIVATivE EVAt.UATJ¢N IO£AtVA,tVE I EV4WATION 

r' ~(f,'Kd%)~~ f,(:t',J i!"f.dx ~:~f~(x..l l~f,d% 

Jl~f,f..dX: (rnfJt;'1C<h:)~~ \ ~\(x..l {M.f.dz ~aMnf w,!x..) 

II Q" ~f. <Ix: (rnf~ f.\:<h:)~* f. (,;t',.)f.(;tn) LM-tf.d% z:~~ "aloT (;t',..l 

~a.f:d:l< ~/W"dx)~:!;r:(:t',) LN .. f. dx pItt: 
n iiY .tx..) 

~P,..f.d:!: (mAfl~"d:t)~~; f.(:t',,) ii:i ... f..dx z:ClIi_f n 3v 1Ct: ... l 

~vf.d:t' I ~/~(I(d:t)~~f.l:t'..) ~y"f,d% LaY~f U" <I'IT ,(x.,) 

f\~f.dx -~/lf,\:d")~~~"~(~ JY.,,fl cI% I.~Y.( , -u n a'" ~(%n) 
\ 

I Lalor L'P,.f,dx ~Jl··"d:t)~~n{(;t:..l g"f.dx ' u"a;r ,(x.,) I 
J!if,d:<: frjV,"r.~ ~~ f,(>':n) Jli~ fad%. I-u ~ :!:-f:C:I<.l 
fQ"f.dx 0-/If.·Kd")~ :!"f,(:t;.) JRf.'dx i ~1JII!~Kdl:)Z~f,(r,.lf.k..l 
\ t"" 

l-(mU/JtKdx~:~ f,P;'lf,{x.) , ~Q,..f..<lx ~/(f:Kd:t)~~~f,.c:c"l i Ifi., f.f.dx : I I 'N ' 

~ 

f. dx 'oed", Z:*nf,(x,,) Q f,f.dx I (mU \lCcix)i,;%tf,!%.I\,"(>;.l m 
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TIME SCALE 

FIG, 1. Upper curve is the result of flight measurements for 
one flight condition. Lower curve is the result predicted by 
theory. 

A SIMPLE ApPLICATIO:N 

The foregoing development will be here applied to 
the following example: 

A step-function type of control activation in twill 
be applied at t = to; all other controls will be left un­
disturbed. Thus, the controls activity considered will 
be t It, or Ir(t) = 0 for t < to and It(t) 1 for t?: to. 
Furthermore, only "primary" aerodynamic forces will 
be considered to exist. Thus, the following derivatives 
vanish-Le., 

Yw , ;; YTfz dx, ;; Yd2 dx, Y~. Zv. 

;; 2,,/1 dx, ;; 2" h dx, ;; P ",it dx, ;; dx, 

;; Prfd2 dx, ;; 

;; Qrh dx, f 
dx, ;; P,fl dx, ;; dx, 

dx, }; Q" Jd2 dx, ;; tltJl dx, 

}; dx, }; 1V +.12 dx, 

are all zero. In an aircraft of conventional design, 
these derivatives are actually sufficiently small COIIl­

pared to those retained that they may be neglected COIIl­

pared with all others. 
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Clearly, the equations giving rise to the first three rows of Eq. (25) are functions of those variables of which the 
equations corresponding to the last three are not. This observation is equivalent to noting that in a nonrolling 
aircraft the longitudinal and lateral motions may be discussed separately. 

Inasmuch as the proposed control activity is one giving rise to longitudinal motion, the lateral motion will not 
be further considered. The longitudinal motion is the solution of the following matrix equation: 

(D - Z",) ( fzZi-}2 dx; D) 
'/;Zr!2 dx 

U w Z, 

-fQ,,J2dx (D2 JzQf N dx D) 
-.hQTNdx W2 2 - .hQ,J2 tL'Y: TO ..hQrh dx It (26) 

-lv[", (-.Ii 1k!d2 dx D) 
-fzMThdx 

(D - Mq) q 11-:f, 

If the occurrence of the acceleration D2TO in the central element of Eq. (26) is considered an inconvenience, it may 
be eliminated by augmenting the equations of motion by the additional equation TO = DTQ. The augmented 
matrix equation becomes 

0 

D 

0 

1 

Eq. (27) has been applied in a practical case in order 
to attempt the duplication of observed flight experi­
ence. The aerodynamic integral derivatives were com­
puted by the theory presented here. The analytical 
results showed remarkably good agreement with ob­
served performance. In particular, an oscillation of 
considerable amplitude was explained qualitatively, as 
well as quantitatively. The actual task of integrating 
the equations of motion was entrusted to an electronic 
analog computer, and the results were obtained as trac­
ings of an oscillograph. These results are shown in 
Figs. 1 and 2 for two different flight conditions. In 
both illustrations, the upper curves are the results of 
flight measurements and the lower are the results of the 
analysis presented in this paper. The scales are the 
same in the two illustrations-i.e., the peak acceler­
ation in Fig. 1 is nearly eight times as large as that in 
Fig. 2. It will be noticed that the agreement between 
L'1eory and exp€nment is extremely satisfactory in both 
cases. 

STABILITY 

It appears that the system will be stable if the char­
acteristic equation of the system satisfies the stability 
criteria of the Routh discriminant. However, for cer­
tain types of control motion the system may become 
unstable even if the Routh discriminant of the left­
hand side of Eq. (27) indicates stability. Thus, con­
sider a control activation that is governed by the ac­
celeration as measured somewhere on the aircraft. 

.., 

-u I Zr 
I 

- .hQdz dx 
i .hQrh dx It (27) i 

(D - Mq) . I 

l lvI, I TO 

0 J 0 ILq 

_ .... _----_ ... . .. __ .-

Then, t becomes a function of one or more of the de­
pendent variables. This can either be accomplished 
by a mass unbalance2,i! incorporated in the control sys­
tem or by an accelerometer that governs control action 
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FIG. 2. Upper curve is the result of flight measurements for a 
flight condition different from that of Fig. 1. Lower curve is the 
result predicted by theory. 
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by electric means. If the acceleration-controlled aero­
dynamic surface is on one side of a node of the vibra­
tion mode and the acceleration-sensitive unit is on 
the other, then the accelerations of these two com­
ponents will be 180 0 out of phase with respect to 
one another. Now assume that the controlling de­
vice is adjusted so as to counteract any accelera­
tion experienced by it. 'This will generally be L~e case 
if acceleration control is introduced to produce sta­
bility. In that case and for the unfavorable location 
of the two units in question, the control action nowex­
cites the vibration mode at resonance and the system 
becomes unstable. This same effect can be produced 
with favorably located components if there is a phase 
lag equal to an integer multiple of one-half the vibra­
tional frequency between control command and con­
trol response. This effect may be analyzed by the 
equations derived here; it is merely necessary to insert 
the proper control forces on the right-hand side of the 
equations of motion. 

CONCLUDING RE11ARKS 

A theory of the flight dynamics of cylindrical bodies, 
nearly circular in cross section and elastic in a limited 
sense, has been presented. A large numher of restric­
tions were introduced in order to render the treatment 
manageahle. These might be grouped into those 
whose removal would render the treatment more tedious 
but not theoretically more difficult and into others that 
make any analytical treatment quite forbidding. Among 
the restrictions that could be removed without causing 
undue difficulty are those relating to the elasticity and 
to the air forces. 

The admission of elastic deflections decomposable 
into n + 1 normal modes rather than only one would 
merely add n equations of motion to the system and n 
terms to the equations used in this analysis. Thus, the 
consideration of three normal modes instead of one 
should certainly be considered feasible. 

Consideration of the air forces arising from unsteady 
flow is possible since these air forces are known. In 
fact, it appears that even transient solutions could be 
obtained rather easily if use is made of analog or digital 
computing machines. However, when nonstationary 
air forces are introduced, the problem appears to be­
come numerically too complex for solution by means 
of desk computers. 

All restrictions except the two just mentioned were 
introduced in order to retain differential equations that 
are linear and have constant coefficients. Theo­
retical predictions of the flight dynamics of the air­
craft under consideration do not appear hopeful if these 
restrictions are relaxed. However, an analysis in the 
neighborhood of the problem solved here can be carried 
out by perturbation methods. 
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Supersonic Flow * 
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SUMMARY 

The laminar boundary layer in a compressible gas is studied in 
order to obtain the velocity and temperature distributions through 
the layer in the presence of any pressure distribution whatsoever 
for the external flow, under the usual assumptions that the pres­
sure is constant through the layer and that the temperature of 
the constraining surface is constant throughout its extent. The 
contour of this surface is supposed to be so gently turning that 
the surface elements may always be considered aligned with the· 
free-stream flow. 

The method described is well suited for routine computations. 
Even though it makes use of successive approximations, only one 
extensive recomputation is required; after the second approxi­
mation is obtained, further approximations, if desired, are carried 
out by means of short cuts that reduce the labor involved to less 
than one-tenth of that required in the first recomputation. 

A significant effect of scale on the pressure changes in the po­
tential flow exterior to the boundary layer is observed, although 
the magnitude of the changes in these external pressures is small 
in the example selected for numerical illustration of the theory. 
The numerical example shows the progressive change in profile 
shape up to the point where imminent separation can be expected. 
Tables and aids to calculation are provided, along with the nu­
merical example. 

INTRODUCTION 

T HIS REPORT DEALS WITH A NEW METHOD for the 
determination of the velocity and temperature 

through the laminar boundary layer in supersonic fluid 
flow_ This method is related to one expounded by 
von Karman and Tsien 1 and to the ideas suggested by 
Feinsilber,2 but the present treatment may be applied 
to a compressible gas, and it holds for any kind of pres­
sure variation along the boundary in the external 
stream. 

values of the functions entering the final formulas have 
already been tabulated in standard 'Yorks. 

The assumptions upon which this method is based 
are the same as those tha t have been employed pre­
viously in similar investigations. For instance, it is 
taken to be permissible to use the "simplified" equa­
tions ~f the boundary layer in order to describe the vis­
cous flow therein, and, hence, it is implied that the 
static pressure is constant throughout every cross sec­
tion. The experimental results of Ackeret, Feldmann, 
and Rott3 controvert this assumption, of course, more 
and more as the particular cross section under con­
sideration is selected closer and closer to the one at 
which the shock wave starts_ 

Such an assumption of constant pressure, on the 
other hand, does not preclude the derivation of a for­
mula from which it is possible to deduce how the pres­
sure within the stream external to the boundary layer 
is modified by the presence of the boundary layer itself. 

In a preceding report of this series,4 it has been 
shown how, in the case where the Prandtl Number is 
taken to be unity, the problem can be solved approxi­
mately through use of a step-by-step procedure by 
means of which the pressure variation through the 
cross section is taken into account at each step of the 
calculation processes. 

Further, it is assumed here, even as was done in the 
above-mentioned report, that the thermal conductivity 
of the wetted wall is infinite (so that the te.mperature 
of the wall is constant over its whole length), and, in 
addition, the curvature of the wall is taken to be so 
small that its surface elements may be considered co­
incident in direction with the x-axis and the outward 

The method discussed here is actually one involving 
the technique of successive approximations. The 
degree of approximation associated with the solution 
desired in this investigation, however, may be con­
sidered as more than adequate for practical purposes. 
The procedure described is, besides, well suited for rou­
tine evaluations because of the fact that the numerical 

. normal to be in the direction of the y-axis. 

Received May 27, 1951. Extended version of manuscript sub-

A numerical example is presented to illustrate the 
application of the suggested method, and the necessary 
tables employed in the computations are also appended. 

PRELIMINARY CONCEPTS 

lr.itted to Cornell Aeronautical Laboratory, Inc., December 20, (1) Symbols 
1949. 

* This research was conducted under Navy EuOrd sponsor­
ship. 

t Member of the Cornell Aeronautical Laboratory consult­
ing staff. Professor, Laboratorio di Aeronautica, Politecnico di 
Torino. 
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U component of the velocity along the x-axis 
V component of the velocity along the y-axis 
VI limit velocity attained by the free stream when ex-

panded to a vacuum 
U", = velocity of the undisturbed stream 
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Ue velocity of the stream on the outer edge of the boundary 
(for all intents and purposes, this vector is taken to 
be parallel to the x-axis) 

u UjVz; v = V/V1; ue U./Vl ; 'It", U ",/Vl 

P density of the fluid; Pe density of the fluid in the ex-
ternal stream; P", density of thetluid in the un­
disturbed stream; Pp = density of the fluid in con­
tact with the wall 

p pressure 
T = absolute temperature 
p. = viscosity coefficient 
11 = kinematic viscosity coefficient 

The above symbols with subscripts e, "', and p have analogous 
meanings to those given for p. 

L = length ofthe.wall; ~ = xlL; '1 = y/L 
Roo Reynolds Number of the asymptotic stream (undis-

turbed flow at infinity) = U",L/1Iro; '1* = n!R--;;; 

stream function (dimensions of a viscO!;ity coefficient) 
1/;/CPooU",L); 1/;1* = 1/;1VR: 

Z .u/ J.Le; Zl 1 - z 
Z (ue2/2u oo - (u 2/2u", 2); Ze = u e2 /2uro 2 ; and 

! Ze Z = u2 /2u ro 2 

cp specific heat at constant pressure 
'Y adiabatic exponent (= 1.4 for air) 
p, Prandtl Number (= 0.75 for air) 
11- a coefficient defined by J.LIJ.l.e (TITeY" (n = 0.75 for 

air) 
Other symbols are specified in the text. 

(2) General Equations 

On the basis of the fundamental assumption con­
cerning the constancy of the pressure as mentioned in 
the introduction, the equations defining the flow within 
the boundary layer are as follows: 

Equation of motion: 

oU oU 
pU~ + pV ox oy 

dp a ( OU) --+ jJ.-
dx oy oy 

(1) 

Energy equation: 

The continuity equation is satisfied by writing 

(3) 

Through the use of the transformation previously em­
ployed by von Mises,· and by letting 

Z = jJ./jJ.. (4) 

where 

z= p/P.= Te/T (5) 

and 

~1 (6) 

while also 

Z (U.z;2U ",2) (U2/2Uoo 2
)} (6') 

Ze = ue2/2u",2 

then from Eq. (1), one obtains 

OZ/O~l (U/U oo ) (0/01/;1*) (OZjO¥l*)] + 
- zl/n)(dZe/d~l)] (7) 

UU.Pe __ e + 2. __ jJ._ + jJ. __ dU C 0 (OT) (OU)2 
dx P,oy 0Y,oy 

(2) 

Applying the von :l\:Iises transformation to Eq. (2), one 
obtains in an analogous manner: 

OZ/O~l = (l/PT) (1 - Zl)(n-l)/n X 
(O/Q1/;l*)[(U/U oo ) (OZI/01/;l*)] - z(2n-2)/n(nu",/u) X 

[2u",2/(1 - ue
2)](OZ/01/;1*)2 (8) 

where Zl 1 
For Eq. (7): 

z 
For Eq. (8): 

z. The boundary conditions are: 

0; 00 (7') 

1 - (Tp/T.)n for 1/;1* 
Zl 0 for 1/;r* 

(8') 

wherein Tp , the constant temperature at the wall, is 
supposed to be known for this phase of the calculations. 

SOLUTIONS OF THE TRANSFORMED EQUATIONS 

(3) External Solution of the Equation Derived from the 
Equation of Motion Through Use of von Mises Trans­
formation 

\Vithin the boundary-layer region, but near the ex­
ternal stream, it is permissible to write 
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o and u/u", = u./u", (9) 

and letting 

(10) 

it follows from Eq. (8) that 

oZl/Oh** = 02Z t/01Pt*2 (11) 

which is identical to the equation of heat conduction 
within a medium having unit diffusivity. Let 

(Zl),pl*=O = Zl,p = LAm~l**m (12) 
m 

under consideration, one may take z (n -I)!n (= 
for air) to be constant, because it varies but slightly 
within the layer. In there can be no objection to 
selection of this constant as precisely unity. In addi­
tion, letting u/u", ue/u"" Eq. (7) may be written in 
the form 

OZ/O~l = (u./u o,) (02Z/0V;1*2) + (1 - zI/n) (dZe/d~l) 

or also, if we set 

(14) 

then 

then the integral of Eq. (11) which satisfies condition _Expanding 1 Zl!" in a power series in the neighbor­
(8') is hood of Z 1 and retaining the first degree term only, 

LAm22mm! ~l**m i 2m eric [V;I* /(2V~1**)J (13) 
m 

one obtains 

oZ 02Z 1 dZe 
O~l* = OV;1*2 + ;;, Zl dh* (4) E~ternal Solution of the Equation Derived from the 

Energy Relation Through Means of the von Mises 
Transformation Let 

In order to determine the external solution of Eq. (7), 
the result just obtained as Eq. (13) will be used di­
rectly. Within the region of the boundary layer now 

wherein 

then Eq. (13) yields 

(Am/n) 22mrn! (l/p,m) l 
sB. J 

Thus, it appears feasible to write 

F = Lm ~l*m[CoBlm+l + ClBml i2 erfc -~=- + CzElm-l i4 erfc V;I:;'F; + ... + 
2v h* 

Now return to consideration of Eq. (15). Applying to 
it the Laplace transform with respect to the variable 
h *, one obtains 

(16) 

(18) 

(19) 

(21) 

-F (20) for m > r and wherein q = vp;:;;. It follows that 
F turns out to be a summation of terms of the type 

in which 

Z = L(Z) 

F = L(F) 

;:",-",. Z d<,'} 
/ 

The Laplace transform of such an expression as 
h*Ti2Y eric Iv;l*vp~/(2v'ft*)l is discussed in Appendix 
V of The Conduction of Heat in Solids by Carslaw and 
Jaeger. Using this result, it is noted that 

(22) 

where g and t are positive integers. It follows that one 
may write 

(23) 

wherein Zt,Q is defined by 



42 J 0 URN A L 0 F T II E A E R 0 X AUT I CAL SCI ENe E S-JAN U A R Y, 1952 

(e- Qh*/p1+ti2
) (24) Zt, a= 0 (25) 

1/;1 * 0, as well as for 1/;1* 00 must be kept in 
where the conditions that 

One deduces, consequently, that 

Ct,/ 1 
2p(3/2)+U/2) q [1 -

= 2(..,fP; ~'~;p(2+t/2) [e-q,,'l* 
Then noting that 

and 

one obtains 

C * Z _ t,g 

t,g - 2 (VP, 1) 

'2+1+. rf _'1'1_ 
, ./, * ] 

~ e C2V~1* 

mind. 

(26) 

(27) 

(28) 

The expression for Z which satisfies Eq. (15), and which, for 1/;1* 0, coincides with the Z. by Eq, (16) is 
therefore 

Z 2:Bm22'nmth*mi2m eric --'.-;== + 2: Zt,g 
m y 

Thus, for example, in the most simple case in which 

Ze = Bo + B)~l* 
one has 

wherein tl t/2, and 

Ct 0* = 0 
Ct: 0* =_(1/41

,) (A 
for t I, 3, 5, etc. 
for t 0, 2, 4, etc. 

(5) Internal Solution of the Equation Derived from the Energy Relation Through Means of the von Mises 
Transformation 

In proximity to the solid wall (where 1/;1* = 0), Eq. (7) maybe written in the form 

{(u/u",) [en - l)/n]z[(n-l)/nl-l(oz/olh*)} ~l*=o(OZ/Olfl*) + (u/u,,,)Zp(n-l)/n(02Z/01/;1*2) + 

(29) 

(16') 

(29') 

(30) 

(1 zp lin) (dZe/ d~l) (31) 
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But it is true that 

{(U/U",) [en - l)/n]z[(n-l)lnI-l(OZ/Olfl*) };l-l*=O (32) 

Now this term vanishes for n = 1, whatever the heat exchange .!lQ through the wall happens to be, and it vanishes 
as well for the case in which Pr = 1, regardless of the magnitude of n, if there is no heat exchange (.!lQ = 0). 
Therefore, it seems allowable, in the case in which .!lQ = 0, for fluids that, like air, have values of nand P T both 
close to unity, to disregard the term within brackets. In the general case, we may still consider this term to be 
so small as to permit, without appreciable error, the substitution of the constant value taken on at the wall by 
the derivative OZ/Olfl* for the actually variable value of this quantity. Consequently, one may substitute into 

(31) the expression 

wherein 
Do = [(1 n)/nl (p",/ p,) (oz!01]*)~*=o 't 
Yo = - (OZ/Olfl*)",,*=O f (33) 

In the development given below, the solution of Eq. (31) is obtained by following a procedure analogous to that 
applied by von Karman' to the study of the same problem in the case of incompressible flow. Let 

!: = Z. Z (34) 

then (31) yields 

02UOlfl*2 (1/0) (l!vf) (z//n/Zp(1t-l)I")(dZ,/d~l*) V2 '\I"Ze + 
[l/(V2zp(n-I)ln))] (l/vr) [(orlo~l*)V2Z. + DoYoJ (31') 

Analogously to what was done by von Karman in the above-mentioned"report,6 the latter equation is replaced by 

(31/1) 

wherein 

A * Ao*(1 + YoAl*); Ao* Al* = Do(1/V2) [l/(z/I"Z/) J; 
Ze' = dZe/dh* (35) 

while!: I denotes the value of .I which corresponds to the inflection point in the graph of !: vs. lfl * / (2V{~*) obtained 
from the internal solution. From Eq. (31"), one dednces that 

{arcsin (2A arcsin [(2A * - 2A *Vr/I/)/ (36) 

(6) Join Between the External and Internal Solution of 
Eq. (7) 

The connection between the solution given by Eq. 
(36) and the one represented by Eq, (29) is made by 
following the same procedure as that suggested by von 
Karman.' From the graph of !: vs. lfl*/(2y1ft*), 
plotted through means of Eq. (29) for the various 
parametric values of ~l*' the value of 

H = {(OZ/O[lft /(2V~1*)J I [l/(V~l*)J)l" rt (37) 

is determined. 
Hence, by imposing the condition that, for!: = !: I, the 

value of Or/Olfl* given by Eq. (36) must be exactly 
equal to H, one obtains the condition that 

+ 2A*vfr 
Yo2 + 2V.l1 Ao* (1 

This relationship permits one to evaluate Yo. Then, 
for each ~l*' Eq. (36) gives the value of ./;1* in terms of 
!:, provided that Do-that is, [(oz/01]*) J'1*=o-is known. 
The complete diagram of!: in terms of lfl* /(2V~1*)' at 
every given cross section of the boundary, = const., 
is now determined, because for the interval 0 b. !: b. !:fJ 
it is given by Eq. (36) and for the interval!: / b. z" 
it is defined by Eq. (29). 

DETAILED PROCEDURES OF SOLUTION 

(7) Second Approximationjor the Temperature Distribu­
tion-i.e., the Law of Variation oj the z Values 

In order to determine a second approximation for the 
distribution of z through the boundary layer, one may 
proceed as follows. Rewrite Eq. (8) in the form 
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(I/PT ) (u/u oo ) (1 - ZI) -(n-l)/n(O/olfl*) [(u/u m ) (OZdOlfl*) J 
n[2u",2/(I [OZ/Olfl*]2 (8") 

Then let 

and so, Eq. (8 H
) becomes 

In addition, Eq. (3) may be recast as 

f ''''* [J * = p", 00 d. l , * 1] T T \VI 
pu 

The forms of Eqs. (40) and (39) now suggest a pro­
cedure of successive approximations for the determin­
ation of the manner in which z varies within the layer. 
If one introduces into the second member of Eq. (40) 
the value of z obtained from the external solution, 
considered as a first approximation, then Eq. (40) per­
mits one to obtain 1]* in terms of lfl* /(2W), for each 
value of ~1*' Now evaluate the quantity 

o ,,----
-01]-* V Ze - Z = -

by making use of the values of z given by the external 
solution. One is then able to evaluate cp in terms of 
1]*, and, hence, obtains 

F (41) 

wherein 

and 

Fo (F)~*=o = en/en + 1) 

Because (41) permits the evaluation of then one 
has simply that Z= [en + I)/n],,/Cn+l) Fn/(n+l)as a second 
approximation for z. It is easy to see that this proced­
ure may be extended in order to obtain further approxi­
mations. 

(8) . Practical Method for the Determination of the Mo­
tion Within the Layer. Evaluation of the Heat Trans­
mission 

The calculations are generally laborious if the amount 
of heat LlQ transferred from the fluid to the wall is taken 
to be a given quantity; they are simplified if one fixes 
Tp and consequently evaluates LlQ. In fact, under 
these conditions, a first approximation to the distribu­
tion of the velocity and temperature is determined 
within the layer by Do 0 (this value comes 

n Z(n+l)/n 
n+I 

(38) 

- Z (1 - Zl)-lX 
(ozdoh*) cp (39) 

(40) 

nearer to the true one as n approaches unity). 
The procedure just outlined permits one to determine 
the values of (OZ/077*)~*=O if the above-mentioned as­
sumptions are employed. Once having obtained this 
temperature gradient, a second approximation for the 
values of Z and then of z may be deduced if necessary. 
It should be noted that the values of Do affect the in­
ternal solution of Z only. It is not necessary, there­
fore, to repeat the calculations leading to the external 
solution of Z, which, in fact, are the only laborious ones, 
in order to obtain a second approximation for z which 
will be satisfactory throughout the layer. 

One obtains finally that 

(42) 

corresponding to the selected value of TTl' 
If the system is thermally insulated (LlQ = 0), a 

first approximation determination of Tp may be made 
by taking the value of the latter to be that correspond­
ing to the condition for flow along a flat plate 
[(op/o~) = 0]. In this case, the following equation, 
describing the law of variation of the temperature, holds: 

(T - Tp)/Tp 
[PT/(80,),2)] (1 

(P,/2) U2/(cpTp) -
Pr )[U2/(cp Tp»)(U/U + . .. (43) 

Therefore, it appears that, in the case now being ex­
amined, aparabolic law of variation of T /Tp in terms of 
U/V~pT-;' is valid throughout almost the whole extent 
of the layer. If one retains only the term 

(T (43') 

and imposes the condition that Eq. (43') should blend, 
for U = U 00' into the relationship that holds for the 
external variation of T, which is, of course, T 00/ To = 

1 ro 2/(2cp To)), wherein To is the stagnation tem-
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TABLE 1 
Complete Velocity Distribution Through Boundary Layer for Three Selected LQcations 

-~------ .. --.. --------~-~"-~-"--'~-"--"-"--"--"-~"--"---"-"--~ 

\' 2v'f ')* \' V2f 1/* \' 2v'f ')* 

~ = 0.1 ~ 0.1 ~ 0.1 f= 0.3 ~ 0.3 ~ = 0.3 ~ = 0.15 ~ = 0.15 ~ = 0.5 
0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.05 0.027 0.230 0.420 0.024 0.211 0.712 0.021 0.190 0.921 
0.10 0.053 0.327 0.596 0.048 0.304 1.010 0.042 0.277 1.304 
0.15 0.080 0.400 0.726 0.072 0.376 1.227 0.064 0.347 1.580 
0.20 0.106 0.461 0.833 0.096 0.439 1.404 0.086 0.405 1.805 
0.25 0.132 0.514 0.926 0.120 0.491 1.537 0.108 0.466 1.996 
0.30 0.158 0.562 1.008 0.144 0.537 1.693 0.130 0.511 2.163 
0.35 0.182 0.604 1.082 0.167 0.1579 1.816 0.1152 0.552 2.314 
0.40 0.206 0.642 1.1151 0.190 0.617 1.928 0.173 0.589 2.454 
0.45 0.229 0.677 1.214 0.212 0.651 2.032 0.195 0.624 2.583 
0.50 0.251 0.709 1.273 0.233 0.683 2.130 0.215 0.655 2.703 
0.515 0.272 0.735 1.329 0.2153 0.712 2.221 0.234 0.685 2.816 
0.60 0.292 0.765 1.381 0.273 0.739 2.308 0.253 0.711 2.923 
0.65 0.311 0.789 1.431 0.291 0.763 2.390 0.271 0.736 3.024 
0.70 0.329 0.811 1.479 0.308 0.785 2.469 0.287 0.758 3.121 
0.75 0.345 0.831 1.525 0.324 0.805 2.545 0.303 0.775 3.195 
0.80 0.361 0.849 1.569 0.340 0.824 2.617 0.318 0.797 3.284 
0.85 0.375 0.866 l.612 0.353 0.841 2.687 0.332 0.814 3.370 
0.90 0.388 0.881 1.6153 0.366 0.856 2.755 0.344 0.830 3.453 
0.95 0.400 0.894 l.693 0.378 0.869 2.821 0.356 0.844 3.534 
l.00 0.411 0.906 1.732 0.389 0.882 2.885 0.367 0.856 3.613 
l.1O 0.429 0.926 1.807 0.407 0.903 3.009 0.385 0.877 3.765 
1.20 0.444 0.943 1.880 0.422 0.919 3.128 0.400 0.894 3.911 
1.30 0.4156 0.955 1.950 0.434 0.932 3.244 0.412 0.908 4.053 
1.40 0.465 0.965 2.019 0.444 0.942 3.356 0.421 0.918 4.191 
l.150 0.472 0.972 2.085 0.450 0.949 3.466 0.428 0.925 4.326 
1.60 0.477 0.977 2.151 0.456 0.955 3.574 0.434 0.931 4.4158 
1. 70 0.481 0.981 2.216 0.459 0.959 3.681 0.437 0.9153 4.589 
1.80 0.484 0.984 2.281 0.462 o 961 3.787 0.440 0.938 4.719 
1.90 0.486 0.986 2.345 0.464 0.963 3.892 0.442 0.940 4.848 
2.00 0.487 0.987 2.408 0.465 0.965 3.996 0.443 0.942 4.976 

perature of the potential flow external to the layer, wherein 
then it is found that 

x = ~1*/(2V~1*) 
Tv/To 1 - (1 PrJ U'" 2 (44) 

GROSS BOUNDARy-LAYER EFFECTS 
(10) Influence of the Boundary Layer on the External 

Pressure Distribution 

(9) Thickness of the Boundary Layer From the continuity equation, one has 

The thickness of the boundary layer may be obtained 
(%~) (pu) + [(O/Otfl) (pV) 1 [pu / (p co u 0,) 1 '-

from Eq. (40) by inserting in it, for each ~, the value 
[(O/O~l) (pu) 1 [pv/(p",u",)] 0 

of tfl* /(2'"V'Tt*), for which .\112 0.997Z/12• This 
value varies but slightly with ~, and in the numerical or 
example that follows, it is seen to be dose to 2. 

Thus, it may be presumed that (%~) [(.0/ Pro) (u/u ro ) ] + 
;:2 zl/n (p2/p",2) (U2/U",2) (O/O~l) (v/u) = 0 

8* = V2~1* Pro 112 dx (45) 
whence, it results that, within the layer, Pe 0 .\ 

(46) 

If the pressure variation due to the change in direction of the velocity is assumed to be that predicted on the basis 

of linear theory, (p - Poo)/(p",U",2) = (I/VAfoo2 - 1) iJ and if!3 denotes the angle between Ue and U"" then the 
change in pressure is given by 

ilp. 
--= (47) 
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wherein APe = Pe - p., and p. denotes the pressure on the outer edge of the boundary layer when the presence of 
the latter is taken into account. But it is true that 

o (pou ro ) -- dif.;l = 
o~ pu ~------1 (x) ,,* ~ (!!roUoo) dx 

J.Loop~u", 0 oh * pu 

wherein (x),,* is the value of x that corresponds to '1/* 0*. It follows that 

It appears that the influence of the boundary layer 
on the pressure distribution in the external stream is 
dependent upon the Reynolds Number; therefore, 
while in natural scale the influence may be small, under 
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FIG. Successive steps in the numerical procedure of estab-

lishing correspondence between the velocity-related param-
Zl." and the adjusted location along the constraining wall, 

experimental conditions, which usually correspond to 
smaller Reynolds Numbers, such influence may be ap-
preciable. . 

CALC(JLATED DATA 

(11) Numerical Application 

The procedures described in the preceding para­
graphs are now to be applied to the following example. 

whence /±/9; Ze = 0.5(1 0.2h*); n 0.75; 
0.75. 

Only the results of the calculations are presented be­
low. The subsidiary steps are to be found "in extenso" 
in a Cornell Aeronautical Laboratory report7 that is 
available upon request from the Johns Hopkins Uni­
versity, Applied Physics Laboratory . 
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FIG. 2. Complete velocity distribution through the boundary 
layer at three selected locations. 
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FIG. 3. Comparison of first and second approximations to the 
temperature profiles encountered at three selected locations 
spaced along the wetted wall. 
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... _------. 

TABLE 2 
First and Second Approximations to Temperature Factor 

'11* 
ZI Zil Sf Zll ZI ZIl 

2Vb* ~ = 0.1 ~ = 0.1 ~ 0.3 ~ = 0.3 ~ = 0.5 ~ = 0.5 
0.00 1.405 1.405 1.370 1.370 1.337 1.337 
0.05 1.386 1.463 1.354 1.353 1.324 1.305 
0.10 1.367 1.483 1.338 1.345 1.311 1.291 
0.15 1.348 1.493 1.322 1.337 1.297 1.281 
0.20 1.329 1.497 1.306 1.330 1.283 1.271 
0.25 1.310 1.498 1.289 1.322 1.289 1.262 
0.30 1.292 1.492 1.278 1.313 1.255 1.253 
0.35 1.274 1.485 1.257 1.304 1.241 1.244 
0.40 1.256 1.475 1.241 1.295 1.228 1.235 
0.45 1.239 1.464 1.225 1.285 1.212 1.226 
0.50 1.222 1.453 1.210 1.275 1.199 1.217 
0.55 1.208 1.438 1.196 1.264 1.185 1.208 
0.60 1.191 1.422 1.181 1.253 1.172 1.199 
0.85 1.176 1.404 1.188 1.242 1.159 1.189 
0.70 1.182 1.388 1.154 1.231 1.147 1.180 
0.75 1.148 1.368 1.142 1.219 1.135 1.172 
0.80 1.135 1.349 1.130 1.208 1.124 1.163 
0.85 1.123 1.330 1.118 1.197 1.114 1.154 
0.90 1.112 1.310 1.108 1.188 1.104 1.145 
0.95 1 101 1.291 1.098 1.174 1.094 1.138 
1.00 1.091 1.272 1.088 1.164 1.085 1.127 
1.10 1.074 1.235 1.071 1.142 1.089 1.111 
1.20 1.059 1.200 1.057 1.123 1.056 1.096 
1.30 1.048 1.187 1.045 1.104 1.044 1.081 
1.40 1.036 1.137 1.035 1.088 1.034 1.068 
1.50 1.027 1.109 1.027 1.070 1.026 1.055 
1.80 1.021 1.083 1.020 1.054 1.020 1.042 
1.70 1.018 1.060 1.015 1.040 1.015 1.031 
1.80 1.011 1.038 1.011 1.028 1.011 1.020 
1. 90 1.008 1.018 1.008 1.012 1.008 1.010 
2.00 1.006 1.000 1. 008 1.000 1.006 1.000 

Proceeding upon the basis of the above-assumed 
values, one deduces: 

cient) that has been "reduced" to account for the value 
of the local velocity external to the layer. Hence, 
this curve essentially describes the temperature dis~ 
tribution within the boundary layer as would be cal­
culated as a result of applying the first and then the 
second approximation procedures to this determination 
of the temperatures. 

Fig. 1 shows the diagrams giving P./p"" h*, ~l** in 
terms of ~. 

From (44) it follows that Tp/To = 8/9, whence 

Tp/Te = [1.6/ (1.8 - L6Ze)]; 
1 

ZlJ 'P 

[1.6/(1.8 - L6Ze)]O.75 

From this relationship for Z1, p, one deduces that Z1, p 

may be fairly well approximated, in terms of ~l**' by 
the following equation: 

3 

Am~1**m = -0.4226 + 0.1280~1** -
0.01344~1**2 + 0.001479~1**3 

The complete velocity distribution within the bound­
ary layer, throughout the three cross sections selected 
as the ones corresponding to locations ~ 0.1, ~ 0.3, 
and ~ 0.5, is plotted to give the diagrams of Fig. 2, 
and the values are listed in Table L 

Fig. 3 and Table 2 give the values of z as a function, 
respectively, of 7]* (distance normal to the constraining 
wall adjusted forReynolds)Jumber) and of 1/11* /(2VTt*) , 
which is a parameter representing the stream function 
(nondimensionalized by reference to a viscosity coeffi-

It should be remarked that, particularly for cases 
where ~ 0.3 and ~ = 0.5, the values of z obtained as 
a second approximation are fairly close to those ob­
tained as the first approximation. Consequently, one 
may safely draw the conclusion that the law of dis­
tribution of velocity within the layer as well as the law 
of variation of the temperature therein, as now ob­
tained in second approximation, is sufficiently accu­
rate. At this point, it should be noted that departure 
of the true value of z from those assumed as a first 
approximation has but little influence on the graph of r 
versus lh* /(2Vb*), so that a continued process of cor­
rection would involve solely the redetermination of 7]*, 
which is not a laborious task. 
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SUMMARY 

In this paper, the incompressible laminar boundary layer is 
computed using, as approximate profile for the velocity ti tan­
gential to the boundary, an exponential function of a polynomial 
of the fourth order in y with coefficients that are functions of x. 
If the velocity outside the boundary layer and the suction (blow­
ing) velocity are given functious of x, the first of those coefficients 
is determined by an ordinary differential equation of the first 
order which can be solved by numerical methods in the general 
case and exactly by simple analytical expressions in many special 
cases. The other coefficients are determined by elementary 
functions of the first coefficient and its first derivative. This 
method, which is convenient and combines high accuracy with 
uniformity of the procedure, is applied here to the flat plate ·with 
and without suction, the stagnation point, the asymptotic suction 
profile, and some other examples of interest. 

x,y 

u, v 

p(x) 
U(x) 

vo(xl 
TO(X) 
p 

a(Xl} 
b(x) = 

c(x) 
d(x) 

NOTATION 

coordinates within the boundary layer tangential and 
normal to the boundary 

velocity components in the x- and y-direction within 
the boundary layer 

pressure 
velocity outside the boundary layer 
suction (blowing) Velocity 
shear at the boundary 
mass density of the fluid 
kinematic viscosity of the fluid 

coefficients of the velocity profile 

u = U(1 e ay + by' + cy' + d y') 

INTRODUCTION 

T HE PR. .... CTICAL VALUE OF boundary-layer suction, 
especially of continuous (porous) suction in order 

to diminish the profile drag and to increase the maxi­
mum lift, proved by many experiments, led during the 
last years to a considerable number of investigations 
about methods for the computation of the laminar 
boundary layer with and without suction conditions. 
The literature up to 1938 is discussed in detail in S. 
Goldstein's Alodern Developments in Fluid Dynamics, 
Volume I, Chapter IV. Since that time, a considerable 
number of papers about the same problem have been 
published by Schlichting, Falkner, Piercy, vV"hitehead, 
Tyler, Thwaites, Trilling, and others.1-9 :\:[ost of these 
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authors are using the momentum equation of the 
boundary layer. Trilling solved recently the equation 
in Crocco's form, though in a somewhat complicated 
manner, by a series of powers of the velocity u with co­
efficients that are functions of x. 

The present paper starts from the boundary-layer 
equations in the original form (Prandtl) and assumes an 
approximate profile of the type 

u U(l + bex)y2 + C(X)y3 + d(X)y4) 

This choice of the velocity profile is suggested by the 
following general consideration. It can be assumed that 
a solution u of the boundary-layer equations can be ex­
panded in the form 

at least within a neighborhood of y 0 for any x. Re­
placing now the power series in y by a polynomial in y, 
satisfying the boundary-layer equations near y = 0 as 
far as possible for the chosen degree of the polynomial, 
one obtains an approximation near y = O. However, 
one can expect to obtain in this way, because of the 
general simplicity of the shape of a velocity profile, 
even a good approximation for any value y > 0 if the 
coefficient of the highest power in y proves to be nega­
tive, because u approaches then the asymptotic value 
Uex) in an exponential character as it must be expected 
out of physical reasons and as it is suggested also by the 
few known correct solutions. Using as degree of the 
polynomial in y the value 4, one obtains a high ac­
curacy in all well-known examples of the boundary­
layer theory not only near y 0 but for every y > O. 
Another reason for the choice of this velocity profile was 
the fact that it does not offer particular mathematical 
difficulties for the computation as normally connected 
with suction problems especially. Therefore, this 
method seems to be well suited for theoretical and 
practical use, combining high accuracy with conceptional 
simplicity. 

(1) DETERMINATION OF THE COEFFICIENTS OF THE 
ASS"UMED VELOCITY PROFILE 

The boundary-layer equations in the original form 
are 
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ou ou p'(x) 02U 
U--+V-····= ---+p 

ox oy P Oy2 (1) 

«()U/OX) + «()v/oy) = 0 

where u, v are the velocity components of the flow at the 
point x, y within the boundary layer. p(x) is the given 
pressure distribution of the flow outside the boundary 
layer, p is the mass density, and p is the kinematic 
viscosity of the incompressible fluid. P'Cx) means the 
derivative of p(x) with respect to x. 

Qutside the boundary layer, Bernoulli's equation 

UU' + (p'/p) = ° (2) 

is valid where U is the flow velocity at the border of the 
boundary layer. If the suction (blowing) velocity 
along the surface y = 0 is denoted by vu(x), the second 
of Eqs. (1) yields 

v = vu(x) - (y ou dy 
}o ox 

and the elimination of p and v from the Eqs. (1) and (2) 
leads, therefore, to the condition 

ou ( fY OU )OU , 02U U - + vo(x) - dy - - UU - p 
ox ox oy oy2 

o 
(3) 

for u, which may be denoted as the boundary-layer 
equation. 

With p(x) is U(x), a given function. An approximate 
solution of this equation with the form 

U = U(l - eay + by' +cy' + dy,) (4) 

shall now be determined. Here are a(x), b(x), d(x) 
unknown functions of x which are supposed to have 
continuous derivatives of the first order. It is further 
supposed that U has a continuous derivative of the 
second order* and va a continuous derivative of the 
first order. 

The boundary condition u = 0 for yO-is always 
satisfied by the assumed function [Eq. (4)J. The 
boundary condition U = U for y co is satisfied if 
If. < 0 or, generally, if the coefficient of the lowest power 
of y which does not vanish is negative. It is then, also, 
every derivative 

and, further, 

(OU/ox)y=O ° 
The functions a, b, c, d can be determined by satisfy­

ing the boundary-layer equation :Eq. (3)] along y = 0 
as far as possible. The best way to do this is to dif­
ferentiate Eq. (3) three times with respect to y. One 
obtains then, for y = 0, inclusive (3)], the following 
four conditions: 

* This supposition is necessary for the theoretical derivation 
only. The final result will not contain the second derivative. 

au __ , 02U 
vo-- GO -p 0 

oy oy2 

()2U ().u 
va oy2 - p oy' o 

The derivatives that appear in these equations have to 
be calculated from Eq. (4) for y = 0 and substituted 
here. Thus, the following four conditions for a, b, c, If. 
are obtained: 

a 2 + 2b = (1/p)(avo + U') 

a' + 6ab + 6c = (avo + U') 

a 4 + 12a2b + 12bz + 24ac + 24<£ = 
(l/p) (U'a 2 + Uaa') (V0 2/V 3) (avo + U') 

2a[U'(a2 + 2b) + U(2b' + 2aa') 1 - vo(a4 + 12a2b 

12b2 + 24ac + 24d) = v[a(a4 + 12a2b + 
12b Z + 24ac + 24d) + 8b(a' + 6ab + 6c) + 

36c(a2 + 2b) + 9600] 

The first three of these equations determine the func­
tions b, c, and d as functions of a: 

2b (1/p)(avo + U') - a2 I 

v2 v I 
~ (5) 

I 
24d = 

6c = (~ - 3a) (avo + U') + 2a3 

~ (U'a 2 + Uaa') - 6a4 + 
v 

(
V02 _ 4a ~ + 12 c:.=) (avo + U') - ? (avo + U') 2 I 
ps. 1'- V 1'2 .J 

If these values for b, c, d are substituted into the 
fourth equation, the following condition for a is found: 

(1~o _ 28::) (avo + U')2 + (55a3 _ 21 aZvo + 
v- v v 

_ avo2 vOS) 2 d 
[) - - (avo + U') + - aU -d (avo + U') + 

p2 v3 p X 

(
V ) vo

2 

-; 5a Uaa' -24pa5 + 5a4vo - as v = 0 (6) 

Thus we have the results: The coefficient a(x) is 
connected with the outside velocity U(x) of the flow and the 
suction velocity vo(x) by the relation (6). The coefficients 
b(x), c(x), and d(x) are functions of a(x), and vo(x 
according to (5). 

Eq. (6) is an ordinary differential equation of the first 
order for a if U and Vo are given functions. It is also an 
ordinary differential equation of the first order for va if 
U and a are considered as given functions. 

Now the shear along the boundary y 0 is given by 

TO vp«()u/oY)y=O = -vpUa (7) 
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Thus, if U(x) and the shear TO(X) are given functions, 
a(x) is determined by Eq. (7) and the ordinary differen­
tial equation of first order [Eq. (6)J for Vo solves ap­
proximately the problem of the determination of the 
suction (or blowing) velocity that is required in order to 
produce a given shear TO(X). 

A dimensionless form of Eq. (6) can be obtained re­
placing the variables x, Vo, U, and a by the dimension­
less variables 

~ = x/I, 
IT = U /lva 2 

t = vo/va } 
.\ = (1/lva2)(dU/d~) 

(8) 

where I is any significant length. The differential equa­
tion [Eq. (6)J then becomes 

d 
21T d~ (t + .I) = 'Po(.\) + 'Pl(nt + 'P2(.1)t 2 + 

with 

'P3(.\)t3 + t 4 + 2 (.\ + ~ t - V(~; -.\) 
'Po (n = 28.\2 - 55.\ + 24 
'Pl(.I) = -10.\2 + 77.\ - 60 
'P2('\) = - 25.\ + 50 
'P1(.I) =.\ - 15 

(9) 

(10) 

However, this general dimensionless representation is 
not always convenient. Different dimensionless repre­
sentations will be applied, therefore, in the following 
from case to case. 

(2) THE LAMINAR BOUNDARY LAYER WITHOUT 

SUCTION 

Without suction follows from Eq. (6) because of 
Vo = 0 

2 28" 5 da 2 

UU" - - U 2 + 55 U a 2 - 24va4 - - U - = 0 
v v 2 dx 

(11) 

The velocity profile [Eq. (4)J of the boundary layer has, 
therefore, the form 

u = Uo(l _ eay - (1/2) (ay) 2 + (1/3) (ay) , - (1/20)(ay)') 

If now x = 0 is the beginning of the flat plate, the initial 
condition u -+ Uo for x -+ 0 and every y > 0 shows that 
it has to be C = o. Thus, 

a = -V(5/48)(Uo/vx) 

The shear along the surface of the plate follows from 
Eq. (7) and has the value 

TO = 0.323pU02 Vv/Uox 

Blasius' correct solution yields the numerical constant 
0.332, the error therefore being 2.7 per cent. 

Let us apply Eq. (11) to the boundary layer of the 
stagnation point where 

U = Uo(x/l) 

Eq. (11) then gives 

da 2 

d In x 

56 Uo 48 a 4 

- - - + 22a 2 - - --
5 Iv 5 Uo/lv 

(13) 

Approaching the stagnation point with x -+ 0, a 2 would 
become infinite if not da 2/dx -+ O. From Eqs. (12) and 
(4), it would follow that u = 0 for x = 0 and y > 0, 
which would be a contradiction to the velocity distribu­
tion of a stagnation point. Only a constant solution a 2 

of Eq. (13) therefore comes into question. The two con­
stant solutions of this equation are 

(lv/Uo)a2 = 1.529, (lv/Uo)a 2 = 0.763 

Now there has to be, however, 

13 (UO)2 6 24d = - - - - a 4 < 0 
5 Iv 5 

Therefore, a 2 is a solution of this Riccati's differential Thus only 
equation if there is no suction. a 2 being determined, the a - -1.237 V Uo/lv (14) 
coefficients b, c, d are obtained from 

2b = U'/v - a 2 

6c = -3(U'/v)a + 2a 3 

2 UU" 13 (U')2 6 24d = - - -- + - - - - a 4 

5 v2 5 v 5 

(12) 

according to Eq. (5). 
For the flat plate without suction (U = const. 

Eq. (11) reduces to 

(5/2) U o(da 2/dx) + 24va4 = 0 

which has the general solution 

1/a2 = (48/5)(vx/Uo) + C 

where C is a constant of integration. From Eq. (12) 
there follows 

The shear 

vUo Uol x ~
-

TO = 1.237p -l- -;- (z) 
The correct value of the constant calculated by Hie­
menz lO is 1.233, the error of the approximation being 
0.32 per cent. With a, the coefficients b, c, d of the 
velocity profile are also constants. From Eq. (12) it 
follows, with Eq. (14), that 

Setting now 

b = -0.264(Uo/lv) ) 
c = -0.0115(Uo/lv)'j, ( 
d = -0.00855(Uo/lv)2 J 

(15) 



LAMINAR BOUNDARY LAYER WITH SUCTION 51 

t ..'!.!!l... 
xli 

1.0 

.8 

I 
~ AF1'TOri"'i'Y 

.6 A 
V 

I Ve/o<itLP'!:pjlle of Me boundary_ 

r! I 
.Loy'er ()J tire sta,9.l1atiol1 /!.oinl' 

.'1 

.2 I 
II 

I 

o 1.5 :/ 2.5 3 ,f7i: ~.5 
- lYf':-

.s 

Fiq./ 

the velocity profile of the boundary layer becomes 

u/Uo(x/l) = 1 _ e-1.237~ - O.264~2 - O.0115~3 - O.00855~' 

This profile is plotted in Fig. 1 as solid curve. Values 
that Hiemenz obtained by exact computation are indi­
cated by small circles. 

The general equation [Eq. (l1)J can be simplified 
considerably. It can be transformed especially into 
such a type that the second derivative of U disappears, 
which is convenient for practical applications. This can 
be done replacing a 2 by the function A according to 

a 2 = (Vv) + (4/5)(U'/v) (16) 

Eq. (11) then yields, for A, the condition 

UA' = 0.256U'2 + 6.64U'A - 9.6A2 

By solving this equation, a 2 and the shear TO [from Eq. 
(7)J are computable without knowledge of U". The 
last coefficient d of the velocity profile, however, re­
quires U", as follows, from Eq. (12). 

This Riccati's equation for A can be transformed 
further by the usual substitution 

A = (U/9.6)(d In z/dx) (17) 

into a linear differential equation of the second order. 
Replacing the differentiation with respect to x by a dif­
ferentiation with respect to x/I, and U by [;/ Uo, this 
differential equation gets the dimensionless form 

d 2z _ dIn (U / Uo) dz 
d(x/l)2 - 0.64 d(xil) d(x/l)-

,). __ [dIn (U/UO)]2 _ 
_.40/6 d(x/l) z - 0 (18) 

A solution z of this equation yields, because of Eqs. (16) 
and (17), 

[J 

1 d In z -4 d In (U / Uo) .- -- +-: 
9.6 d(x/l) ° d(x/l) 

(19) 

If especially 

U/Uo = [a + ,6(x/I)Jm 

(a, ,6, m are constants), the general solution of Eq. (18) 
becomes 

z = Kl (a + ,6 J) nJ + K2 (a + ,6 J) m (20) 

where 

and 

A = 5.64, B = 2.4576 

Kl, K2 are arbitrary constants. For Iva 2/ U, their ratio 
only is important and this has to be determined from 
the initial condition of the particular problem. 

In the special case 

U/Uo = ect + {3(x/l) 

the general solution of Eq. (18) is 

(21) 

with 

N 1• 2 = (,6/2) (A ± V A 2 + 4B) 

Both cases are convenient for the practical computa­
tion of the boundary layer if these two velocity func­
tions are used for a stepwise approximation of any 
given velocity distribution. Both cases are character­
ized by the fact that the velocity profiles of boundary 
layer become similar (Thwaites9)_ 

If, finally, x/I in Eq. (18) is replaced by 

~ = ko + kl J (U/Uo)5.64d(x/l) 

with two arbitrary constants ko and kl' this equation 
gets the form 

_ [d In (U/UO)]2 
2.4076 z 

d~ 

Thus, the investigation of the laminar boundary layer 
without suction is reduced to a differential equation of the 
type 

Zll = f(~)z 

(3) ApPROXIMATION OF THE VELOCITY PROFILE BY A 

GAUSS-CURVE; DISPLACEMENT AND }1mIENTU:\I 

THICKNESS 

The main purpose of the following approximation of 
the velocity profile by a Gauss-curve is to simplify the 
calculation of the displacement and the momentum 
thickness of the boundary layer. 

If one tries to solve the boundary-layer equations in 
the same way as before by the simpler expression 
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u (22) 

instead of Eq. (4), the accuracy of the result becomes in­
sufficient. This is not too surprising because the deter­
mination of the velocity profile by the given method 
starts essentially from conditions along y = 0 only. 
An accurate result can be expected, therefore, only if 
these conditions are sufficiently strong. This was the 
case with Eq. (4). However, it is possible now to deter­
mine a sufficiently accurate Gauss-curve [Eq. (22) ] using 
the results obtained for the exponential solution with 
four coefficients. 

To this purpose, the fourth-order solution [Eq. (4) 1 
shall be replaced by a Gauss-Curve [Eq. (22)] which 
has the same tangent as Eq. (4) for y = 0 and which 
passes through a certain point of Eq. (4) inside the 
boundary layer. If 

E = e ay + by' + ,y' + dy< 

it is (OE/Oy)y=o a and the tangent of this curve E(y) 
at y = 0 passes through the point Y1 -1/ a at the y­
axis. The point PI of E(y) which belongs to this Y1 has 
theE-value 

e-1 + (bl,,') - (c/a 3) + (d/a') 

If this point PI of E(y) is chosen as the point through 
which the curve 

E (23) 

has to pass, one obtains 

{3 = b (c/a) + (d/a 2
) (24) 

The solution (4) with the coefficients a, b, c, d determined 
by Eqs. (6) and (7) is in this way approximated by the 
Gauss-curve 

u = U(1 - eay + {3y') 

with {3 given by (24). 
In the case of the stagnation point, because of Eqs. 

(14) and (15), 

(3 = - 0.2789( Ua/Iv) 

If the corresponding Gauss-curve would be plotted in 
Fig. 1, there would be no perceptible difference with the 
already plotted curve [Eq. (4)]. 

Since a, b, c, d have to be found anyway, this simpli­
fication to a Gauss-curve as such would not be essential. 
However, so it is for the determination of the displace­
ment and the momentum thickness of the boundary layer. 

The displacement thickness ii*(x) is defined by 

o*(x) = 1" (1 - ;) dy (25) 

the momentum thickness by 

O*(x) = {= (1 - _1!') ~ dy Jo U [; 
(26) 

With 

u/U = 1 

follows, therefore, 

eay + by' + ..;.. dy' = 1 E 

o*(x) = 1'" E dy (27) 

&*(x) = o*(x) _1'" E2 dy (28) 

If E is replaced now by the Gauss-curve [Eq. (23)], 
the integration can be performed with the aid of Gauss' 
error integral 

¢(x) dx (29) 

and one obtains 

vi'; e-
a
'/4f1 [ ( )J 

ii*(x) = 2 1 - ¢ - 2; _~ (30) 

The integral 100 E2 dy in Eq. (28) follows from the same 

formula with 2a, 2b, 2c, 2d instead of a, b, c, d. If we de­
note, therefore, 

i3 = 2b - (c/a) + (d/2a 2) (31) 

it is 

100 Pdy = 
2 

(32) 

The case of the fiat plate without suction becomes 

(3 -0.883a2 

with a -0.323 and, because of (30), 

0* = 1.75 The eorrect value of the constant 
is 1.72. For the same case, i3 1.358a2 and, because 

of Eqs. (32) and (28), 0* = 0.641 Un, the correct 
value (Blasius) of the constant being 0.664. 

(4) THE FLAT PLATE wITH CONSTANT SUCTION AND 

THE ASYMPTOTIC SUCTION PROFILE 

The flat plate with constant suction was computed by 
Iglischll in 1944. In order to treat this problem with 
the present method, the differential equation [Eq. (6)] 
for a has to be solved under~ the conditions 

u Uo = const., Vo = const. < 0 

which reduces this equation to 

5a) a' 

It can be solved by direct integration. Introducing the 
dimensionless variables 

vo/va (34) 

one obtains 
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.5 iii -7~T-r-----I~=~~==O~ 

dF; 

dt 

.S 

Fig. a 

24 - 60t + 50t2 - 15t3 + t4 

Here also, because of Eq. (7), 

t = - pUoVO/TO 

(35) 

(36) 

If the flat plate extends along the positive x-axis and 
the fluid flows in the direction of increasing x, the shear 
TO has to be infinite at x 0, and from Eq. (33) it 
follows that 

or 

f o 5t 3t2 

---------- dt 
I 24 - 60t + 50t2 - 15t3 + t4 

F; = 0.4642 - 2 In (1 t) + 0.25 In (2 - t) -

0.351 In (10.899 - t) + 2.101 In (1.101 t) (37) 

The coefficients of the velocity profile of the boundary 
layer as functions of tare 

a (Vo/v)/(l/t) 

b = i (~)2(i ~) 
2 v t t2 

c ~(;rG 
11 21 18 6 

1 (vo) 4 -
2 + t - t2 + t3 -"f4 

d= -
24 v 5 - 3t 

(38) 

The results following from these formulas have been 
plotted in Fig. 2. For various values of t = -pUOVO/TO, 

the coordinate F; (vo 2/pUo)x can be calculated directly 
from Eq. (37). t is plotted versus V~ in Fig. 3. For 
the same values of t, the coefficients of the velocity pro­
file follow from Eqs. (38). With a, b, c, d is f3 known 
from Eq. (24) and, therefore, also (j* as function of t and 
of V~. With a, b, c, d is also known iJ from Eq. (31) 
and, therefore, 8* from Eqs. (32) and (28). In Fig. 2 are 
plotted (vo/v) (j* and -(vo/v)8* versus~. The 
small circles in this figure indicate the values calculated 
by Iglisch. The accordance with the results of the 

present theory is excellent, and the simplicity of the 
necessary numerical calculation involved by this method 
is obvious. 

The preceding example includes the asymptotic suc­
tion profile. With F; - 00 is t - 1, and therefore, be­
cause of Eqs. (38), 

a = vo/v, b=c=d o 
Thus, indeed, 

u/ Uo 1 - e(Vo!v)y 

\Vith t - 1 there follows, in this special case, 

-pUOVO/TO = 1 

A generalization can be obtained if one asks for the con­
ditions under which, generally, 

-pUVO/TO = 1 (39) 

for variable U and Vo. Because of TO -vpUa, the 
equation has then to be a = vo/v. The general differen­
tial equation [Eq. (6)] then yields 

UU" - 9U'2 (40) 

and the coefficients of the velocity profile become 

avO/v 

b (1/2) (U'/v) 

c = - (1/3) (vo/v 2
) U' (41) 

d = 1 (_ 3 U'2 + 2 ~2 U' _ vovo' U) 
24 v2 v3 v3 

For any given not constant U exists a suction velocity 
Vo determined by Eq. (40), for which Eq. (39) holds 
under the condition that d < O. If 

u = = const. 

Eq. (40) is satisfied for every va, and from Eq. (41) there 
follows 

Vo 
a 

Thus we obtain 

u/Uo 

b = c = 0, d 
Uo dvo2 

48v3 dx 

1 - e(Vo!v) y - (Uo!48v')(dVo'ldxh~ (42) 

as a suction profile of the flat plate for which TO = 

- pUovo, under the condition only that 

This condition includes that the result has a meaning 
only for an infinite fiat plate in both directions with ar­
bitrarily increasing suction velocity in the flow direc­
tion. The asymptotic suction profile appears again for 
Va const. 
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(5) EXACT SOLUTIONS OF EQ. (9) WITH CONSTANT 

SHEAR 

The general equation in the dimensionless form [Eq. 
(9) 1 can be integrated exactly if !; and d(J/d~ are con- t 
stants. In this case there follows either 

Uo (a~ + {3)"'} 
(J = 1'( a~ + {3) . 

(43) 

or 

U/Uo (44) 
(J 

where m, a, {3, and l' are arbitrary constants. Accord­
ingly, 

TO (45) 

or 

TO (46) 

In the special case m 
If, moreover, 

1/3, the first TO is constant. 

!; = may 5/4 (47) 

and therefore 0:1' = 15/4, Eq. (9) has the solution t 0, 
which means that no suction is necessary. \Vith 0: 1, 
,B = 0, it follows that for the velocity distribution 

U/ Uo = fh (48) 

outside the boundary layer the shear along the boundary 

2 
TO 

p vUo ~IUol 

l " v 
(49) 

is constant without suction. This special case corresponds 
to the symmetrical flow against a corner with plane sur­
faces under 90° angle. 

The other special value 0: 0 for which TO is constant 
leads in both cases to 

U Uo = const., (J const. 

and represents, therefore, the flat plate in longitudinal 
flow with constant shear due to suction. Eg. (9) yields in 
this case 

(Jo 1t dt 

= 2 0 24 - 50t + 50t2 - 15t3 
(50) 

if suction is applied for ~ ;:;: ~o. If TOO is the shear with­
out suction at the point ~o and at the same time the pre­
scribed constant value of the shear for ~ > ~o, itfollows 

-p 

(51) ~~ = ~o 
(JO 

(8). In Fig. 3, t is plotted versus 

- ~o)j ITo. This result shows that the suction ve­
locity necessary to keep the shear constant increases 
rapidly from zero to a constant value corresponding to 
the asymptotic suction. 
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Turbulent Boundary Layer on a Cone in a 
Supersonic Flo,v at Zero Angle of Attack 

R. VAN DRIEST* 
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ABSTRACT 

A simple rule is given for transforming local heat-transfer 
coefficients from flat plates to cones at zero angle of attack for 
fully turbulent boundary layers in supersonic flow. The rule 
is that the cone heat-transfer coefficient is the flat-plate coefficient 
for one-half the Reynolds Number on the cone, the Mach 
Number and wall-to-free-stream temperature ratio remaining the 
same. 

INTRODUCTION AND SUl'vrMARY 

T HE CALCULATION OF THE TEMPERATURE of a cone 
in supersonic flight requires a knowledge of the 

heat-transfer coefficient of the boundary layer of the 
cone. Hantzsche and Wendt l solved the problem for 
laminar boundary layers. They found that the local 
laminar heat-transfer coefficient on a cone at zero angle 
of attack can be obtained by merely multiplying by 

vis the local laminar heat-transfer coefficient on a 
flat plate. Since heat transfer and skin friction are 
proportional, this rule applies also' to local skin-friction 
coefficients for cones. Because laminar heat transfer 
and skin friction vary inversely with the square root 
of the Reynolds Number, another way of formulating 
the transformation rule for conical laminar layers is 
to state that the cone solution is the flat-plate solu­
tion for one-third of the Reynolds Number on the 
cone. 

The present report offers a simple transformation 
rule for fully turbulent boundary layers on cones, 
similar to that for laminar layers. It is found that, 
for turbulent boundary layers, the cone solution for 
local heat transfer is the flat-plate solution for one-half 
of the· Reynolds Number on the cone, the Mach 
Number and wall-to-free-stream temperature ratio 
remaining the same. The effect is an increase over the 
local turbulent heat-transfer or skin-friction coefficient 
of :flat plates of about 10 to 15 per cent. The work 
is an extension to compressible flow of an analysis by 
Gazley,2 who neglected the effect of compressibility 
and assumed a power law for velocity distribution; 
his results approach those obtained when the above 
general rule for turbulent boundary layers is ap­
plied to incompressible flow at high Reynolds Num­
bers. 

Received July 26, 195!. 
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MOMENTUl'vr EQUATION FOR THE BOUNDARY LAYER ON 
A CONE AT ZERO ANGLE OF ATTACK 

The von Karman momentum equation for a boundary 
layer in steady state on a body of revolution at zero 
angle of attack is 

bPi" .- 1'd~! - l' l' A J 1£ 1£ ux 0 
u)dy = (1) 

In this relation, x is a coordinate distance measured 
along the body from the forward most point, y is the 
other coordinate measured from the surface along a 
normal to the surface, u is the flow velocity relative 
and parallel to the surface at the point (x, y), p is the 
density of the fluid at (x, y), l' is the normal distance 
from the body axis to ex, y}, p is the pressure at (x), 
1'1£ is the shear stress at the surface, and li is the bound­
ary-layer thickness measured normal to the surface. 
Subscripts wand 0:> refer to the wall and outer edge of 
the boundary layer, respectively. 

With a cone, when the flow is supersonic and the 
shock wave is attached, the pressure along the rays 
is constant for inviscid fluids. Therefore, since the 
boundary layer is thin (li« r), it is assumed that the 
pressure is also constant along the boundary layer­
i.e., op/ox = o. Hence, (1) for cones reduces to 

(2) 

Furthermore, as a consequence of 0« 1', Eq. (2) be­
comes 

(3) 

or 

b f" 
Oxo 

pU(u", - u) dy + 
1 O1'w fi'i ( - puu", 

1'1£ ox 0 
u) dy Tw (4) 

But for the cone 

(5) 

so that, finally, from Eq. (4), the momentum equation 
for thin boundary layers on a cone in supersonic flight 
at zero angle of attack is 
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o 
Tw = Ox pu(u", - u) dy + 

1 1° pu(u", - u) dy (6) 
x 0 

For turbulent flow, the fluid properties, p and u, in 
this equation take on mean values. 

TURBULENT SKIN FRICTION AND HEAT TRANSFER 

ON A CONE 

It is assumed that the same flow mechanism holds 
locally on a cone as on a flat plate. Hence, the same 
procedure is followed for skin friction on cones as was 
used in the writer's previous report 3 on turbulent 
boundary layers on flat plates. According to that 
procedure, it was at first shown that the apparent 
shear stress was given by 

T = -(pfJ)'u' (7) 

whence, when iJ "" 0 for thin boundary layers and the 

triple correlation p'u'v' is neglected, 

T = -pu'v' (8) 

where p is the fluid density and u and v are the velocity 
components parallel to the free stream and normal to 
the plate, respectively. The primes indicate fluctua­
tion from the mean. Introduction of the Prandtl 
mixing length 1 then gave 

(9) 

The shear was next assumed constant and equal to the 
wall value, and l was taken as Ky. The mean local 
density was related to the mean local velocity by using 

Too 

(10) 

in 

pip,. = T,c/T (11) 

to obtain 

(12) 
Pw 

where 

and 

1 

and where T is temperature, l' is the ratio of the specific 
heats, fyf is the Mach Number, and wand 00 refer to 
wall- and free-stream conditions, respectively. Inte-
gration of (9) then yielded 

. 1') (13) 
I'm 

where F is a constant and I' is the fluid kinematic vis­
cosity. 

With flat plates, the von Karman momentum 
relation constitutes only the first term on the right-hand 
side of Eq. (6). Substitution of Eqs. (12) and (13) 
in that term then gave 

where' 

D e-FK 

Kuoo/V~w/Pw 
J 11 (1 + Bz - A 

[
a 2A2Z - B ] 

exp A sin-
1 

(B2 + 4A2)'h dz 

z = u/uoo 
In these equations, coordinate x is the distance 

measured from the leading edge of the plate in the 
free-stream direction. The integral J was expanded 
in a series and terms of higher order than l/a2 were 
neglected, since a was large, resulting in 

1 [a 2A2 - B 
J = ~~2~(I-+-B--A-2-)"""h . exp A sin-1 

a2(B2 + 

(IS) 

After rearran.gement, Eq. (14) became 

1 

J.Lw (1 + B 

~{exp [~ (sin-1a+sin-1m]} (16) 

where 

and 

f3 = B/(B2 + 
The lower limit on a for x = 0 was taken as zero, since 
the shear at the leading edge of the plate was assumed 
to be infinite. Integration of Eq. (16) then yielded, 
for large values of a and negligible variation of wall 
temperature with x, 

D 1 
K3 (1 + B-

. a 2 • 

J.Lu' 

exp [~ (sin -1 a + sin -1 mJ (17) 
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from which came the form of the local skin-friction 
(heat-transfer) formula 

(sin-1 a sin -1 f3) = const. + 

~ [ill RroCtro - G 
since 

Pw p",(TwIT 00)-1 

/Lw /Lro(TwIT ro)'" 

Clro 2rwlprou",2 

Cfw ct",(TwIT "') 
Rw Roo (TwiT "') (1 + w) 

Roo p.",uroxl/L", 

a: 
~ 4 
(f) 

Z 
<t 
a: 
I­
~ 2r-----~--~_+~_+-+----~----

w 
:x: 

~I~~----~--~~~~~~--~----~--~~ 
(.) 106 2 45681d 2 46 8K1S 

9 REYNOLDS NUMBER, Roo 

FIG. 1. Method of obtaining the local cone heat-transfer 
coefficient from the flat-plate solution. 

A similar development can be traced for the cone in supersonic flow with attached shock wave. Instead of 
Eq. (16), one obtains, starting with Eq. (6), 

D 1 

K3 (1 + B - A . a2 [:x {exp [~ (sin-1 a + sin-1 f3 J} + ~ {exp [~ (sin-1 a + sin-1 f3)]}] 
(19) 

Now, with the assumption that a is large, (19) can be written as 

/Lw 

D 1 

K3 (1 + B 
[:x {a2 exp [~ (sin-1 a + sin-1 ~) J} + :2 {exp [~ (sin-1 a + sin -1 i1) J} J 

(20) 

Rearrangement gives 

D 1 

K3 (1 + B 
. d {xa 2 exp [~ (sin-1 a sin-1 i1)]} (21) 

which integrates to 

1 PwU",X D 
x =--

2 f.Lw K3 
~ ____ 1 __ --;-r • X • a2 exp [~ (sin -1 a + sin -1 (3) J 
(1 + B A2)1/z A 

(22) 

or 

1 

2 
___ 1 __ -:-7 • a 2 exp [~ (sin-1 a + sin-1 (3)J 
(1 + B A 2)'12 A 

(23) 

Comparison of Eqs. (23) and (17) shows that, for 
the same cone :\1ach Number and wall-to-free-stream 
temperature ratio, the cone solution for local skin 
friction (and therefore heat-transfer coefficient, since 
they are proportional) is the same as the flat-plate 
solution when the cone Reynolds Number is divided 
by 2. The use of this rule is shown in Fig. 1 in which 
the local heat-transfer coefficient is plotted as a func­
tion of Reynolds Number and temperatUre ratio at a 
::V[ach Number of 5 for flat plates. For example, if the 

cone free-stream l\fach Number is 5, the wall-to-free­
stream temperature ratio 4, and the cone Reynolds 
Number 107

, then the cone local heat-transfer coefficient 
is found in Fig. 1 on the temperature ratio 4 curve at 
Reynolds Number <') X 106• Thus, in this particular 
case, it is found that the heat-transfer coefficient for 
the cone is 1.140 times that of a flat plate under the 
same conditions. This ratio will vary with all of the 
above flow parameters. 

(Continued on page 72) 
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The magnitude of the stress introduced into a long slender bar 
by velocity impact depends only upon the conditions of im"[lact. 
Thus, buckling of this bar under impact loading can only take 
place after the compressive stress wave has propagated over a 
"critical" length of the bar. Column behavior under impact is 
studied theoretically and by a novel experimental technique, and 
it is concluded that a column can momentarily support a dynamic 
compres~1.ve stress of any magnitude which may be introduced by 
impact. 

INTRODUCTION 

T HE INVESTIGATION OF COLUMN BEHAVIOR under 
conditions of dynamic loading has been studied by 

several investigators. Meier1 has studied the behavior 
of columns containing initial imperfections by investi­
gating the motion of the center of the column for loads 
below the Euler load and above. Although Meier 
speculates that the column can carry loads in excess of 
the Euler load, a study of his analytical results fails to 
bear out this conclusion. 

HofP has studied a similar problem but has SP€:cltled 
the displacement at the end of the column rather than 
the load. His investigation is concerned with an 
initially imperfect column in which one end of the 
column has been displaced at a constant velocity. 
Under such conditions it has been shown analytically 
that the column can carry loads in excess of the Euler 
load because of the lateral inertia of the imperfect 
column. 

In both the above investigations, it has been assumed 
that the period of the lateral motion of the column is 
small relative to the time required for a stress wave to 
propagate from one end of the bar to the other. Thus, 
it has been assumed that the stress is constant through­
out the entire length of the column. In contrast, the 
investigation contained herein is concerned with the 
propagation of an elastic stress discontinuity in the 
column and accounts for the fact that the stress is in­
stantaneously not constant over the entire length of the 
column. Under conditions of compressive stress wave 
propagation, it has been found useful to adopt the point 
of view of determining the critical length of a column 
subject to a given stress rather than finding the critical 
stress of a column of given length. 

It is the objective of this investigation to show that 
under certain conditions of impact loading, the com-

Received August 1, 1951. 
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pressive stress momentarily supported by a perfect 
column at buckling may be of any magnitude in excess of 
its static Euler load. Under sufficiently high velocities 
of impact, the critical length of the column is deter­
mined by the magnitude of the stress being propa­
gated, which is contrary to the usual situation of static 
buckling in which the critical stress is determined by 
the effective length of the column. This phenomenon is 
due to the fact that the of the stress at the 
end of the bar which is introduced by velocity impact 
depends only upon the velocity of impact and the 
modulus and density of the material. Initially, the 
stress is only at the strnck end. Since there is no 
stress in the remainder of the bar. it is only after the 
stress has been transmitted over a critical length of the 
bar that buckling can possibly occur. 

SYMBOLS 

A area 
c velocity of propagation 
E elastic modulus 
I moment of inertia 
L length 
Le length traversed by stress wave in time t, Le = ct 
Lor. = critical length in which buckling occurs 
m mass 
t time 
U elastic strain energy 
v velocity 
V volume, V = LA 
w lateral displacement 
x coordinate along length 
(J' stress 
(J'u ultimate tensile strength 

strain 
p radius of gyration 
'" density 

TEST TECHNIQUE 

Fig. 1 is a photograph of a long thin colunm in which 
buckling was caused by the propagation of a compres­
sive stress wave. The impact loading was achieved 
experimentally in a simple manner. The specimen was 

FIG. 1 
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TIME 

t 

Fracture 

DISTANCE X 
FrG. 2. 

Grip 

loaded in tension until fracture occurred. At fracture, 
the elastic strain energy stored in the specimen was 

U = (uu2/2E) V (1) 

loading path is elastic. Upon reflection, however, the 
stress may reach the plastic portion of the dynamic 
stress-strain curve, and therefore the plastic stresses 
will propagate at lower velocities than the elastic 
stresses. \Vith this technique of compressive impact 
loading, the effective origin of the dynamic stress-strain 
curve is essentially shifted to the fracture point of the 
static tension stress-strain curve. 

COLuMN BEHAVIOR 

In its gross features, column behavior under com­
pressive stress wave propagation can be represented by 
the model shown in 3. To the long slender bar 
fixed at the lower end, a given weight is assumed 
attached at successively increasing distances from the 
lower end. Wilen the weight has moved a sufficient 
distance from the fixed end, buckling of the bar will 
occur in the length between the lower end and the 
weight. Under the corresponding conditions of com­
pressive stress wave propagation, the magnitude of the 
stress wave is fixed by impact conditions. As the wave 
front moves away from the fixed end, buckling will 
occur when the "critical" length corresponding to this 
stress magnitude has been traversed. 

In the following analysis, it is assumed that the 
stresses are elastic, and therefore the strcss wave is 
propagated as a single discontinuity and is constant 
over the length traversed by the wave. The eqUilib­
rium differential equation for the column is 

(4) This energy is available as impact energy. Thus, 

mv2/2 = (J,/m/2Eq; (2) This eq'ua·tion can be rewritten in the following form: 

Noting that c = (E/ q;) If, for longitudinal wave propaga­
tion, the effective impact velocity obtained is given by* 

v = (c/Eku (3) 

Since for a given material the effective impact ve­
locity is a linear function of the stress in the bar, a 
simple technique for obtaining various impact velocities 
is By using different size notches at some 
point in the bar, the stress in the un notched portion of 
the bar can be varied as desired. While the average 
fracture stress at the notch would be (fu, the stress in 
the unnotched portion would be lower. According to 
Eq. (3), this would result in a lower effective impact 
velocity. 

The compressive stress wave that buckled the column 
shown in Fig. 1 was a reflection of the unloading wave 
(negative tension) which followed fracture at the rela­
tively massive grips that held the specimen. The wave 
propagation following fracture is depicted in Fig. 2. 
The velocity of the unloading wave is that associated 
with the elastic modulus of the material, since the tID-

* For a rigorous development of Eq. (3), see Timoshenko, S., 
Theory of Elasticity, 1st Ed., pp. 381-384, ;vIcGraw-Hill Book 
Company, Inc., New York. 

(5) 

The assumed boundary conditions are damping at 
the fixed end of the bar (x = 0) from which point the 
compressive stress wave originates. The additional 
boundary conditions must be prescribed not at the 
other end of the bar but at the stress wave front where 
the first influence of the disturbance is felt. Since there 
can be no lateral deflection in front of the stress wave, 
continuity conditions prescribed the boundary condi­
tions at the wave front. Thus, 

w(O) 
w(Le) 

ow/ox(O) = 0) 
ow/ox(L,) = of (6) 

where Le = ct and is the distance the stress wave has 
traveled along the bar. A solution that satisfies Eq. (5), 
as well as the boundary conditions of Eqs. (6), is given 
by 

w = a[1 - (cos 21rx/Le)] for 0 ::; x ::; Le (7) 

substituting the appropriate derivatives of Eq. (7) 
into Eq. (5), 

(cos 21rx/Le)] = 0 (8) 
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For a nontrivial solution, the first bracketed term must 
vanish. Consequently, 

(9) 

and the critical length of the bar in which buckling 
occurs depends upon the magnitude of the stress wave. 
If use is made of Eq. (3), then Eq. (9) becomes 

Lor.! P = 27l"(c/v)'h (10) 

The dependence of the critical slenderness ratio upon 
the impact velocity given by Eq. (10) is shown in Fig. 4. 
In cases where v> c, the compressive stress wave would 
still be propagated at a velocity equal to c. Therefore, 
for Lor.! P ::; 27l", buckling can never occur. 

It is interesting to note that, if the usual method of 
running static column tests (in which a column of fixed 
slenderness ratio is subject to increasing stress until 
buckling occurs) is used for dynamic loading, then 
buckling always occurs over the entire length of the 
column. This is due to the fact that the impact veloci­
ties would be increased only until the proper stress 
magnitude for buckling in the entire length is reached 

WI. 

SIDE SUPPORT TO PREVENT 

ROTATION OF WEIGHT WHEN 

BUCKLING OCCURS 

LENGTH 

FIG. 3. 

and then not continued. If the buckling tests are run 500.-""""'"--,-----,-------,-----.,--------;----, 

according to the model shown in Fig. 3, then buckling 
will take place in a critical length less than the actual 
length of the bar. 100t-----+--

The solution for the critiC"allength given by Eq. (9) 
is based on the assumption that the stress wave is elas­
tic. If the stress is of such a magnitude so as to be in the 
plastic region, then the plastic portions of the stress are 
propagated at lower velocities than the elastic portion 
as shown in Fig. 2. In this case, the elastic portion of 
the stress wave traverses the critical length of the bar 
first. Therefore, to a first approximation, it appears 
that the value of the critical length may be closely asso­
ciated with the proportional limit stress, which in itself 
may be high because of the large strain rates associated 
with the impact velocities under consideration. The 
behavior of the column under conditions of plastic stress 
wave propagation requires detailed investigation, how­
ever, and therefore the above remark is merely an 
intuitive suggestion. 

EXPERIMENTAL DATA 

Several column tests were run using the experimental 
technique outlined previously for obtaining compressive 
impact loadings of high velocity. A 1/2-in. strip of 
O.OlO-in. 24S-T3 aluminum alloy of 10-in. length was 
held in a testing machine by Templin grips. The speci­
mens were loaded to failure in tension, and it was ob­
served (as shown in Fig. 1) that a series of short wave­
length buckles formed immediately above the grip after 
reflection of the unloading wave. The wave length of 
the buckles of four similar specimens was approximately 
1/4 in. The ultimate tensile strength of the specimens 
averaged 64,000 1bs. per sq.in. It is to be noted that, in 

m~---_+----~----+--~~~,_-~ 

v/c 

FIG. 4. 

stretching the bar to fracture, any initial imperfections 
in the column are effectively removed and the column 
as tested is essentially perfect. 

From Eq. (9), the estimated critica11ength based on 
the assumption of elastic buckling was 0.23 in., which 
certainly is of the order of magnitude of the wave 
lengths observed. 

CONCLUSIONS 

Both experiment and theory indicate that, under con­
ditions of velocity impact in which the magnitUde ofthe 
compressive stress wave may be far in excess of the load 
required to cause buckling of the column under static 
conditions, buckling may be confined to a length less 
than the actua11ength of the column. This phenomenon 
indicates that a column can momentarily support a 
dynamic compressive stress of any magnitUde that may 
be introduced by impact. Therefore, dynamic buckling 
does not place an upper limit to the compressive stress 
that can be carried by a slender bar in the sense of 
static buckling. 

(Continued on page 65) 



On Supersonic Flo,v of a Two-Dimensional 
Jet in Uniform Stream* 

S. I. PAIt 
U nifJerJ'ity oj 31aryland 

SlJ:MMARY 

It is well known that a supersonic gas jet issuing from a reser­
yoir into a medium at rest has a periodic structure if the differ­
ence of pressure of the jet from the medium is not large. This 
paper investigates a similar situation when a supersonic gas jet is 
issuing into a uniform stream. It is found that jf the uniform 
stream is subsonic, the supersonic jet has almost periodic struc­
ture, and the approximate wave length increases with the Mach 
Number of the surrounding stream for a given Mach Number of 
the jet. If the uniform stream is supersonic, the supersonic jet 
does not have periodic structure. The transmission and the 
reflection of small disturbance at the boundary of the jet-i.e., 
,a vortex sheet~are investigated. Factors of transmission and 
reflection of disturbances on the vortex sheet are found. They are 
functions of the Mach Numbers of the jet and that of uniform 
stream. The reflection wave may be of the same sign or of op­
llosite sign of the incident wave or zero according to the Mach 
Numbers of the two streams. 

A 
B 
fez) 
F(z) 
g(z) 

"~ 
R 
T 

u 

y 

(3i 
f) 

A 

<f> 
subscript 1 
subscript 2 = 

LIST OF SYMBOLS 

constant 
constant 
function of z 
function of z 
function of z 
Mach Number of basic flow 
reflection factor defined by Eq. (24) 
transmission factor defined by Eq. (23) 
x-wise velocity of component of the resultant 

flow 
velocity of the basic flow 
y-wise velocity component of the resultant :flow 
distance along the axis of the jet 
distance perpendicular to the axis of the jet 

V!""fi
2 

- 1 U lor 2) 
wave-length factor defined by Eq. (10) 
frequency Of eigenvalue 
velocity potential of disturbance 
values for quantity in the jet 
values for quantity in the surrounding stream 

(I) INTRODUCTION 

I N HIS EXPERL'tIENTAL IJ).'VESTIGATIONS of a jet of gas 
issuing from an orifice into the medium at rest, 

Emden 1 found that, if the velocity of the jet is super­
sonic and the excess pressure of the jet over the sur­
rounding medium is not large, the jet has periodic struc­
ture. It was Prandt12 who first attempted to explain 
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this phenomenon from a theoretical point of view by the 
method of small perturbation and reasonable good agree­
ment of the theory with experimental results was 
found. Several other authors had discussed this prob­
lem from a theoretical point of view. 3- 5 However, the 
behavior of the supersonic gas jet in a uniform stream 
has not yet been studied. • This paper is to study the 
case of a supersonic gas jet in a uniform stream when the 
pressure of the jet differs slightly from that of surround­
ing stream. Because the behaviors of the subsonic and 
the supersonic uniform stream are entirely different, we 
have to treat these two cases separately. 

Since the pressure difference between the jet and 
the uniform stream is not large, we may assume 
that the gas velocity normal to the axis is small-in 
other words, that the jet expands very little-hence, 
the method of small perturbation may be used in this 
problem. We also assume that there exist velocity po­
tentials inside the jet, as well as in the uniform stream­
i.e., even if shock wave may happen in the jet, the 
strength of the shock: is assumed to be small. Thus, the 
vorticity introduced is still negligible. Both viscosity 
and heat conduction are neglected. 

In this paper we shall consider only the two-dimen­
sional flow. Here, besides the discussion of periodicity 
of the supersonic jet, some interesting phenomena of a 
small disturbance reflected from, and transmitted 
through, a surface of discontinuity have been obtained. 

The author also found that, as far as periodicity is 
concerned, the two-dimensional and the axially sym­
metrical jets behave similarly. However, in case of 
reflection and transmission of disturbance on a surface 
of discontinuity, the axially symmetrical case is much 
more complicated. Hence, the results of the axially 
symmetrical supersonic jet in uniform stream will be 
reported in another paper elsewhere. 

(II) FOR.vITJLATION OF THE PROBLEM 

The schematic diagram of the problem is shOVlin in 
Fig. 1. At the exit of the nozzle x = 0, the jet has the 
following characteristics: 

u 
M 

[I1 + uo(y); 
M1 + l}lo(Y) 

(1) 

where Uo ~ Ui> Uo "" Vo; 11/[0 ~ 1V[1> where 1\;11 is the 'Mach 
:Number corresponding to UI , and is certain mean 
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FIG. 1. Supersonic jet in uniform stream. 
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FIG. 2. Function IJ against M 2 • 

velocity in the jet where the pressure in the jet is equal 
to the pressure of the undisturbed uniform stream. 

Inside the jet we have 

(2) 

where U1<Pl is the velocity potential of the disturbance 
in the jet. 

The uniform stream is of a velocity U2 and Mach 
Number M2 when it is not disturbed. The velocity 
components in the surrounding stream after it meets 
the jet will be 

(3) 

where U2<P2 is the velocity potential of the disturbance 
in the surrounding stream. 

wherei = 1 or 2. 
The differential equation that governs <Pt is 

(4) 

The boundary conditions of the problem are as fol­
lows: 

(1) By symmetry, at the axis of the jet, the y-wise 
velocity component is always zero-i.e., 

(5) 

at y = 0 for all x. 
(2) On the surface of the jet y = ±I, we have two 

boundary conditions: 
(a) The pressures are the same on both sides of the 

interface-i.e., 

(6) 

aty = ±l. 
(b) The inclinations of the flow are the same on 

both sides of the interface-i.e., 

(7) 

aty = ±l. 
(3) The boundary conditions at infinity depend on 

whether the uniform stream is supersonic or subsonic. 
(a) If the uniform stream is subsonic-i.e., M2 < 1-

we have that the disturbance will die out at infinity­
i.e., 

O<l>2/ox = o<p2/oy = 0 (8a) 

at y = ± co. 

(b) If the uniform stream is supersonic-i.e., M2 > 
I-we assume that no disturbances come from infinity 
and that all disturbances are generated from the inter­
face-i.e., 

(8b) 

where F is an arbitrary function that is going to be de­
termined and where {322 = M22 - l. 

Since the nature of the subsonic and of the super­
sonic flow of the surrounding stream differ entirely 
from each other, we have to treat the problem sepa­
rately for these two cases. 

(III) SUPERSONIC JET IN SUBSONIC UNIFORM STREAM 

Since the differential Eq. (4) is linear, the method of 
superposition is applicable. It is then sufficient for us 
to consider one typical fundamental solution only in the 
analysis. In order to satisfy the boundary conditions 
[Eqs. (5) and (8)J, we have the fundamental solution 
of <Pi as follows: 
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where Ai and Bi are arbitrary constants, A is the eigen­
value of the problem, and f'312 = 11112 1 and f'32 2 = 
1 ~o/[22. 

In order to satisfy the boundary conditions, Eqs. (6) 
and (7), we obtain the eigenvalue equation as follows: 

11112 ~i - iVf22 tan A(31 = 
M12 - 1 

tan e (say) (10) 

where 0 ~ () ~ 11"/2. 
The eigenvalue A is then 

A = (0 + n1l")/ (31 

wheren = 0,1,2,3, .... 
The complete solution of the problem is 

0+ mr 
BIn cos--­

(31 

(11) 

(12) 

(13) 

The coefficients A 1n and BIn can be determined from the 
initial conditions Eq. (1). After A 1n and BIn are 
known, A 2n and B 2n can be determined by either Eq. 
(6) or (8). 

It is interesting to know that <PI and <P2 of Eqs. (12) 
and (13), respectively, are, in general, not periodic 
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FIG. 3. Variation of wave lengthIwith Ji,;and Jf,. 

functions but that are almost periodic functions 
which were first introduced by Bohr.S Hence, the flow 
pattern in the supersonic jet in uniform subsonic 
stream is only ahnost periodic. As a first approxima­
tion, the wave length of this almost periodic structure is 

L = (211"/e) {31 (14) 

The variations of e with .. !v11 and 2V[2 are shown in Figs. 
2 and 3. It is seen that this wave length increases as 
M'2 increases for a given iVh As 1112 = 0, L = 

which is the Prandtl's formula for two-dimensional 
supersonic jet. 
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FIG. 6. Supersonic jet in uniform stream (Ml = 1.98; 1112 
1.40). (Fig. 1-4 of reference 7; courtesy of J. G. Wilder, Jr., 
Cornell Aeronautical Laboratory, Inc.) 

(IV) SUPERSONIC JET IN SUPERSONIC UNIFORM 

STREAM 

First, we would like to know whether or not the super­
sonic jet still has periodic or almost periodic structure. 
We put 

<PI = cos A(31Y [AI sin AX + BI cos A x] } 
ti>z = Az sin A(X - (32Iyi) + B2 cos A(X - (32Iyi)" (15) 

so that the boundary conditions [Eqs. (5) and (8)] are 
satisfied. In order to satisfy the boundary conditions 
[Eqs. (6) and (7)], we have the eigenvalue equation as 
follows: 

It is evident that there is no real eigenvalue A that 
satisfies (16). Hence, the supersonic jet will not 
have periodic or almost periodic structure. 

The solution of this case may be obtained by method 
of characteristics. It is also possible to find some ana­
lytic solution for simple cases, as follows: 

The most general solution of this case is 

(17) 

where I, g, and F are arbitrary functions to be deter­
mined from the initial conditions. In order to bring 
out the essential feature of the flow pattern, we consider 
tbe simple case that, at x 0, 

o (18) 

for -1 ::; Y ::; 1, where A is a small constant. 
In order to satisfy the boundary conditions on the 

interface Y ± 1, we have 

(31Y) + ... + I"ex (31Y) + ... + go(x + fhy) + 

where 

=0 

=0 

and 

=0 

gl(X + (31Y) + ... + gn(x + (31Y) + . .. (19) 

1)(31 < x - (31Y < (2n + 1)(31 

for (3 > (2n + 1)(31 
x - 1Y < (2n 1)(31 

for (2n - 1) (31 < X + (31Y < (2n 

for X + (3y > (2n + 1)(31 
1 < (2n 1)(3J 

for 2n(31 

for x Q, i. > 2(n + 1) (31 - (32 
1-'2 I Y, , < 2n(31 - (32 

(20) 

(21) 

(22) 
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T is the transmisslon factor that is the ratio of the 
nondimensional magnitude of disturbance in the uni­
form stream to that in the jet and which is given by the 
following fonnuIa: 

(23) 

The values of T for various ~¥1 and klz are shown in 
Fig. 4. 

R is the reflection factor that is the ratio of the mag­
nitude of the reflected disturbance from the surlace of 
discontinuity to the magpitude of the incident disturb­
ance and which is given by the following fonnula: 

R 

by Wilder7 indicate that there is noperiodicstructure 
in the supersonic jet in uniform supersonic stream. 
Since the difference between Afl and M'z is small in 
Wilder's pictures, R is extremely small; as a result, in 
most of his pictures, only the first transmitted dis­
turbance FI(x (32 ) is seen without reflection. In 
only a few cases, . the first reflected disturbances 
flex - (3lY) andgl(x + .BIY) are seen. 
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Buckling of an N-Section Column 

G. Sri Ram and G, V. R. Rao 
Research Student and Assistant Professor, Respectively, Indian 

Institute of Science, Bangalore, India 
September 22, 1951 

C ONSIDER A COLUMN BUILT IN at one end and free at the other, 
subject to an axial load P. The failure of the column is 

assumed to take place due to lateral instability rather than by 
direct compression. \-Vhen the eolumn is made of n-seetions along 
its length, an analytical solution for the eritieal load P CT' can be 
obtained as shown in Fig. 1. 

x 

t 

I 

L 

)' Y 

FIG. 1. 

Let the i-th section of the column have a length Ii L; Li_l 
and moment of inertia Ii. This section ean be eharacterized by 
kili, where kj'J. = P / Eli. The governing differential equation for 
the deflection of the column in 

Li-l < x < Li 
is 

(1) 

Thus for the n-sections along the length we have n such differen­
tial equations. One ean assume 

Yi 5 + Ai cos ki X + Bi sin k,x (2) 

as a solution of Eq. (1). From the continuity of the deflection 
curve of the column we can equate thedeflcction and thc slope of 
the column at the i-th joint obtained from the i-I section and 
i-th section. These together with the conditions at the ends of 
the column give equations to determine the constant coefficients, 
Ai and Bj. If these coefficients should have nonzero solutions, 
one must satisfy a determinantal equation. The expansion 
of the determinant leads to a transcendental equation, the solu­
tion of which gives the critiealload of the column. 

For example, in the case of a column built up in two sections 
the equation 

o = 1 - (K,/ K 2) tan k,ll tan k21. 

gives the buckling load of the column. This condition is the same 
as that given in references 1 and 2, whereas, for n = 3, there 
seems to be an error in reference 2. For n = 3, we must satisfy 

o = 1 - (K:/ K,) tan kIll tan k2l, 
(K,j Ka) tan kllr tan kzls 

For n = 4, we must satisfy 

o = 1 - "Z.(KQ/Kr) tan kqlq tan krlr + 
(Kr/ K 2) (Ks/ K 4) tan k,/r tan k21. tan k313 tan kJ. 

where, in the summation, r 1, 2, 3, 4 and q < r. 
In general, for n-sections we obtain an equation of the form 

o (i = 2, 3, ... , n) (3) 

Each h in the above equation depends upon the functions fz, fa. 
.. ·,fi-" 

[1 - J;(j,/kr ) tan krlr] (4) 

summed for r 2, 3, ... , i - 2, and f2 =Ki tan kil.. 
\-Vith the above formula one can write the characteristic equa­

tion for any number of sections in the length of the column. The 
equation that gives the critical load can only be solved by trial 
and error. As n increases, the work becomes laborious. In prac­
tice, one can see that tan kili is small and that products of tan 
kih four times or more can be neglected. Eq. (3) will then reduce 
to 

(5) 

where r 1, 2, ... and q < r. 
One can easily show that the it in Eq. (3) are all positive. 

Further, Eq. (4) shows that the approximation made by neglect­
ing higher powers of products of tan kilt gives a higher value for 
k Considering the plot of the right-hand sides of Eqs. (3) and 
(5) against P, one can easily prove that the solution of the ap­
proximate Eq. (5) is always lower than the solution of the com­
plete Eq. (3). 
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From the application of the energy method, one obtains an 
approximate buckling load, always higher than the true buckling 
load. Therefore, the method outlined above helps to obtain 
bounds on the buckling load of a column. 

A symmetrical column with both ends pinned can be reduced to 
the case treated above by considering only half the length of the 
column. For an unsymmetrical column pinned at both ends, 
similar formulas can easily be obtained. A numerical example is 
carried out applying this method for a column built up in four 
sections. The following data are taken for the example: 

I, is the sectiou of the column at the built-in end and 

0.81, 
13 - = 064 II ., !! = 0.36l 

I, 

I, = I. = L/4 

L = length of the column. The approximate solution obtained 
from Eq. (5) givcs a critical load of Per. = 1.979 (EI,jV). 
From the strain energy method, by assuming a deflection curve 
y = 0[1 cos (7rx/2L)], one obtains a critical load of P cr. = 



READERS' FORUM 67 

The analytical solution as given from Eq. (3) 
2.019(EI,f L2). 

2.034'£,,,',/J""'. 
yields p cr. 
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A Solution of the Surging Problem in Axial­
Flow Compressors 

John Mitchell Stephenson * 
Famborough, England 
August 21,1951 

SUMMARY 

If an axial-flow compressor has many stages on a single rotor shaft. and 
adiabatic flow, there is only one combination of pressure ratio and mass flow 
for which the efficiency of compression is a maximum. This is called the 
Hdesign point" on the performance graph corresponds to full load 
.or tbereabouts. At any other point the efficiency reduced, and surging 
may occur with catastrophic results. This effect places an upper limit of 
..about six on the design pressure ratio of such a compressor. 

The reaSOn for this limitation is analyzed) and the known ways of avoiding 
it are enumerated. A further solution is then described, ex~ 

traction of heat from the gas during compression. It is shown high· 
pressure ratios can be achieved with good efficiency and stability and without 
mechanical complications. 

(1) I!'i'TRODUCTIOX 

T HE FLOW THROUGHOUT AX AXIAL-FLOW COMPRESSOR can most 
conveniently be deduced in terms of the perfonnance of each 

stage, by which is meant each pair of annular blade rows. To 
-compress efficiently, none of the blades of the compressor must be 
stalled. But the chi~f limit to the operation of axial comprcssor 
is surging, which occurs when most of the stages are stalled. The 
mechanism of surging is not fully understood, but the effect of 
violent fluctuations of pressure is well known. Surging must ale 
ways be prevented, and the most important characteristics of a 
-compressor is the surgc line, which describes the maximum steady 
pressure ratio attainable with a given mass flow. 

We shall show that the line of most efficient running of a single 
shaft adiabatic compressor is close to the surge line. This fact 
limits the design pressure ratio of such a compressor to about six. 
Above this it is not usually possible to avoid surging at part 
loads. 

(2) THE EFFICIENCY OF AN ELEMENTARY COMPRESSIOX 

Consider a gas flowing steadily along a uniform tube, such that 
at one section there is an pressure rise dp. If the 
work put into the gas to effect compression is dW per unit 
mass flow, we may define the efficiency,! of the process as the 
ratio of pressure energy produced to the work applied. That is, 

7J = dpfp dW 

where p is the density of the gas. 
If thc compression is adiabatic dW is equal to the change of 

enthalpy, Cp dT. But if an amount of heat dQ pcr unit mass flow 
is extracted from the gas during the compression, we have 

dW = CpdT + dQ 

We now define a cooling factor r as the ratio of heat extracted to 
the work donc, or 

r = dQ/dW 

Combining these equations we have 

* Now at Bristol Aeroplane Company, England. 
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1·0 

'7/(1 - r) = (dP/p)/(Cp dT) 

1·1 /·2 

The differential law relating pressure and temperature is ap­
proximately 

dp/p = [n/(n - l)J(dT/T) 

where n l' for an isentropic compression (Le., 7J 

Hence, using the perfect gas equation of state, 

(
1' - 1) P = pRT = -1'- pCpT 

we have 

1 

1 n 

(1) 

In the particular numerical case that we shall consider later, 
l' = 7/5 and 7J 6/7, so that 

n 3/(2 + r) CIa) 

Note that, if r 0, the compression is adiabatic; while if 
r = 1, we have n 1 and the compression is isothermal. We 
shall assume here that r always lies between these limits so that 
no heating or refrigeration is applied, Clearly, for a given value 
of the efficiency (which is independcnt of the cooling), we can re­
duce n from the adiabatic value to any other value greater than 
one simply by cooling the gas. 
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(3) THE FLOW RANGE OF A SIXGLE COMPRESSOR STAGE 

The dimensional analysis of a compressor stage shows that 
there are a small number of coefficients in terms of which the per­
formance can be described. For a stage of given geometrical de­
sign the only quantities that may be varied independently are 

va the mean velocity of the gas in the axial direction 
u the tangential velocity of the rotor blades at a reference 

radius 
a length giving the geometrical scale of the stage 

v the kinematic viscosity of the gas at same point 
a the velocity of sound in the gas at inlet 

The variables can be combined to form three dimensionless 
ratios, each a measure of one aspect of the physical behavior of 
the gas. These are the Reynolds Kumber, Re = val/v; the 
Mach Number, M = va/a; and the flow coefficient <I> = va/u. 

The dependent quantities of interest are the pressure rise per 
unit mass, !1p/p, and the efficiency. The pressure rise of a single 
stage is as a rule sufficiently small to use the elementary efficiency 
'1 as defined in Section (2). The pressure rise can be expressed in 
the dimensionless form 

if; = !1p/(1/2)pu' 

We may say, therefore, that the performance of a stage is given 
by if; and '1, which are unique but as yet unknown functions of the 
ina.ependent parameters <1>, Re, and M. The effect of the last two 
is known to be small, provided that Re > 3 X 105 and .11 < 0.5, 
approximately. Thus the performance can be expressed simply 
in terms of <1>, which determines the angle of attack of the gas on 
the blades. 

We shall not now derive if; and '7 analytically in terms of <I> and 
the blade shape but shall simply show the characteristics of a 
typical stage in Fig. 1. This stage is designed to operate at the 
point of best efficiency, where <I> = <l>a. We see that there is only a 
small range of <I> over which the stage works efficiently. And at 
values less than <l>s, if; has a negative slope, and the blades are 
stalled. If the stage is running alone, the flow surges at these 
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FIG. 2. 

points. However, when several stages are combined in series. 
surging does not occur until most of the stages are stalled. 

(4) THE COMBINATION OF SEVERAL STAGES IN SERIES 

The problem of combining stages sO as to produce a high pres­
sure ratio is to ensure that all the stages operate at or near the 
design value of <I> under all likely conditions of operation. 

Consider a compressor with many stages, each having the per­
formance shown in Fig. 1. \\le take any two separated stages in 
this compressor and refer to them with suffixes 1 and 2. The 
mass flow Q is given for any section of area A by 

Q = pA Va 

The law of compression is 

p';Pl = (P,/Pl)l/n = rl/n 

Hence, 

<1>, (Q'AlUl) ( 1) 
;, = Ql A 2U 2 rl/n (2)0 

Now the area ratio Ad A, is determined for a particular density 
ratio and is fixed thereafter. Let us suppose that this corresponds 
to a design pressure ratio R, when there is no cooling (I" = 0) and 
the efficiency is '1 = 6/7. Then, from Eq. (la), we have n = 3/2. 

If also at the design point Ul = u2/k where k is a constant and 
Ql = Q2" then 

AI/A, = kR'h 

and Eq. (2) becomes 

<1>2/<1>1 = (Q,Ul/QlU,)(kR'h/r1/ n) (3) 

A typical simple compressor has continuous adiabatic flow and 
a single shaft. Thus Ul = u';k, Ql = Q,. and n = constant 
(approximately) for all r. It is clear from Eq. (3) that in this 
case 

<1>, > <1>1 for all r < R 

Thus, the stages are never all working at maximum efficiency, 
except at the design pressure ratio and mass flow. The (r, Q, u) 
diagram of such a compressor is shown in Fig. 2 with the surge 
line. 

Now <1>1 = Qt!PIAlU" and therefore the condition that <1>1 is con­
stant implies that Qt!Ul is constant. Similarly, <1>2 is constant im­
plies that Qt!ulrl/n is constant. The lines of constant <I> are shown 
in Fig. 2 for the case where section I is at inlet and section 2 at 
outlet. Since as we have seen, <1>2 > <1>" neither of these lines corre­
sponds to efficient compression, and in the second case the com­
pressor surges when r < 0.9. The line of best efficiency actually 
lies somewhere between these two and corresponds to constant <I> 

for a stage midway between inlet and outlet. It is parallel to the 
surge line, which approximately corresponds to stalling of the 
midway stage. 

To ensure stable running, especially when R is large, it is 
therefore necessary to design every stage, and in particular the 
first few, to have a large flow range. We shall not consider this 
subject here, but there are more general solutions of this problem, 
some of which are well known. 

(5) SOLUTIONS 

(a) The most simple and specialized solution is to keep the 
pressure ratio always at the design value R. \\Then a compressor 
forms part of a closed system with a continuously circulating gas, 
it is sometimes possible to alter the inlet density level at will. In 
this way the mass flow and power may be altered over the whole 
range, while the rotational frequency remains constant. Thus 
the efficiency is always a maximum. This solution is most suit­
able in connection with constant speed electrical apparatus. 

(b) A device that has long been used on airplane propellers is 
to rotate the blades about a radial axis. In this way the flow co-
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TABLE 1 

R 3 
2.06 

4 
2.50 

5 
2.92 

7 
3.67 

8 
4.02 

efficient <l>J corresponding to maximum efficiency can be varied 
over a large range. Of course the twist of the blades cannot be 
altered, so that the efficiency falls off slightly when they are ro­
tated. It is difficult to adjust the rotor blades, but, if only the 
stators are rotated, the efficiency can be improved and surging 
avoided. For example, when r < R, the entry stator blades and 
the stators of the first few stages should be- rotated to a high 
stagger (fine pitch), while the stators of the last few stages are 
moved to low stagger (coarse pitch) . 

From Eq. (3) however, we see that <1>1 = <1>, can be maintained 
for all pressure ratios less than R by reducing either (c) Q2/Q1, (d) 
Ul/U2, (e) n. We discuss these in turn. 

(c) In a compressor with inlet at atmospheric pressure it is 
easy to reduce Q2/Ql below the usual value of one by blowing off 
gas between the stages. However, a great deal of power is lost in 
doing this, so that the efficiency of any plant incorporating such a 
device is low. Blowoff is only defensible therefore for transient 
conditions in starting or decelerating compressors. 

(d) UI!U2 can be appropriately reduced below the design value 
k if all the rotors are able to turn independently. This arrange­
ment was suggested by Dr. A. A. Griffith in 1929. It is compli­
cated but is frequently approached by dividing the stages into two 
groups on separate shafts. 

(e) The solution put forward here and which is in theory most 
promising for many applications is to reduce the exponent n by 
cooling the gas during the compression, such that n is given by 
Eq. (1). A device to effect this was patented by the author and 
Power Jets Ltd. in July, 1948. 

(6) COOLED COMPRESSION 

We consider a single shaft compressor without blowoff, so that 
Eq. (3) becomes 

<l>z/<I>l = R'f,/r1/ n 

and we wish to adjust n so that <1>2 = .pI for all r. Hence, we re­
quire 

log rllog R = 2n/3 

Using Eq. (Ia) we have 

log r/log R = 2/(2 + t) 
If r is varied according to this formula, all the stages work at their 
design efficiency. But since we have assumed that \" < 1, there is 
a value ro below which it is not possible to reduce n when n = 1 
and the flow is isothermal. Then 

log ro/log R = 2/3 

Values of ro and R are compared in Table 1. \Ve see that, if a 
single-shaft isothermal (or adiabatic) compressor will run stably 
up to a design pressure ratio of five, then a cooled compressor 
having the cooling shut off at full load can be designed for a pres­
sure ratio of eleven, with the same stability. 

In practice it may not be desirable to vary I and n continu­
ously. If, for example, full cooling is applied up to one-half the 
required pressure ratio and switched off completely above that 
the compressor may be sufficiently stable. 

Suppose the cooling is achieved by spraying liquid into the 
stream, so that the liquid is at the tempcrature of the stream and 
does not evaporate. Then, if the specific heat of the liquid is C 
and the liquid-gas ratio m by weight, we have 

dQ = mCdT 

9 
4.35 

Hence 

10 
4.66 

11 
4 .. 96 

12 
5.24 

13 
5.53 

r = mC/(Cp + mC) 

14 
5.79 

15 
6.09 

Note that, for isothermal compression, m -- "". For air and 
water, Cp O.24C and 

r m/(O.24 + m) 

An approach to the solution given here is made by varying the 
thermal ratio of an intercooler placed between two multistage 
compressors that operate in series. This is an easy way to 
achieve freedom from surging troubles on an intercooled gas­
turbine engine. 

~------+~------

Plastic Buckling of a Simply Supported Plate 
in Compression 

Richard A. Pride 
Aeronautical Research Scientist, Langley Aeronautical Laboratory, 

Langley Air Force Base, Va. 
September 25,1951 

THE APPLICATION OF THEORIES OF PLASTIClTY to plate buckling 
problems has resulted in widespread controversy in recent 

years. In the case of long simply supported flanges, a large 
discrepancy exists between the predictions of buckling theories 
based on deformation or finite theories of plasticity I, 2 and those 
based on flow or incremental theories of plasticity.s The experi­
mental data are in excellent agreement with deformation-type 
buckling theories and appear to contradict altogether the flow 
type of buckling theory. It has been both suggested4 and denied" 
that the discrepancy between the experimental results and the 
predictions of flow-type buckling theories can be ascribed to the 
effects of the initial imperfections. A crucial question in such a 
debate is how large the initial imperfections actually were. 

In the case of simply supported plates the discrepancy between 
the two types of theory is generally much less pronounced. Here 
also experimental results6 are in much better agreement with de­
formation than flow-type buckling theories. Several investiga­
tors have questioned the validity of this comparison, however, 
because two of the deformation type of buckling theories used in 
the comparison were based on the Shanley principle of buckling 
with increase in load. whereas the flow type of buckling 
theory was based on the assumption of constant loading during 
buckling. Pearson' has recalculated the buckling load predicted 
by flow-type theories for simply supported plates taking the 
Shanley principle into account and found that this modification 
substantially improved the agreement with experiment in the 
lower stress range. Although BijlaardS has pointed out that a 
large part of the improvement is due to the use of the simplifying 
assumption that Poisson's ratio is one-half in the ela!>1:ic, as well 
as the plastic, range, it seemed desirable to provide an experi­
mental check in a region in which the discrepancy bctween the 
two types of theories is much more pronounced. 

The discrepancy between the theories becomes greater at high 
buckling stresses-tb,at is, for plates having large tb,ickness­
width ratios. However, it would not be satisfactory to go far in 
this direction because the thin plate equations on which all of 
the plastic buckling theories have been based would cease to be 
applicable. A better way to provide the desired check is to use 
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a material with a low yield stress. With this purpose in mind, 
square tubes of 14S-T6 aluminum alloy similar to those with the 
highest buckling stress in a previous experimental program6 were 
annealed before being buckled, producing the results shown in 
Fig. 1. The yield stress was reduced from 62,400 to 12,300 lbs. 
per sq.in., and the buckling stress was reduced from an average 
(three tests each) of 60,400 to 19,700 lbs. per sq.in. as a result 
of annealing the material. 

Defonnation-type plastic buckling theories continue to be in 
good agreement with these tests. Flow-type theories, however, 
are eompletely inadequate even with Pearson's modification. 
The dashed portions of the flow theory curves in Fig. 1 indicate 
the trend of the theory if the stress-strain curve is assumed to 
rise to a correspondingly high stress. On this basis Pearson's 
analysis gives the same buckling stress for the low-strength an­
nealed material as for the high-strength material. Since for 
reasonable strains the stress-strain curve of the material does not 
rise indefinitely, the flow theory curves probably should be cut 
off in the vicinity of the ends of the solid lines, Fig. 1. This 
would seem to imply that buckling could not occur at all for the 
annealed tubes tested. 

The small scatter of the test results makes it seem doubtful 
that the large discrepancy between these results and the predic­
tions of flow-type buckling theories can be ascribed to the effects 
of initial imperfections. However, this evidence alone cannot be 
eonsidered conclusive. Additional data bearing on this possible 
explanation are provided by the representative stress-deflection 
curves shown in Fig. 2, from which the order of magnitude of the 
initial imperfections ean be inferred. 

The results just discussed taken in conjunction with the pre­
viously established results for buckling of long simply supported 
flanges confirm the view that for practical purposes the buckling 
stresses of well-made plates are in good agreement with the pre­
dictions of buckling theories based on deformation theories of 
plasticity withont modification for effects of initial eccentricity. 
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FIG. 2. Stress-deflection diagrams from buckling tests. 
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A Method for Calculating Airfoils with 
Prescribed Pressure Distribution 
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T HE PROBLEM OF CALC1JLATING AIRFOILS with prescribed pres­
sure distribution is important for laminar airfoils and suction 
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FIG. 2. Diagram for evaluating the coefficients aJ and a •. 

airfoils. Furthermore, the problem of cavitation in fluid flow 
and the problem of critical Mach Number at subsonic flow are re­
lated herewith. A solution by means of the method of singulari­
ties has been given by Riegels1 and Allen. 2 In this note we give an 
extension of the method by Riegels suited for practical applica­
tion. 

The starting point of our calculations is the relation given by 
Riegels 3 between the velocity of the potential flow on the surface 
of the airfoil, Us, and on its mean line, Um, see Fig. 1, 

Us(x) = Um(x)!Vl + (dy/dx)' (1) 

y(x) being the shape of the profile. Between the source distribu­
tion q(x), which induces velocities on the mean line, and the air­
foil shape the following relation holds: 

dy/rlx = (1!2)[q(x)/Uoo ] (2) 

Therefore one gets from Eq. (1) for the velocity at the surface of 
the airfoil 

{

I [+C/
2 dy dX'} 1+- ---

U,(x)=U
oo 

7r x'=-c/2dx'X-X' 

VI + (dy/dx)' 

(3) 

For the airfoil shape y(x), at first supposed to be symmetrical, 
we give an expression, which fulfills identically the condition of a 
dosed contour (y = 0 for x = ±c/2), ep being the well-known 
trigonometric variable, 

x/(c/2) = -cos ep 

(4) 
y/(c/2) = L an sin (nep) 

n=l 

dy = f nan cos (nep) 
dx n= 1 sin ep 

with 0 S ep S 7r for -c/2 S x S +c/2. The integral in Eq. (3) 
then becomes (compare also reference 2), 

11+ C

/

2 
dy ax' Ii" 

:;;. x'=-c/2dx'X - x' =:;;. .,'=0 x 

( 
;... n(a ) cos (nep'») sin ep' , 
~ n ., , dep 

n = 1 sm ep cos ep - cos ep 

~ ) sin (nep) 
L.. n(an -.--

n=l sm ep 
(5) 

Herewith one obtains finally from Eq. (3) after some simple 
calculation 

L n(an ) sin (nep) sin ep X 
n=l 

{ US(ep)~1 + (~ ( ) cos (nep»)' }_ 
U 

L..n an. -1 =J(ep) 
00 n=l sm ep 

(6) 

For slender airfoils the square root at the right-hand side of this 
equation is only a little different from 1 for nearly the whole range 
of values of ep. Therefore, it can be taken as a correction term 
that can be approximated in a simple way as given below. With 
Us(ep) given, the right-hand side of Eq. (6) can be regarded as a 
known function J(ep) , from which the coefficients an can be calcu­
lated by Fourier analysis 

21" an = -- J(ep) sin (nep) dep 
7r(n) .,=0 

(7) 

Then the shape of the airfoil is obtained from Eq. (4). By the 
aid of the Prandtl-Glauert rule, the effect of compressibility can 
simply be introduced by putting 

J(CP)incom>r. = VI - J100' J(ep)compr- (8) 

lW 00 being the free-stream Mach Number. 
For the first approximation of J(ep) , only the coefficients al and 

a. are taken into account. These can simply be obtained from 
Fig. 2 dependent on the following two parameters of the pre­
scribed velocity distribution: 

(1) Maximum velocity of the potential flow, Umax./ U 00. 

(2) Position of maximum velocity, [x/(c/2)lcmax . correspond-

iug to 'Pmax. 

This diagram has been obtained from the "generalized" 
Joukowsky airfoils (with rounded trailing edge), which are ob­
tained from Eq. (4), if all coefficients are zero, except for al and 
a2. (The case a2 = a./2 gives the "special" J oukowsky airfoils 
with sharp trailing edge.) The first approximation for J(ep) ob­
tained in this way yields the coefficients an according to Eq. (7) 
and herewith a good approximation for the shape of the airfoil. 
From these coefficients, an, a second approximation for J(ep) can 
be obtained, which in most cases then yields the shape of the air­
foil with fully sufficient accuracy. It is sufficient to calculate 
in the first approximation the coefficients until n = 4, and in the 
second approximation until n = 8. For the evaluation of 
the coefficients an and the coordinates of the airfoil, a simple 
general scheme has been set up which reduces the whole numerical 
work to forming simple products and their sums. Fig. 3 gives the 
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results of the first, second, and third approximation of our calcu­
lation compared with the result of Allen 2 for one of his examples 
(base airfoil velocity for "semi-Iow-drag-airfoil"). Up to now, 
only symmetrical airfoils with the same velocity distribrrtion on 
both sides of the airfoil were dealt with. But it can easily be 
shown that the same procedure can bc applicd if the prescribed 
velocity distribution is different on the lower and upper surface 
of the airfoiL The procedure then has to be applied separately 
for the lower and the upper surface and yields the airfoil coordi­
nates for both sides. 

A pure source distribution q(x) yields the velocity distribution 
( Uup + Ulow) /2, a pure vorticity distribution 'Y(x) yields the veloc­
ity distribution (Uup - U;o,,). Both together above the chord 
yicld a vclocity normal to the chord 

Vup = q + ~1+C/2 
2 2,,- x'= -c/2 X 

dx' 
x' 

(9) 

which might also be obtained from a pure source distribution of 
the strength qup 2vu p. Then Eq. (2) holds for the slope of the 
upper surface with the required source distribution quo, and in the 
same way for the lower surface. Therefore, all relations given 
here hold also for asymmetrical airfoils. 

If, however, the airfoil has an angle of attack of some magnitude, 
Eg. (4) is inconvenient for the shape of the airfoil, because the 
Fourier series with only sine terms is ineomplete, as it gives al­
ways y = ° at x = -c/2. For small angles of incidence, as they 
mostly occur in practice, this failure is of minor importance. For 
larger angles of incidence, it can bc overcome by splitting off that 
part of the induced velocity which gives the angle of incidence. 
From Glauert's theory of thin airfoils and with regard to Eg. (1), 
one obtains for the angle of incidence, 

11" {Uuo Ulow I (dY) 2} '" ag = - '. ,,1 + - sin - d", (10) 
4 ",=0 Dro dx 2 

where the braces mean the distribution of vorticity l' of the 
airfoil. The reduced velocity distribution having no angle of in­
cidence is, then, 

(11) 

In Eqs. (10) and (11) the slope dy/dx has to be taken from the 
symmetrical basic airfoiL 
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The drag of a compressible 'turbulent houndarYlayer 
on a smooth-flat plate with and ,without heat transfer 

'By D. B. SPALDING AND S.W.,CHI 
Mechanical Engineering Department, 

Imporial College of Science and Technology, London, S.W. ,7 

(Received l{) May 1963} 

: The ,theoretical treatments give:n,hy earlierartthors are classified, revi~wed and 
! ' ,where necessary extended; thenthe"predictjons of twenty ofthese-theori:etoal'e:'~----~c,",,_ 

evaluate,d andcomparedwithall~~vai1abIe expe#n:iel1tald~ta, the root-mean,,"""'" , 
square error being compu~d for eachtheory.T!letheoryofvaltDri.~sf'Ii"!rlves'" ' 
the lowest root~mean-square err6r'(1l:O~%).'~',-" ,' .. : 

A new calculation procedure. isdeveloped'fromthe;po~t,;i~te thata,~niqu~ 
relation exists ,between elF;; andRFR where"'<:l is the dragcoefficient,R ,is:1i1l.e 
Heynolds number, and li'" and FR are functiom;' ()fMach number an,d temperature . 
ratio alone. The experimental data are found to be too scanty for bothli'" andFg ' 

to be deduced empirically, so li'" is calculated bynteansofmixing-Iength theory 
and F R is found semi-empirically. Tables and charts of values of Fe and FRare ~, ,<' ' 

presented for a wide range of lf10 and:ISITo. When compared with aU experi~ 
mental data, the predictions of the new procedure givearoot-mean~square error 
of9·0%. " .', , 

L Introduction 
rnmany circumstances ofinterest to aeronaQ,tical engineers, it is necessary to 

predict tb:e'frictional':drag at a surfacealong-whicha-gasis-flowing at high speed 
and through which heat is being transferred. This is not only important in the" 
prediction of the frictional drag itself but also in the predjcti6n of, the heat 
transfer, for example by meansof a 'modified Reynolds analogy'. This know­
ledge is required in connexion with many processes, for example, in the cooling of . 
combustion-chamber walls, gas-turbine blades, hypersonic ram-jet intakes, 
rocket-motor nozzles and high~speed aircraft Skins. 

Often the velocity of the mainstream fluid is not uniform. II)' a rocket~nozzle 
it increases with distance downstream, whilst in a ram-Jet intake it decreases; 
the main-stream pressure is accordingly non-uniform. ])espitethese facts, it is ,."; 

., ~.)}ecessary to restrict attention in the present paper mainly to the case in which· . 
. the pressure gradient is zero; that is, to thatof the boundary layer 0;' a flat plate. 

The reason is that this is the simplest case; which must be understOod first. . . 
There have been numerous investigationsorthe proble~, poth the~reticalap:4, 

experimental; these will be described in some detail in the folloWing· §§2, 3.~ , " 
Nevertheless, as will appear below,'present knowledge ofthesl1bjectis d~f~ctive 
in two' respects. First, there is considerableJ:ulcertainty as to which of various 

. theories gives the best prediction; for each theory containsfa~rly drastic simplifi- '. . . , \ . '. . . 

'. 
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ca~ions,arl<:l.1-i~s usually been -comparedwitli~onlia small seiect;ioll-oftl1e ':av~df; 
able e:x:penmental data. Secondly ,some of the nietliods of prediction lInICludinit 
unfortunately those \vhichgive the mostaQcurate predictions) are difficult to 
use; the prospective~seJ;pf the, methqd has_ t~ c~rry-out ~xtensive _ 
work, beeause the ne6essary auxiliary functiorishave not been comput~d 

. tabulated once for:aiI:;~/~ /- '- -- - < t'· _', _ . 
It is mtendedbeiOc1v'-t~ pay p.iiticular',8;tteIition to remedying tIle 

. _defects. & far as possible; uncertainty wil115eeliminated by comparing-the' 
_existing theories with all published experimental data and by developing a ne,\; 
calculation procedure' based upon accumulated theoretical and experimental _ 
know ledge of the compressible turbulent boundary layer; and graphs and tables 
will be presented which permit friction to be calculated fora wide range of cbndi~ 
tions as a result of merely a few minutes' work. _ -

The tables cover Mach -numbers (MG) between 0 and 15, and ratios of wall _ 
temperature to main-stream temperature (PsfTG) between 0·05 alid30. 

-Sections 2'and 3 below are mainly devoted taa review of earlier work. Thes~ lead 
to a development of the present method which is presented in § 4. Readers solely 
concerned with the use of the method sho111d tum to §4.6 which cOntains a 

~ SUmIn,ary mille _prediction procedures which ate recommended fQ:r use. 

E 
-il.: 
-Fe -
FR~ 
FRx 

h 
hO 

K 
JIG 
n,p,q 
p 

T 
u 
x 

N ~iatii:ni. 
see equations (13) and (14) _ _-,-
local frictiollal dl:ag coefficients based upon main-stream fluid prriperties-, 
equation (17) . _ < __ - - _ 

overaUfrictional drag coefficient ba~ -upon ma~n-str~~m·. flUifl pm~ 
perties; equation (26) .-. . --c .: '\~ 

ac€)nstant,equation (2) 
fuiwtion multiplying cf in universal drag law, equatiolls (11) and (19) 
:functiorLIilUltiplyipg-t~finuniv:er~Ldrag law, --equation ( U) -- -- - --­
functiOltmultiplyiQ-g R~ in universal drag law, equations (12) and (20) 
Dmctionmultiplying Rx in universal drag law, equations (12) and (25) 
specific enthalpy, equation (32), (B.Th.U.f1b.) _ 
s~onatiOli enthalpy, equation (32), (B.Th.U.f1b~) 
a; constant (~ 0·4), equation (2) 
Mach number bf main stream, equation (13) 
exp<;>nents; equations (44) and (51) 
Pmndtl number, equation (36) 
recovery factor, equation (35) 
Reynolds number based upon momentum thickness and main-stream 
fluid properties, equation (3) 

Reynolds number based upon x and main-stream fluid properties, _ 
eqnation (21) 

homperature, equation (13), (OR) 
velocity in x-direction, equation (1), (ft;/h) 
d.ifitance measured along main-stream direction fromeffect-ive start of 
turbulent boundary layer, implied in the definition or"J;tx, (ft.) 

------ -- ----------- ----"-----,, ------------------ ---- ------ ------ - ---- -- ---- ---------

I 
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Oompressible turb~nt boundary layer on a plate, 
, ',' , '.,,;;' , ':' 

non"dimeIisioital value·ofu.; equation(2l ' 
4istance from wall; equation (1 ), (ft;) .' 
~m;l-di!ll~nsional value of y, equation (2) " 

., "Ii- different non-dimensional value:-bf u, eql:\ation (2) r: 
l 
r ;§2. . ~omentuni thickness, equation (3), (ft.) , 

, ~pecific-he~t ratio, equation (13) , 11 . func~ion appearing in equations (2), (5), etc~ 

.,1 ; '~ ;\}'" 
, '-Vz, \ ' 
l ~ , r 

, p , density, equation(1),(lb.{ft.3)f 

/t 
1 

av 
G 
l 

N 
S 
1-

, viscosity, equation (3), (lb./ft.h) , I 

shear stress in boundary layer, equatiorJ. (1); (lb./ft. h,) 
~. ' l' ~ /" : 

\ ' . ' .c. Swscripts .1 

a~erage conditions in laminar su1)layer'! 
m~in-streamflUidstate, equatiqn (2) ,,1 
UJ:l.ifOrIn property flow. eq~ation (43)'1 
state near the wal!, equation (43) '!" 
state'at the wall, equation (2) , ' 

, outer edge oflaminar sublayer. table 1 

, Surveyor previous theoretical work ' 

, , .. " ,2:1. ,General characteri8ticsplii/nal~8~:,' .,', f.:'" , , 
Thereare a riUmb~~ ofth{~ries for the predictionQf th6 frict~6nil,;arag coefficient 
in the compressible turbulent boundary layer on asmoo~h 'flat plate (see the 
referehc~sni1irkedWithan asterisk in the list at the, end qftne paper).Acc~)T(ling -< .;': 

·to-the nature of the·prin{lipal..assumptionsllsed ,by~various authors,.the. theories_ .. 
can be grouped into five types, namely, '(i) tp.eories o~ed upon the Prandtl 
differential equation, (ii) theories base!i -upon the von Karman differential 
equation, (iii) theories based upon other differenti,al equations, (iv) theories 
based upon a fixed velocity profile, and (v) theories based upon the incompressible 
formulae with,fluid properties inserted at a'refeI'~nce' state. The main features­
of the analyses for each of those groups will be summarized in the following five ' 
sections (§§2.2-2.6), and the, chara'cteristics of individual tlleories belonging to 
these groups will be indicated in tables 1-=-5: Table 6 hicludes miscellaneous 
analyses which do not belong to any of the five groups mentioned above. ' 

2.2. Theories ba<Jed upon the Prandt~ differential equation 

By 'the Prandtl differential equation'we mean that postulated by Prandtl (see 
, Schlichting 1960, p. 477) relating the shear stress in the turbulent part of the 
boundary layer to the velocity gradient and other properties, namely 

7 PKy2(~;). (1) 



Author and yoar 

Smith & Harrop (1046) 

Knlikmiul 

DOl'rn,nco (1\)(10) 

.N IIt,lI,t,(lIII.<I)',(\ &, ],<'Ollt,'(lV 

( 11)(11 ) 

Aut,hol- and ypal' 
l"l'ltnkl & ... T .... ;~h~I··'1l0·lf 

Wilson (1950) 

HlIhOl:lill. Mn.yclow & Vltl'gn 
(lOu] ) 

VII.tl Dl'iol:ltr-:lI (10M) 

J)oisl'Ilor & Loofnol' (lOGO) 

" , 

Hypothosif! 'ror E 
• I 

ll'24 .... ' 

E 
E= I:H (foq'l' .,)t 
;t,!flu~vp.v/p.v = (IH»2 

!fJI'zf +~f)l'z1> ' 

111' ""II·II(,I',,/'''.'!)'''+! 
.1:1 ::;: n'lI x (~ dl'ng (lonlli(lilmt: 

IIllirOl'lll'pl'O})(,l·t,y (I0\~ nt; 

N8)1 

~ . NlltllrOof 9 

" / 

'rp = (pIps) I '= (1 + liz - (,t2,::2)-1 

..p= (Plp~i,='[l-l.(b-(Huij)Z 
. :...., ()o\,lag,t2 J-I 

--' l\Int,hoiof . 
oYnhlat,ing ~~'i;lt,og~1I1 

Approximfi.t,o uriitlyt,icI'lJ(A)* 

, ~ _ . 'lyMcl\.l(]3)~ 
l~xuot mlmqi'i~\!ll 

.l{~mnt; .1I11.Hlfll'k'I,1 (II:I'PI'O,", j. 
IHnt·{I Ii. t'''lf.l'J!,UOII IIHI'\I 

(,('I yi(lJd t1f(n~,) 
ApIH'oxillmt,() 111I1l:t,Vt,j('H:l., (I~)',; 

I'::' 
... Tll('lIn 1l10I·hodH of ovnhlnt.illg R3inlt

'
gl-l\! lIro StlIlHlUl:ri"'lJd in 

t . 1"01' VI'", • IlWn.IlS t.Imt tho vnhto of J!] spociiiod horo is for t.l1O 

'l'Anr,l~ 1. ,'l'l~oorios bused \lpon Pl'andtl diffcront.w,loqUl~t,ion 

'. Motholl 
. . .. ' ...... l'f_~~m~~.QK.~.-: ..... ~-. :_,., _____ ." ,_ 

..rf.;,"(plps)i'-·'" , .;..... Appl'oxim{\j',o mutlytiCl11-bv 
"',f;' (1·+bz.~.a2z2)-::I.',:' :" .'."., oxpal1ding.inl,ogmnd in 

" ", . '<",." '!" ":"'" " 801'iosofbrmd.(,a. und 
'neglooting highol' ,tor1l1S . 

Hypotllo~i~ f~r 
U·S"' ....... :. ,: . 

(d1~+ld1J+\. == 0-289 .. 

Y.i' .=; 1l~6 

(dtt+/cly+h := 0·218. 
if>:i!. "('pIps)" . 
. . =:'( r _raizi)-:A :, ',' ": ' •.. ' . 

. Approximato !tl1111ytiol11 (ll).'·' ~., 

~t = 11'1). 
(rlu.+I(/.y+h == 0'218 

JI) = IH (for VI,,) 
111'= 20 

:(.'0\' 1/"' ~ 20, ' . ' , 
, .' d'lt 

TS = (p+0-01l88puy)-ld 
' II/ 

;l~i' 
rJ.~ "" (k + ()·()118Kp" 1/) ~+ . 

. ' "!f 

"'\': :' 

... 
. "(6d,111~aliio:~rily)' 

'" . 

Approxim:tito ~l)itlyt,iclLl (B) 

:' 9= (plp's)I. " , lllxMt numori(,JI~1 

= .. ----·~~--·(u+-u+) [
2'1' fjs" ". 

. .Ts o",!,sJ(Ps7,s) .' 1. 

:~'T$ .. (U~2_ttH)J-. 
'. 2c,. '1'8 ps .. , 1 " 

~-.~.--.---......;....;.""',"- --_._- j-- "'",.-.-:). 



",\U( hot' nud .lltuli* 

Cloll1mow-I (I OliO) 

ClolHlllow-II (11)50) 

11'Ol'l'ltl'i (l\)oO) 

Li &. Nagamatau (1951) 

J(Oti(,l.lr'iil& KoshWltl'oV 

and YOOl' 

Copo;-I (1943) 

, . 
... ~ilt III't' or tlirf~.~ • ., ... ~t i.J~l f.~fluut,.i()U 

, (dU.) 2 . (ht 
TS pI(2y2 _. + U}(Zy2 -:" 

ely fly 

TS = ](2 J(l~~l~lI): (p ~~ +1.(, c}f!) 
(cl2tt/d1l2 )8 (lll dJl 

JTS = . p[(l/(dn/tly) 

ps { I [ 2 .... ] -:l} ps 1. + const.xz .. 1.+ --------.-
.. : (,),-I).M&· . 

Tho valuo o~ constant i/ilunlmown. .1 . 
TS = plf2y2(Q,u/dy)2 + J(.M (}) U,]{2yi dp- 'du-

. .(' . .:. ,'.. ." dy dy 
r:l:he function 'of .M(},/(.Ma) iSllnlmQwll . 

: / ....... f:.... Ill' clli',,< ,. . . .,,;t·, 
TIS = pf(ay2«(1~N(ly)2 +.' J(,2!lU-~'.-' Ity .. 

.,: •.... .ay dy . 
',," \". .' 

TAm~I~. 3. '.rho6i:ios basod .upon othor difforontial.oquations 
\ , . -' .. . . ~ ." 

AHSllmod volocity profilo, Expreaaionlif pIps 

u+ = 8'71/+~ .. y 

.. 1/, 

~\"t h.h\ 0" '\~vu'.\ui\'\'h),~';,~., h,~,~,~~\J;.:\'h.\ 

; ':Approximn,to nnnlytio.lti' (m " ' 

", ... ;~'~ "~r'~~~'" 
Approxlinatomiil1ori()nl 

... '; .... 

4pproximato analytioal (B) 
.' t ,,;.: 

, I"~ , 

lJ)xnot 'num6rimtl" 

:: M:~ti~X~o't::; ,~': ;. 
ev~l\lii,ting~_i~~\ifitggritl 

Exact ~~~~~i~o;l';' 

':Kd. 

1 1 ', .. , 

~ 
..\ ~ 
j ... 

:c ~ 

':{ 

'OJ 
~ 
;;: 
~ 

t 
0". 
C 

S 
~ 
~ 

Cope-II (1943) 
Monaghan (191)0) 

1/+ = liJ~l exp (I{~'r)I' f 
pIps = (l_a2z2 )-1 

(adiabatic only) 
ApproximatQ!.analytioal (B) ~ 

y+ = E-l Elxp (I{r+). P/PI!I == .(1 +bz_a2z2)-1 

. ~r A lH,E 4. Th~orics baaed upon fixed. volocity prome 

Author and ycnl' 
vori Karman (1935) 

i" . . 

BXpr(lSsion of T1I/'l'a 
(adiabatic only) 

.M~ (adiabatic only) 
. '. '. 0-42 + 0·58(Ts/Ta)+ 0'035 .M~ 

'fuckcr (1951) .·r' 'l'w./'1'G"7' ~,", 4,\/ 

Young & Janssen (19'52)' 
F6i:.Ma > 5·6: TR/PG 0-42+0'58('1's/Ta)+0-023.Mb 
TR/Ti;. :!::Q'()5+ 0·45(Ts/To)+ 0·035.M3 . 

Tn/TG =O·5+0·5(Ts/Td)+O·l1Pt(r-1)M3 or 
h1l/hi; = 0·28+ 0'5(hs/hG) + 0·22(ha~_ s/ho) . 

'l'AllLE 5 .. Thoories bllS00 upoif in,compres8iblo formulao (1ft Q) with,reference properties 

Approximate analytical (B)' ~ 
. , <:) 

, 

~ 
~ 
"t'l 

~ 

'" 



l 

.' ./7: ...... '<' ....... .... ... .... '. ' .. 
"WjtH the assuniptiQli1'=,Ts~:tllev~locitydistrihution:.in~thetUr!Tulent·boUndaiy 
. is derived . .... . . ... ", .,' '.' 

• y+= EC-lexp([{iiiJf; ?dZ}~ . .., 
, ..:' _ :. '. ',.;I'~"~ ::. '.' ".:"~'. " ' ".,;- '::':-~ _ ~_ ,:; .e..._:_,'_-..... 

where' FY(1'sPs)!jps, u+ == uj(TslPs)i.;-=;=ujdG.¢= (PIPs)t,~;K =a mixing 
/lengthconst.ant; E-.';;: ariintegratllfg~:Onstant~and subseiiptGref~rs'to' the roam. 
. stream, Le..the" outer' edge; ofthe boWidary layer, subscriptS refers to the fluid 
~conditionS immediately adjacent tOtlle~ wall, Le. to theiimer' edge' of the 
: bp~ndary layer.*. . .' . •. ~:' ,.. '. 

" : .,Equation (2) leads to the integral fot'R,: 

. Rd = PsEK(UiJ)2J·.1 93z(;·:"'Z)exp(KUiJf~9dZ.)·.dZ' (3) 
. PG 0 .... 0 .' 

JlIG P 'U (..U) . O2 == -- 1--.. dy. 
o PGuo· uG . 

I 
J .. ' The above features~e common to all analyses of this gr()tip. The differe~ceg . 

between them are in either: (i) an hypothesis for E (o! other method' of deter­
mining the integration constant), (ii) the natu:re of the¢Junction, 'of (ili)the 
method of ehtuatingtheRcr integral. 'Accordingly, the'irldiVidual members of 
the group 'are distinguished by the nature of these three'items in table 1.' . 

:.3, Tkeorle.b",,,,lupon tke von Kdnndn diff~£ai"zwuUm.· i 
The differential equation. postulat.ed by von Karman (see ·Schlichting 1960, . 
p. 485) as theconne~ion between 1', dujdy and other quan~i~ies is 

(4)' .... 
. . .'-

. The ass~ption T = TS leads to the velocity distribution: . 
I 

y+-=-(K I:EJJ~:eX}F(Kutf: 9di) ilu+~­
This leads further to the .R;'~te&ral 

.. '.' - - '-1 

(5)J 

Ed = Ps 'EK. U(;'l.fl 92z(l-z) exp(K UiJfz.9dZ) dz. 
. PG 0·..· 0 

(6) 

Equations (4)-(6) are commOn t{)~ll the methods of this group; individual 
methods are classified in table 2 by reference to either (i) their hypotheses for E, 
(il) the nature of the 9 function, or (iii) the method of evaluating the Rcr integral. 

2.4. Theories ba,sed upon other differential equations 

. Analyses ofthis group start from various differential equations but the assump­
tion of i = 1's is also made as in the above two groups (§§2.2, 2.3). Generally 
speaking, all proposed differential equations lead to equations for the velocity 
distribution which are identical inform with (2) or (5). However, the nature of {> 
in this expression differs from that in §§ 2.2 and 2.3, that is, {> here is no longer 

* A. mnemonic: G == .gas stream; S == surface. 
\ 
\ 
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. .' Oo-mpressiiJle turbulent boundary layer on a plate .' .. 

e'qualto'<PJps)!' T~e,Reyuolds:cnuml?er )n~~r~ {or'th~all~IY~()ft~~"g~~pj~~, 
either . p K II P . ..... (" rz ' ) ..':: 

R8 =.~~·.E'U~2 "9-cz(1":'z}exp KU~J 9.dz .dz,· 
. .',' foG ' ,0, Ps 0 . ". 
':""""" ,'K' ' . '1 .., '. .'..·z ':0 .... : ". 

'~8 '~.PS·EU~2f .PZ(l-Z)exp(Ku~J '¢Jz)dz,; . 
'* .. ,". ,fG .)1) Ps . .. 0 ...., .... 

depending on wh~t~r the velocitydistribution of (2) or that of (5)js appropriate.. 
3Iethodsof this'grpup aredistingUished in table 3 by reference to either (i) the 
nature oLthe diff~rential 'equation. or (ii) the method of evaluating the R8' 
integral." • ,:' \', ,.," . ..' .' .'. . ', . 0"· , .••• 

, 2.5;',;Theories based u1!on ajixed velocity projile .. . 

In this group, it is ~sumed that the velocity profile is.indep~ndent of com,. 
pressibility, for example, . y+ = E-1exp (K'U+), ~. " 

:i 
for which the R" integra~becomes. . '1";:,0;;,!: 

R" =#~~'u,ii2flp~(1-Z}eXp (Kuii)Jz. ,I ,/ ;:~" 
, foG Jo Ps . .' , ' ... " 
.... ' .", • . .... . . j 0 i:·. :,';;:. ':'.:" 
)Iethods of this groupared~stinguished in table 4: by reference tq (i) t~~'a~sum¢ c· 

fixed velocity profile, (ii) the expression for pJps, and (iii) the me~hod .of e.valuat:, 
ing the R" integral... .... ".'.\ '. J ",'. ; , , 

! _. ".' . . "- .. _ _. _ L! -. cC 

. 2.~. Theori'es based upon incomprft,s8ibleformulae~th{ 
.' refere11!;e prop.erties . . . 

. 3Iethods of this group imply the existence of aumversal relation,~hip ,b'etFoon . 

.fri9tiQl?-al-drag. coe~cient. anq,Reynolds llumber. if properties ~r~ ,evafuil.te9-· at' '. 
'arefer~nce temperature ;(or'tefe~enceenthalpy).They ar~ di&tingUis4eq,in' 

table 5 by reference to (i) the method by whicll the reference teiilperatui~ was' 
determined, and (ii) the expression for TEITa or fARihtj)." ., 

/ 

jlethods which do not belong to those groups discussed in '§§ 2.~2.6 inciude.the 
. use of various transformations and the direct use of erilpiric~(<iata. We have 
. placed in this category the theories of Lin & Shen (1951). S1?en (1951),:Donaldson . 

(1952), Spence (1959), Winkler (1961), Burgraff (1962) and Coles. (1962). 
The validity of the assumptions and simplifications. involved in various 

theories can only be verified by comparison with experiment. This will be done 
systematically in the next section. . '. 

3. Comparison between the theoretically and experimentally obtained 
data 3.1. Purpose of comparison 

As point~d out above. all theoretical treatments discussed in § 2liave beEm based 
upon assumptions and simplifications. Further, their predictions differ signifi­
cantly, as has been shown, for example, by Chapman & Kester (1953) for the 
adiabatic-wall case. It is therefore necessary to establish the relative validity of 
all theories by comparing them with experimental data. Other authors, for 
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example, Rubesini':Nlaydew& Ya~~{1951); So~mer &~hortlHH55};l\fona~han 
(1950), 1Iatting. Chapman, .Nyholm & Thomas' (1961); Winkler (t961) and 
~eterson (1963) have compared some theories "ith experiments; but tliey~either . 

·-lr.;,--e4relitively few sets of experimental data orus~daqrialitative me~hod .' . 
compariSon in the form of m~merous ~gures~ so th~ii conclusfot\,s a:r;e still rather' ! 

indecislve. We shall com:par~'the varioustlieorfes' ;with 'itll ~~biisiie(fexPeri-' .\ 
mental data of cf and cf versus ~8 and Rx at.various·MG and Ps/TG, a:q.d shall I 
evaluate for eaeh theory a quantitativ~ measure of i~ a:.greement.wi~h experlmenC' .. 1 
After that, we:shall be able tQ se~ which of the aV~llable theorIes IS best, and so 
learn which asmmptionsfor the compressible turbulent boundary layer are most. 
plausibl~. This examinatjQn forms the starting point for the development of ~n 
iill provefi calculation pi"OJedure, whlchis also presented below.. ." '. . I 

L t .1 :: . : .. ,!: '.' ':3.2. . Experimental data .... . .. 
If, expe~ime~ta1. .data were accurate, a few sets of data at desired conditions ' 
(Mach Ii,umber and heit"tr~nsfer rates) would suffice to test the validityofthel 
,oarious ~heo~ ,Su~ <}.ata; are, however, not available. For thisreason, the \i 
greatest~os~ib!enumbei- o~exPerimental data. have been collected (see'references 

. marked~vith;a 40uble dagger) and tabulated.* They include measurements on 
a flat pla~ arnfon a cyllnde:(\Vith axis parallel to the stream direction and radius 
large hi 6om~tisonwit1:itIie boundary~layer thickness. Figures 1,~3 showthe. 
collecteddatamtIie.forin~ofcfvs R.t,cfvsRzand cfvsRz, and figure 4 shows the

C

-

conditions (Le;vaJues OL1fG 'and Ts/TG) which have been explored experimentally; 
Although it1;l:u~be ex~ct(')d that the.data are. not all equally reliable, we have. 
made.:no atte~pt to ~~stimate· their accuracy qr to introduce any ~or:responding 
weighting,factors.'~ !, ,;; .. . 

. :; ~ 

3.3. Theoretical data 

ITheoreti~lfriction:.coefficielltdata~ c(:)l:r~PQndjn.Kt() tl1,ee=!pel'irn~ntl:l,tR_eYIlol<!s~ 
number'(Roor R~), lVIa~h number (MG) and temperature ratio(Ts/TG) have been 
obtained ;by the rarious methods discussed in § 2; however, some authors have 
ll~t worked o;ut ill.' the relations which are required if their theories are to be 
compared; ~vith an the collected experimental data. Extensions can, however, be 
made to those theories without conflicting with the authors' original argument. 
The methods used by us in making the extensiollsare' summarized below. 

CorH.:ersion of 11;J)~ R8 and vice versa·. The results of some analyses, viz: CIemmow 
(1950), Cope (1943}, :Jlonaghan (1950), Smith & Harrop ( 1946), Van Driest (1950, 
1955), Wilson (1950) and the theories of table 5, imply that a unique relation 
exists bet,,-een c/Fe and RFR ,i-here Fe and PR are functions of ~Iach number and 
temperatIire ratio alone. As ,,,ill be shown in § 4:, the relations between Fe, Fe' PRJ 
and P Rx ~e such that Fe = Fc, . (Il) 

FRx Fm/Fe, . (12) 

. where F',; and Peare the fUllctions of JIG and TslTG multiplying cf and cf respec­
th-ely, and P EO and FBx are the functions of JIG and TslT G multiplying Eo and Ez' 

* The table is not printed here. Copies may be obtained by interested readers on 
application to the authors. 
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FIGURE 1. Coll~ted experimental data of Cf vs R8 in compressible turlmlent 
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Extension oftheorie.s derived for the adiabatic.?t'all to the case of heat transfer. 
'\"hen only the adiabatic-wall case is considered and the Reynolds analogy 
between momentum and energy transfer is assumed, as in the theories of Cope 
(1943), Donaldson (l952) , Wilson (1950), etc.,. the t~mperature-distribution 
equation is PITs = l-a2z2, (13) 

where a2 [i(y-l) JIl;J!(l + i(y -:l)JIJ), 
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FIGURE, 4.' Area of conditions explored c:lcperimentally. 

Z ll!Ua, T == absolute temperature (OR), and suffixes G and Srefer to free' 
stream and surface, respectively. : . . 

We have extended equation (13) to include the effect of he~t transfer as 
follO'ws: 

where 

and 

b:: [{l+i(y-l)MJ}/(Ts/TG)J-:,l. 

a2 :: {i(y-l)JIJ}/(Ts/TG )·· 

(14) 

I 
l , 

l 
I 
\ 
I 
I 
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'Viscosity law •. ';i;heviscosity-la:w :recommended·by the~riginalauthol's~as~beenr--L'y?.~', '"-~" 

I 
used in most cases forapplymgtheir theory to experimental ,conditions. When 
~his is not possible, or no law is recommended, the follo'\Ving power law has been 

used fLOC T(;76, ' '" (15) 
~ 

r 

Monaghan (1950) , 
6t-----.----,-:...-~-r----.-~.-..---r'"Wilson (1950) 

Equation (18), Ts=200oR, 
Equation (17) 
Cope (1943) 

51-----I----+---I----A,.~L----:l Equation (18), 

r-~--+-~~~~--+_----+_~~ 
von Karman (1935) 

4 ,6 8 10 
,TsITe,' " , '" " , 
,,I' "',, , , 

Comparison of various viscosity.temperaturelaws. 

/ ' 

(16) 

, is more accurate;- than: the power law, the absolute value of To' was not reported 
,. by most experimenters; Figure. 5 shows the viscosit;y:-temperatille relations used 

in the various theories:' ,Since fL has only a weak influence on cI , it is unlik~ly that 
the use of differentvisco~ity laws for different theories has any appreciable effect 

,on our final concluSions,': ' 
Drag laws for incompreSsible flow; Each of the authors whose works we have 

studied incorporates hi his theory, implicitly or explicitly, a relationship between 
drag coefficient and Re;Y"Ilolds number (either R" or R;rJ valid for incompressible 
flow. 'Ve have in each case used the relationship recommen9,ed by the author in 
question, without attempting to calculate separately its effect on the accuracy 
of the theory. However, in the Reynolds-number range of the experiments, the 
drag coefficients calculated from the various formulae differ only by 1 or 2 %, so 
there is no reason to expect that the use of a single relationship would have 
appr~ciably modified our final conclusion. 

3.4. Cdmparison between theorie-s ani/, experiments 
Twenty out of twenty-nine collected theories (see references marked with an 
asterisk) are compared in this report; they are believed to include all the essential 
assumptions used by various authors. Nine theories (theories which have been 
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Compres~ible turbuknt boundary layer on a plate 

·c()mpareq.arelist~djp'.ta.b!e~tare,;l1~~,in~~uded. eitperpecause tl1ey still have 
indeterminate constants or,bepanse 'theyinvolve'ieng~y ,'time-consuming 
numericli1 work which is benevednot to. be profitable at the present state of 
knowledg~ ofturbulell~: ";\ " ,," " '" (i '" 

The crl,terionused for, comparlsotis the l.'oot~~iiln-square()r;,:\!,", 

" ,0 ,,:~, ,;,:, '~'~~~:'~';,"" ()X~xp2.~i ;~!tif.~~t ' , < u~~vt~/;,' 
Cf , el\.ll, is theexperimentallocJ or oveiall friction coeffidimt~rid Cf, th is the ,'. 

thedreticallocalor overall fri~tion coefficient*, the correspo!'!dIDg, experimental 
Jteyholds number (R~ or R,x),Mach number (JIG) and tempei'atrireratio (TsIT (j). 

:Jo evaluating the above root-mean-square value for' each of20theories, all the 
, experimental data of Appendix A (plotted in fiSllres 1-3) ha:ye ,been used~ 

The evalllation of theioot-mean~square values of (C;;~ip-cf.,th}/cf,th was' 
carried out by the~lercurydigitalcomputer ofLondonUn1ver:sity~ A computer, 
,program' was written for each of the twenty theories. Then; eachthe()ry was' 
" applied ,to" each oftheA91 experimental con4itio~ for, which cf,'exp data, were' 

,:", available"yielding appropriate values of Cf,1h' The. root-m~an-l;}qua;re-va1ue,of 
(ci.exP-Cf;th)/cf.th was then'computed for each theory 'in ah'obyious manner.: 

The resultsqf the comparison are shown in table 6. They give a quantitativ~ 
jndication~f the. accuracy of the Various theories when compar~d with preSent 
empiTical khowledge of the compressible turbulent bQundary layer. ~ ,',",' '.'.'" 

',' , It is seen from table 6 that the three besttheories'are those of van Driest-:-It 
(1955), Wilson (1950) extended by us, and Kutat~ladze & Leont'e;(1961). They" 
are all based upon themixing-lengththeQry used in the method of §§ 2.2 or2.:t; 
t~at is, tables 1.01' 2, l'able 6 also reveals that all theori~s~xhlbit a greater en"or, 

, 'when comparelwiththe data fQr finite heat~~ransfer rates than .wneft cottipared, 
witI(data obtained'underadiabaticconditiQns~ .0,) 

/1 
4. Development of an improved calculation procedure 

4.1. Funda~ntal function.s 

We first seek a relation between Cf and R~. Forthe c-onstant-pressure boundary , 
layer, we may expect that ' ' " 

, t , (17) 

The' nature of the fun~tion can be determined either theQretically (§ 2) or 
experimentally. 

:Now many of the theoretical expressions, ro. theories ,.of Clemmow":'I & II 
(1950), Cope-II (1943), :MQnaghan (1950), Smith &. Harrop (1946), van Driest-I 
&. II (1951, i955), Spence (1959), Wilson (1950), Winkler (1961) alid table 5 can, 
be written iritheform " 

!ci~ = VJ(R~FR;;l, i (18) 

where the function V8 is independent QDlach numb~r and temperature ratio, the 

* For the sake of simplicity. here and 'on some o-::t.~r occasions, cf stands for both 
c, and c" as is clear in the text. . 

9 Fluid 1tlech. IS 
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effects of whic:h are wholly accounted for: ,bJrt1Jle·tUl!-,cti~[)ns 
'fun~tion; ~ 'such that< . - ....., 

'. '. 

"= I' . for . N.' = 
'.' .. ' .: ..G . 

. Fzi~~=F&(ijfaj '!;tJ!Q), 
~,.: ,), for JIQ ';;' 0, 

! 

; ~omeof the other th~oreti~alexpressions, for example, those ofKutatel~dze& 
.. Leont'ev (~961), and Burgra~ (1962), if expressed in the form of equation (18), 
'1vouId imply that.Fm exlrlbit-s a weak dependence on cf; however,thiS is by no 
means certain, as is s):o-trnb.Y our comparison between theories and expepments . 
(tab;Ie 6) andw~ shag ignore this dependence. .' ... ~., .,' ... , -', 

. -, . 

i 
·1 
I 

'1 

i 
. j 

10-:; t--_a......;+..-..l--'-I..,;-J-.L..I.!.,.J.....,. __ --J_ .• ..;.;..J"--'~...:.l_,,.._l__'_'_~·..LI ___ . ...L_ i.'-3~'x 1'" .\>,\ 
. 2·x -).Q2 ".10' 10' v-

:'.-

:: / ~ _~: i ' ~ . R, 
lrI?tr&E ~. 'Comparison of equation (28) with unif0rnl-.. p~o}Je~y . 

S~Conaiy, w-e '~i1l consider the relation between cf and R:;;.The integral 
.- -momentum equation for the boundary layer on a flat plate (see Schlichting 1960, 

p.536)leadsw (21) 

Re1\Titing equation (21) iIi integral form, we obtain 

R:;; =:J:IS (2fcf )dR6• (22) 

By multiplication of equation (22) by FmfF;;, there is obtained 

(23) 
I 

! We have already postulated the e:rlst~mceof a unique relation between eJl;; and { .' \ 
R8F:~8 in equation (18), which is independent of :\Iach number and temperature.' 
ratio. With this, equation (23) yields . ' 

(24) 
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whei:eth~functiont zis illd~pend€mt· of lIMhl1umberand-t.emPerat1ll'e'ratio, ' 
IandF,RIare fh~-sa:me functions as those of equations (19) and (20), and F& is 

c . ".' - .. 
rel~ted to FR8 and 1'c by , 

~ <:;) ~ . • 

-. ' 'FRz == Fml1'c 

= 1, for c~= 9~ . TslTa ,=c 1. 
t .. ', .-.. ._ . 

considercf as a function of R~. From the' definition of cf'" 

lei =(Rz)-lf~ (cfI2)dRz , , (26) 

it can be shown by the method· of the preceding paragraph that 
,.- , 

" ," ¥f1'c = 1Ji(Rz F&), (27) 
"" !) 

'where the function 1Ji is again independent of MMh number and temperature 
ratio, and 1'c an(LF&are defined by equations (19) and(25). 

, 'T()summarize, ithas been shown that, ifFR & is independent of !Cf~ the following ,-
. f(inc9-ons exist" ' 

}cfF:: = l!rB(FRiRJ},. 

icfF::= ';z{F&Rz ), 

!cfF:: = 1Ji(F&Rz » 
, . ..,' 

(18) 

(24) . 

(27) 

where ¥J,tz and 1Ji are independent of lIMh number and temperature ratio. 
Xow analytic functionsexist 'which adequately represent the relations between 
~cfandRi,!cfand Rz"and ¥larid Rz , ill uniform-densityfiow(Spalding i962a), 
namely* ,,/ ," '. , '. '. 

, ,RJ =.= i{u~)2+(](E)~;t.~{1- (2/Kuc))}exp{Kuc)) + (2/Ku'6) + 1 
'-i(Ku6}2..., l2(Kuc)3~to(Ku~)4~ 1~o(Ku~)5]~. 

" . - - ./, . '.' .-. ," 

'Rz =12(u~)2+ (K3E)~1[{6 -Kuc)+ (Kuc)2}exp,(Ku~)-6 

2K uti -l2 (K it~ )4:--1o{K Uc)5 - io(Ku~)6 - Th{K u~F], 
" ·ttf.=R8/.R~; 

,(29) , 

_ J~OL 
where'u(t = (2/c.()t, K = 0'4 andE:::;J2." ,,' 

Figures 6, 7 and 8 show the comparison between the above three functions, 
equations (28), (29) and (30), and the Incompressible turbulent boundary-layer 
experimental data from those referen~s marked with a dagger. The agreement 
is good throughqut the whole range of Reynolds number; indeed the values of 
E and K have been chosen so as t() give' a minimum value of root~mean-square 
errorin a manner similar to that described above, Chi (1962). t Now, our problem 
reduces to the determination of F::andFm as functions of1Iach number and 
temperature ratio. 

4.2. Determinaiion of the 1'c-fundion 

Since the functions lh, tx, and lJf are known [equations (28), (29) and (30)], and 
since numerous data for compressible turbulent boundary layers [references 
marked .. rith a double dagger] have beeP. collected, it might seem to be possible 

* These are of course not the only equations which may be used ; and they are certainly' 
not the simplest. They are used because they are consistBnt with a fonnula for the universal 
velocity profile which is both simple and in good agreement v.itli experimental data. 

t On a CJ basis, the root-mean-square error would be about 2 %. 
9-2 
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,,',eCce' • ",'" ",,', to~e4~eeth~~'arid'F1U~~rieti~'soleiyfrom~xpeihnefit~h~tkm'Pt't6ao,,~i 
, ,this, how~yer, soonshmved that the data were too scanty arid iriaccuratet()?llow ' 
success~SOmetheoretical guidance is therefore sought for thedet~rmination~f,' 
one 9f th~>fu~cti9~s. -~ i~-"~h~ ~pvio-u:S~ chQi~~. _~ ':.; ; '.~ ~ _ ",'. -:;;~o:'-~;-:~_>":' -- .. 

. ",IPc'§ 3~it .wasshowntha:~th,~iiesbased upon the mixil1~Hengt:llhYJ?othesiS ' 
oftapleldaml 2 gavethe best prediction of all theprevi()us tj{eories;~itwaSa]so 
discovered that the' eor~es~ol1ding methods lead tot~e following .exp~ssioll 
for ~:::'" \ 

, '~= [S: (P/po)tdzr2

• ./" . \ "(31f. -

Th~ expression for FR6,by contrast, ~aries considerably from one theory t~the' . I 
next. Equation (31) has been adopted for the F;, function ill.the present theory. 

~ 

. " 

FIGURE 7. Comparisonof equation (29) ,,,ith unifonn-property data, c, V8 R"", ,. 

". ; 

I -+--+-+++-+++1 - - I 

R:: 

FIGl;iBE S. Comparison of equation (30) with uniform-property data, (;1 '08 R",. 

Evaluation of Fc from equation (31) requires the density to be expressed as a 
function of z, where z is defined as u/uo. This relationship may be derived from the 
Re;ynolds analogy between energy and momentum transfer" modified for non-
unity Prandtl number in the following manner. . 

From the Re;y-nolds analogy. we have 

hO-h'J, 'It-Us 

.. h.'b-h,~ = u'G-u,s' 
(32) 

where kG is the stagnation enthalpy, 'll is the ve~ocity hi the x· direction, subscripts 
G and S refer to the main stream and the fluid ~djacent to the wall, respectively. 

1 
I 
I 
I 
I 

: I 
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~- ~ .... , .. - ~~ .' . 
. '·.Now~-U$-~·Oi·kO~='c(T:+J(1"-:l}M;}!PGz.2)'for.a-perf~fJt~ll§,·:k~==;: hs~.f~!"<,;..:;L~;~J\!.i 
. \\here e -is-the specific heat at constant pressure, and Tcisthe. tempera~ure iri\ -. ," .. 
,degrees absolute. Equation (32) can then be writteri ~ .- .... ..'",.' . 

.. ~' T/To (Ts/T;r~{1+i(y-1)liI~- (Ts/Tll)i~:I(Y~1)1lIJz2. _ ':~(33r~\:; 
.For the adiabatic-wall case', the coefncientof z of e~1J.ation (S'3) isz~J:o, a~djls is.' \., 
equaIto the adiabatic-wall temperature, Tad,s~HenCe-;-- . ",·i.:'~"v ., 

T:UZs/TG=1+I(y-1).Llf~. \ . . 
~ . " 

This holds for a Prandtlnumber of unity. For nOl1-1.1nit~ Prandtl nu~ber1 .. 
Tad ;/TG ;' l+!r(i"'"'-ljMJ; . 

~ ~ - ' 1 '. . \: ?~ \) ... '~ . -; . 
where r is the recovery factor. (For gases of f ~. O~7, measurements of recovery; 
factor by various investigato~s,Brevoort & Arabian: (1958),Brinich (1961)~' 
Kaye (19.5.4), Hilton (1951), $laclr;n952.) ami Stalder, Rubesin .&'l'endeland. 
( 1950), showed' that the value .bf recovery factor'lies between 0·88 a~d 0-9; 0.89. ",. 
is a fair mean of all measureni¥nts:Now equ~ti~m (33) can be modified to ::;atisfy:":' 
the boundary conditioh at the\wallfoi- the lidia1:>atic-wall c(1Se, by writing 

. .. I I:": ,':,/ ... :'.,' ;'. ' ~, 

T/To = (Ts/To)+{1+1r(,.,.1)MJ-'-.(TsITG)}z~tr(l'~ l}..11:~z2, (36) -

where r ,: 0;89, for P ~ 0;7. Fok anA~e~ 'ga& at c4~stantpressure~ . 
\' " 'i:: ':,-,-> ':. ~~>::,,:,:o·, .,;' .,' 

:p/PG,- [<71I1!G) ',- 'J:':' ,(37) 

On substitution of equation (36) $.toe<l'uation' (37), there is obbiined " 

c, ,p/Po = [(Ts/TG)+{f+ ~r(l'~l>.iJg-:- (TsIT~)}z- !r(l'?1)1Iqr:2J-1
• 

Hence from equations(3i)~nd (38)/w~h:i\re:' :;;,' ':' . .'{ ~ 
, ' . 'I '.::,.' ; ,.' . .... . : .. ' " ' , 

Po = If: [(T .fT.) 4 "" ~ir~ 1j.J-"( TsIT oj} z-!r(')' -1) M;!z'Jlr ,-13~) 
. 'i.~, ",:" ." . ',' , 

where r = 0·89. Equatio~ (39) IS the ~ function which we have used. 

4.3. Determination of the PRdunCtion 

Though the theoretically derived expressions for Pm are rather uncertain, they 
can generally; be writteii as' ' 

(40) 

where Ei is the value of E for uriiform-property flow and is a constant. For 
example, . 

(a) In the van Driest-I method;p = t, E = E i , hence 

PRa = (Po/Ps) (Ps/Po)! 
= (To/Ts)l-26 for Ito/Ps = (To/Ts )O-76. 

(b) In the van Driest-II method, fJ = 0, E = Ei , hence 

PR~ = (PG/Ps) 
= (TG/Ts)o-i6 for Po/Ps = (To/Ts )o-16. 

(41) 

(42) 
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_," .•. ;._ (c)J~S~.~~~~o~_e:g.~tp.ose()fK~likm}L~J19Q,6):, Kutatela<ize ~~ont'ev-:._) 

-: (1961) .-/~~EIE~ == f(T.~rrs)i-- . ". . (43)\ 
/ . - ...... - - i 

.... whe;eT.vis~e~alu~ oftheymperature at some polx:t~ear.t4ewalL~ "' __ : _ 
. - Hence sum theones commonly lead to an expressIOn f()1,"FR~ of the formc-; . -'. 

--•• ~~ -n ir~WO :::~:~~!::::/1~';nde!not:and ~i45r! 
. / detennined :from experiments as in the following paragraphS. '.' . 

For the adiabatic~~all ~ase, the temperature gradient at the w~ll is zero, ahd 1 

so the temperatui-enear the wall is approximately equal toTs, Henceequa~ '.1 
tiori (44) reduces to ... (45) 

Fm = (TsITG)P. I 
Using the functions ifF8' ifFx, 1fi and ~ of equations (28), (29), (30) and (39), ,~ 
respectively~ and all the .collected experimental data for theadia;batic-wallcase 
(summarized in Apperidix A and figures 1-3), we have determilled the valy.eof p 
which gives the smallest root-mean-square value o( (cf,exp-~cf, th)!Cf : t;.Thls'. 
value ·of pis -O·702 .. Thus, for the adiabatic-wall case, 

F~$ ~ (TsITiJ)4702,' . . (46) 
• .1 

where Ts is of course the adiabatic-wall temperature which.' is obtained:hy~ 
equation (&tJ. '.' '. ' , 

The index q caii be foun.d from the drag coefficient in the presence of heat. 
transfer. \tnen there is heat transfer at the wall, the temperature gradient at the 

-,vall has ~,'fullte value and it is plausible that the ratio of the temperature in the 
. , vicinity of tbewall to the walltemperat~e,T..¥ITs~ is . . 

(47) 

~ .. wh{lre Z-v ==ulLu~,u~igt.h~~~l~e_ofu": a,ttherel~~infdi.stil;~efi~)lp.j;h.ewalk It. . 
,is probable that ut is small so thatu,& is usually much larger than u:Ar; hence 
equation (47,ean be written.equallywellas 

\ 
\ 

Nmv., by differentiation of equation (36), 'we obtain 
.:-
\ 

(d(TITS») ::: (1 +!r(y-l)jJJJ- Ts) To-., 
dz s . To Ts 

. then T .IT. ~ {I [1 +!r(y-l).MJ _1]}Z9 
. ,\ s~ + T.IT. s 0 

. = (Too,sITs)z.v. 

Substituting equation (50)into equation (44), we have 

FR6 = (TsITo)P (Tad,sITS)q; 

(48) 

(49) 

(50) 

(51) 

where p =- 0-702 obtained above and q ( = nz.v) is a constant to be determined 
empirically wifuthe use offrictional-drag coefficient data in the presence of heat 
transfer. A computer program was written which varied q and minimized the 

-~- '; 



··:root-meari~square. vaJue>of~9:', ~XJY~c.t.tll)fc;'th.for. all 
experiments, p being giventhe·value ... 0·702 del~iv4~.I~aI:1ieI. . .... . 

. root-mean-squareerrotwasfqund \yhen;·qwas 0-772. The recommendedFR~ is. 
accor.d4J.gly . F _(tn-,···m·)-()-W2 (T" IT.- )0-;72' . . 0" R~ - 1.13 cL(;. iul 8 S ~, 

,.- whicon reduces to equation ~16) ~~;'Yh~ adiaba:i6 ~all •. 
/.,: . " "'. '. 

0·02~~~~-r-T-+~~~~~-r~--~~~~-.~-.-" 
. [ ... 
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FIGURE 10. Comparison between theoretical and experimental Fcc, V8 F R"R",. X, experi. 
me.nts, adiabatic; 0, experiments .nth heattransfer; -, theory equation (29).' 

4.4. Oomparison of the present metlwd with other theories and experimeni..s 

The root-mean -squ~re value of (c" exp - c" th) C,. th for the present theory has been 
calculated and inserted in table 6 in order to compare it with the other theories. 
The pres~nt theory gives the lowest root-mean-square value, namely 9·9 %. 
This is to\be expected because we have derived FR8 directly from the experi-
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menta:l,glt~):A,jigure~97l1, tlut e;periD;let!~I~ ~l1d th.eor~tica1 ~cJ vs FRiR~>"'i,"i; 
V8 Fp..:z:Rz andF.:cI V8 FR:J:Rz are plotted. The agreement betWeen theorY arid 

" experiments is again satiSfactOry. " , 
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FIGlJRE lL. Comparison betwee~ theoret.ical an~ experimental Fec, ?:s-FR",Rz ' . x, experi­
.. ments. adiabatic; O. experiments "it.h heat tI11nsfer; -. theory equation (30). 
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Fcc, -F.;c, F~R8 FRzR" Fcc;_ Fcc, FRoRo -' 'FRzItz 
0-0010 .O-OOlli7 2-878>:10' - 5·758x 1010 0-0060 :0-008205 233-0 5-679x1~- -
0-0015 0-001716 3'955 x lOS 4-610 x lOS 0~0065 0-009105 177-6 3-901 x 10' 
0-0020 0.-002333 5-425 x 10' 4-651 x 10' 0-0070 0-()IOO42 140·4- -2'796 x 104.' 
0·0025. 0·00-2967_ 1-386 x 10' 9·340 x lOG 0-0075 \ 0-011014 114-4 2:078 x 104 

-:0-0030. .0-003621 5030 2-778 x lOS 0'0080 ·0·012016 95·62 1;592.~ io( -
0-0035 - 0~00!299 2283 1'062 x 106 0·0085 0·01304 92·49 1·251x 10' 
0-0040 0·005006 1208 4'828 x lOS 0·0090 0·01409 70·91 1-006 X" 10' 
0·0045 0·005747 716·0 2·492 x lOS 0·0095 0·01516 62·55 8·253 x loa 

.. " 0·0050 - 0'006526- 462-3 " 1·417 x lOs- 'o·!nOO- -0,01624 ~55'87 6'883 x loa 
0·0055 0-007345 319·4 8-697 x 104 0-0105 • 0·01732 50-46 5·826.x 1(j3 

'," TABLE 7 • Values of FcC,. FcC,. FR6R. and FBzR", 

. . 4.5. Summary of results 

To facilitate calculation, the main results derived earlier in this section are 
presented in the form of tables and figures_ Table 7 gives the cOrresponding 
values of Fccl and FccI V8 FRoR. and FRzRz, table 8 gives the values of Fc at 
various J-1a and TsITa, and table 9 gi.-es the values of FpJ at various .JIa and 
TsITa. Values from· tables 8 and 9 are plotted in figure 12 for c~n\enience of use. 

4.6. Recommended metlwd of calculation 

In the most -common cases, the problem is t{) find the drag coefficient when the 
Reynolds number, :Mach number and temperature ratio are knOWIl. The pro­
cedure for sOlring tIns problem by use of the present method is as follows. First,. 
the value of F.: is determined from table 8 or figure 12. Then the ~lue of FpJ is 
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3-7823 3·9284 
4-4493 4-5958 
5-1.0.03 5·247.01 
5-7391 5·886.0 
6-3683 6'515~ 
6-9897 . H368 
7-6.045 7·7517 
9;U84 9-2658 

1.0-6.071 10-7546 

, 1-91ad 
2·325~ 
2·7117 
3·.081* 
3·4393 
4-13.05 
4·7986 
5·45.04 
6-089S' 

. 6-7196 
7·3413" 
7.9564 
9·47lli 

10'96.02 

• J-.o184~' 1-2759 i'5713 
I·Q842 1-3451 :1-6444 
1.1836 H491 \,7534 ' 
1-2649 H337 i-84;18 . 
J,337G 1-6.083; 1-91'94 
1-4.031 1-6767 1-9993 
1-4651 1·74.05 '2,·.0564 
1-5802 1-8589' iH785 
1:6871 1-96~t ,2;2913 
2·1572 2·447i 2-7809 
2'57332-8687,'3-2.092 
2-9621.3,;26(1; 3-M66 
'3,3336 3·q35~,. 3-9847 

; 3'.6~3.o· ~'3-99714-3493 
. 4,3863 : 4-6937 
, ',5;.0559 :'5-365:7 

5:·708'8 .6-02.04. 
6:~491 ' 6'·6621 
6-.979;5 .. 7'293,1..7-66.03 
~;6.o19, 7-917.0", 8'2851" 
8·2175 .8:5334,;; $·9.027 
9'7330"1.0·.05051.0·4222 

11 .. 2228·; ii·5415'll.9149 
". ~ .. ' , . :'" 

. ." ~:~,,: .~ .. 

_ , '-f.- ~ :-f:;~ ;, -..f .. - _J~ 
1-9.041 • '2-3738 ~.-2:6863 3-1233 3-6.027 :J .4-1186, P4;,!l7G7 5-2591 
1-9812 2-3552 / 2-766.0 3·2134 3-6976'4-218.0 '4·7748 5-368.0 
2·.0958 2-4756 2-8925 3-3462 ,~ .. 4-363,6 4,9269 5-5267 

-'2.1882; .2.5723 .. 2-9937. JJ-JQ22' 3·9974;:, 4';479!F;:"5-G4755'6523, 
2-2692 2·6569 3·.082.0 3-5443,.4'-043.5 :4-5794'5;i518 5'76.08' 
2·3429 . 2-7336 3·162.0 3·6276' "'-13.03' ,4:6697 0·2458 5·8584 
2·4115. 2-8.049 3·2362 3·7.048, 4-2105: 4-753l 5·3324 5-9483 
2-5379 2·9360 3-3721 3'8459 4·357.0 4-.9.051 5·49.01 6-Ul7 
2-6542 3·.0562 3-4966 3·9748 4-49.05 5'-.0434. 5·6333· 6·2599 
3·1564 3'5725 4·.0282 4'5228 -5,0556 5'6263 6·2345 6-88.01 
3-5929 4·.0184 4-4846 4·99.04 5·5353 6·1187 6-74.01 7-3993 
3-9964 J 4-429.0 4-9.030 5-4176 5·9719 .6·5653 7'19727-8673 
4·3192 4·8174 5-2979 5:8196 6-3817 6·9833 7·624.0 8-3.033 

'4-7477 5-19.05 5·6764 6·2.041 6-.7727 7·3814 8-0297 8-7169 
5·4549 5·9.05.0 6-3994 6-9368 7-5161 8·1365, 8-7972 .,9·4977 
6-1347 6-59.04 7·.0913 7·6363 8-2241 8'8539 9·5247 10·2359 
6-7955 
7-4422 
8·.0778 
8'7.045 
9·3238 

10·8467 
12·3418 

7'2556 
7-9.058 
8·5444 
9·1737 
9·7952 

11·3225 
12·82.09 

7-7618 8·3129 8-9.077 9'5452 1.0·2245 1.0·9449 . 
8-4164 8·9i27 9-5734 1.0;2174 10·9.04.0 U'6321 
9·.0587 9·6194 1.0·2251 10·6748 11-5676 12·3.026 
9·6912 IG~2556 10-8657 11-52.04 12-2187 12'9598 

1.0:3154 1.0-8832 1l'4971 12-1562 12·8595 13·6.059 
11·8482 12·422i 13-.0446 13-7128 14·4263 15·1841 
13-35.09 13·93.05 14'5586 15·2339 15-9556 16-7225 

TABLE 8_ Values of Fc at various .JIG and TsJTG 
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4-4424 6-0091 . 7'8615 9·9636 12·2900 
2·9071 3;9323 5-1445 6-520l 8-0425 
2-0923 2'S301 3-7025 4-6926 5·7883 . 
0-7532 1-0188 ,1-3328 1-6892,. 2-0837 
0·4143 0~5604 0'7332 .0-9292 1'~462 . 
0-2711 0·3667 0'4798 0-608,1 0·7501 
0·1951 0·2639 0-3453 0-4377:.0:5398 
0-1491 0-2017 0-2639 . 0-3345: 6-41!W 
0-0976 0-1320 0·1727 0-2<18~ 0-2700 
0-0702 0-0950 0-1243: 0;1575 :0-1943 
0-0537~ 0-0726 0-0950;0-120'4 0-1485 
0-0428 0-0579 0-0757., 0·0959 0-1183 
0-0351 0·0475 ' 0-0622 0-0788 ~0·0972 
0-0295 0-0400 0;0523. 0-0662 0-0817 
0-0253 0-0342 0-0447" 0-0567 0·0700 
0-0182 0-0246 0-0322", 0·0408 0·0503· i 
0-0139 0-0188 6-0246 0·0312 0-0385 

11 12 

796-8344 916-5768104;2-629 1174:722 13i2~620 1456- i16 
286-8467 329-9519 375-3286 422-8798 472-5207 524~i767 
103-2599 118-7770 135-1119 152-2295 170-0993 188-6946 

56-8032 65-3392 74-3250' 83-i414 93'5716 103-8009 
3'7-1718- '42:-7577 48-S3S() 54;'SOOO 61:2328 - 67:9268 
26-7527 30-7729 35-0050 39-4398 44-0696 48-8873 
20-4482 23-5210 26-75.57 30-1455 33-6842 37-3665 
13'3812 15-3920 17-5088 19-7271 22-0428 24-4525 
9-6305 11-0777 12-6012 14-1977 15-8643 17-5986 
3-4668 3-9878 4'5362 5-1109 5-7109 6-3352 
1-9071 2-1937 2-4954 2-8115 3-1416 3-4850 
1-2480 H355 1·6330 1-8398· 2-0558 2·2806 
0'8982 1-0332 1-1752 1'3241 1-4796 1·6413 
0-6862 0-7897 0-8983 1-0121 1-1309 1·2545 
0-4493 0-5168 0·5878 0·6623 0-7401 0-8210 
0-3233 0-3719 0-4231 0-4767 0-5326 0-5909 
0-2471 0-2843 0-3234 0-3643 0-4071 0-4516 
0-1969 0-2265 0-2576 0-2903 0-3244 0-3598 
-0-1617 0-1860 0-2116 0-2384 0-2664 0-2955 
0; 1359 0-1564 0-1779 0·2004 0-2239 0-2484 

. 0-1164 O-i339 0-1523 0-1716 0-1917 0-2127 
0-0838 0-0964 0-1096 0-1235 0-1380 0-1531 
0-0640 0-0737 0-0838 0-0944 0-1055 0-ll'iO 

TABLE 9. Values of FR~ at Yllr~01..1.s jIc and Ts/TG 
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.. deterininedfrorhequation (52), tableJlorfigure 12, _and . 
• alue of F Rx is obtained from the equation ... - " 

F Rx = FIl8IFc· . 
Finally, by using the input ~alueofR8 (orR",) ~nd th'e,values ~fF~(or PRx)and 
. .Pca.bOve, (;, or (5, can be obtained from table 7 Qr figures 9-11., 

MfJ 
.'. FwwE.12: CharlOf constant F. and FR8lines in Ts/TGand .MG co-ordilUites. " 
'/ - '. -~ - ' - . - ' - , ' . ' -

Th~ abQ~,~'~al~ulation can be performed in a few minute~ withanaccuracy of 
1 %. The Iatterisof cOJITse well within the limit of experimentalaecuracy 

" '- ~ . . .(. ,. - / . 
at present.',.' . 

;- ,\ ',' ~\'\. '-~ 

5;- Conc1usions~, 

In conclusion, the results of this work can be summarized as follows. 
A procedure has been developed semi-empirically for predicting the drag 

coefficient ona smooth surface of zero stream-wise pressure gradient at various 
Reynolds llumbers, l\~ach numbers and ratios of surface temperature to stream 
temperature. .j" . _ 

The extent to'which the procedure correlates the existing experimental data 
can be judged by inspection of figures 9-11, whereby it must be remembered that 
the experiments'have been carried out in several entirely different pieces of 
apparatus and ate not of high or uniform accuracy. The correlation is better than 

. that given by any of the other existing theories as can be seen from table 6. The 
\alue of the present procedure is that it does not make use of the more arbitrary 
assumptions of earlier theorie~; it lets the data speak for thems,elves. 

The procedure is simple and qnick to use in engineering calculations and its 
accuracy is ouly limited (at the present time) by the accuracy of experimental 
data from which it is in part deri;ed. . . 

The necessary auxiliary functions have been tabulated (tables 7-9) and 
plotted in figures 9-12 for ready refer~nce. However, it must be remembered 
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thatexperiment~hav~not yeM;ee~arri~ o~t~~vertlie whol&rlnig&}bri?o~ditlgfu' 
covered by the tables and figures. Figure 4 shows how remarkably restricted has 
been the range of experimental conditions so far... . 'l 

The procedure is capa,!:>le of great.er refinement when more acaurate expen- . 
, mental data are available, say by modification of the FRS function. it c~m also be 

, . . . ".' .... :., ..... " '~.,. :- , 
extended to inClude masstransfer(Spaldinir1962b)~ .' .~ , ..' 
'. Finally, it should he noted that. the ~calcula:tion procedure which has beeVi 

. recommended is based on no new physical hypothesis. The expression recom. I 

mended for F" implies the assumption of one or other variety of the mixing.length 
theory; but the expression for FRB is entirely empirical. It mayindeed be rather 
hard to find a physical hypothesis to fit the empirically derived F R8 functi6n; for, 
whereas the exponent of (TsIT G) in equation (52) has a sign and magnitude which 
allows us to ascribe its effects to the role of the viscosity near the wall, the sign of 
the exponent of (Tad,sITs) is, quite unexpected. This point certainly deserves 
explanl:l,tioo. However, we have thought it hetter atthe present stag~to provide: 
quantitative results against 'which old and new hypotheses can be tested than to 
advance'sneh hypotheses ourselves. 
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App¢~dix , , , 
Summary of the methods ~f evaluating ita integral, approximations A and B, 

o appearing in tables 1-4 

" , 

. 1 

j 
I 

Appr,<?ximate analytical (A) , r 

Taking eqnatjon(3) o(§ 2.2,. for example. we, have ~ -or 
,," ' "; 

Rs ~p;~~~i;2J: ~~~(l~Z)exp{Kui;J: ~dz}dz. L(3) 

J: pdz , 

. . . - . 

- "~ 01~iiltegraliDg equation' (A 1 loy parts, tWice;theie is obtained -

R8= ::;t[~3Z(1-Z)eXp(KNU~Zr \'i 

, -I: [93(1-2Z}+Z(1~,~)(d93Idi}]exp (KNui;z)dz]: 

= ;~2E[93exp(KN1ti;z}]1 + smaller terms 
flG 1 , 0", " 

,.., Ps9~ (K~T .1. )' 

..... PGKEN2exP l\UGZ, 

Ps~'t; '{ T (' 2TG)I} Hence R~ p'GN2KEexpKlS. cfT
s 

• 
, , 

jApproximate a.nalytical (B) - .' ~-

Taking equation (3) of§ 2.2, for example, we have 

Jt KU+2fl (fZ) R~ = ~GEG 0 ~3z(1-z)exp Ku'/j 0 pdz di. 

(A 1) 

(A2) 

(A3) 

, (3) 



,0 

,. 
':tqt1ation(3}i~ r~ivritte:riaS~.': 

.. .. 11, = i'.i'~ ~t' exp (X ~t J: PdM: ¢'z( l-t)exp (;ut 1: ~dz );;., 
•. . ~ . :',' '. "1; '''. '.:.'.' ..' . 

. ReElace .'. .~:~~!l(fU{)J:¢dz)·~!tz~,j)" ... 
where 11- is sO chosettthatthegrad.ientisthe same,tnen,on di 
bave ](U6 P n. N()w equatiori(Bl) can be re-written as/ 

ElJ ~/tSk;;2 eip(>iu6f' IpdZ)'" r ifh(l-l)Z~dZ . 
Po .. ' .'.. 0 . ",0 / . 

~ PS'I'G uG exp K~t6 ¢dz.· (z,t+l-zn+2)dz A.SK +2 (. 'fl )fl' f 

PoE. 0 0 

Ps¢~Ku~ e~p(Ku6 f:¢dz) . 

. = PG[E{KpGut; + 2) (K¢ut; +3)]" 

As Ku(jr/>}> 3in general,equation{B2)Cca.nbe approximately written as . 

. 'R' - Ps¢o exp' '(KU+ (1 A.dZ)' . 
,- '. KE G J 0 'I' • 
. PG .... :;.. . ' ...... . 

p . '{:" (Ii ) (2T )l}' E, Ps G exp ~ .. ' '. ¢dz -.2..., 
PGKE '.' .... 0 efPS . Hence 

. , .. 
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The origin and some of II! c i"~eqllences of aerodynamic healing are 
disc[ls[:ed, w.:th emp [SIS on calCl1lafion (JUhe rate of transfer 

(/ lwaf from lhe air infu [he uf a " v~hicl,' ' 
on boundary-layer confrol by cOlJ1inil_ 

The Problem ·ofAerodynarnic Heating ________ ~___:_ 

SYMBOLS 

Varial>les: ·and Parameters 
x,y 

u 
ct· 
C, 
h 

geometrical coordinates parallel and normal to a 
body surface with origin at leading edge or stagna­
tion point 

= velocity in-x-direetion 
= loCal skin-friction Coefficient 
= mean skin-friction coefficient 

heat-transfer coefficient, q;./(Tr TIC) 
-= :liJ;lid density p 

p. 

k 
. = coefficient of fluid viscosity . 

Cp . 

l' 

T 
q .... 
M 
l' 

S 

CHI! 

CH"" 

Re"8 
R~Dm 
Pr 
1 
1t 

{3 

D 

= coefficient of thennal conductivity. height of wire trip 
== specific heat at constant pressure . 

. = ratio of specific heats at cons~nt pressure and con-
. stant volume 

= absolute temperature 
~ heat at the. wall . 
= Mach Number 
=recov'ery factor 
= Re:rnolds analogy factor 
= Stanton Number, k/poufjC" 
= Stanton Xumber, h/p",u""c" 
= ReynoldsNumber,P8!.ifjx/M, 
= Reynolds NUmber. p",u""D/p.", 
= Pt:andt1 Kumber, c.pp./k 
.: mixing length 
= power in viscosity-temperature power law 
= constant in Ua = {3x 
= diameter 
= height of ronghness 
= thickness of boundary layer 
= displacement thickness of boundary layer at position 

of wire trip -
= root-mean-square.of turbulence fluctuations· 
= transition Reynolds Kumber, p~ U6· xz:l P.o 

transition Reynolds Kumber on a smooth body 

SUU$cripts 

8 = condition at outer edge of bouridary layer 
w condition at wall 

conditions in undisturbed flow 
r = recovery 
T = transition 
o . = condition for smooth body or in tunnel supply 

* 
chamber 

= ratio to free-stream conditions 
= il1sulated plate. 

Presented at the Aerodynamic Heating:"Aerodynamic Aspects 
&-don, National Swnmer::'lIeeting, lAS, Los "~ngeJes, June 
18-21 • .1956. 

., Chief Scientist; .Missile Devtlopment Division. 
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INTRODUCTION 

AEROD~A~IIC HEATING is the heating of an object 
as a result of the flow of air at high speed about 

that object. Friction between the fluid :filaments while 
they stream:-a1ong the body and compression at and 
nearth.:. stag:Iaticn regions of forward su.:faces conyert 
the kinetic energy of motion into heat within a thin 
layer of air which blankets the body. Such a region is 
shown in Fig. 1. The temperature of this layer in­
creases with the square of the speed so that, already 
at a Mach Kumber of 3, the boundary-layer tempera­
ture attains a value of about 600°F. Since this tem~ 
perature is concentrated in the air at the surface of the 
aircraft, heat will flow readily from the boundary layer 
to the aircraft, the ease with whi.ch it flows increasing 
also with speed. Because of the increase of heat trans­
fer with speed, it appears that a "themial barrier"· 
exists much as it appeared in the past that a "sonic 
barrier" existed. However, 1ike the sonic (diag) bar­
rier, which was eventually hurdled by informed design 
practices; it is believed that the thermal barrier can also 
be overcome by realistic and proper engineering design. 
The problems diller somewhat in that the drag barrier 
existed over a narrow band of 11ach Number, whereas 
the thermal barrier does not occur over a limited range 
of Mach Number but rather tends to increase in severity 
as Mach Number is increased. In attempting to solve 
the thermal problem,the first question that arises is: 
.V.7hat is the rate at which heat enters the surface of a 
high~speed vehicle? Subsequent questions are: Vi:nere 
does theheat go? \\That happens when the heat gets 
there? How can the designer live with it? 

The first question, which must be answered by the 
aerothermodynamicist, will be generally dea1t with in 
this paper. The subsequent questions must be 

. engaged· by a host of engineers from the Slrl1ctures man 
througb the detail designer. 

STATUS OF C~LCUU.TION PROCEDURE FOR AEROD'l:"XA:mC 

HEATING 

The rate of heat transfer from a hot boundary layer to 
a cooler wall follows the morufied Newtonian law 

\ 
" 

) 
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where T, is the recovery boundary-layer temperature, T w 

the wall temperature, ;no h' the l:eat-transfer coeincient. 
The boundary-layer temperature TT is usuallY."Titten 
in terms of a recovery factor r defined by 

Tr = Tall + Y'[(i' - 1)/2jJfil (2) 

where T~ and ilIa are the local stream temperature' and 
Mach Number, respectively, at the outer edge of the 
boundary layer, and "t the ratio of the specific heat at 
constant pressure Cp to the. '$pecific heat at constant 
volume c.. Furthermore, the heat-transfer coefficient 

-h cail be expressed. in dimensionless fonn by 

(3) 

which is called the StanionNumber. The Stanion 
Number is proportionai to the local skin-friction coeffi­
Cient C/~ in a moodied Reynolds analogy form 

(4) 

Iil Eq. (3), the symbols Po and Uli are the density and 
vel~ty, resPectively, just outside iliebouildary layer, 
and, in Eq. (4), the term s is called the Reynolds 
analogy factor. Eq. (1) may now be written as 

q", =CHOPOU.sCP[ Ta{l + r· i' ~ 1 Mo2) - T",] (5) 

Thus, according to Eq. (5), it is necessary to know 
the. Stanton Number (:~I: and the. re('overy factor r in 

. order to compute the rate of heat transfer. Now r will 
vary from about 0.85 for laminar flow to about 0.88 for' 
turbulent flow, so that the exact value will not make or 
break a design. The coefficient CHt., on the other hand, 
varies considerably from latninar to turbulent flow and 
furthermore, for· turbulent flow, is a strong fundion of 
Mach Number. Also, the point of transition from 
laminar to turbulent flow' is not yet predictable. 
Therefore, so long' as em is indefinite, it appears that 
the state of the art of heat-transfer calculation is rather 
shaky. Nevertheless, with certain assumptions, cal­
culations' can be made. Calculation of heat transfer 
with laminar flow is felt to be quite reliable, since the 
fundamental equations are amenable to mathematical 
solution. Calculation of heat transfer invol'dng en­
tirely turbulent flow is less reliable, because the physical 
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FIG. 1. Hot region covering body at supersonic speed. 
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FIG. 2. Prandtl Number of dry air. 

. phenomenon is not well understood. Least reliable of 
all is the calculation of heaJ transfer in the transition 
range, ~ince little is known about the location of the 
transition point. The state of knowledge in each of the 
above areas will now be discussed. 

FLAT PLATES 

Although pressure and temperature gradients along 
the surface of a body affect heat transfer appreciably, 
the primary constant-free-stream-velocity boundary' 
layer with constant wall temperature will be discussed' 
first. Later the heat transfer to blunt bodies' will be 
described. 

The heat-transfer ';.Jefficient depends also' upon 
whether the boundary layer is lamillar, turbulent, or 
transitional. Since laminar-flow heating rates are 
significantly lower than turbulent rates, it is important 
to study the laminar results, owing to the possibility of 
maintaining laminar flow by suitable control. 

LomUwTFlQw 

As mentioned above, the two necessary items to be 
known for heat-transfer calculation are the recovery 
factor and the Stanton Number. 

Recovery Factor-In order to compute the recovery 
factor it is necessarY to solve the momentum and energy 
equations for the b;undary layer simultaneously. This 
has been done carefully for completely variable proper-' 
ties, such as density, viscosity, Prandtl Number, and 
specific heat. l Since the Prandtl :Number (cpJ.£/k) is 
the most important parameter influencing the recovery 
factor and since it varies strongly with temperature, it is 
indicated in Fig. 2 (cf. reference 1). Fig .. 3 shows the 
theoretical results for recovery factor for apIa te in free 
flio-ht at zero ano-Ie of attack with T. = 400oR. In the' <> <>. • 
Figure the Prandtl Number Pro = (cpf-L/k)&, where k is 
the coefficient of thermal conductivity. Subscript ins 
denotes insulated-plate condition. It is first noted 
from the Figure that the recovery factor is not constant 
but rather a function of both :Mach Number and 11':;lt 

transfer .. This variation is due largely, aEilOugh 110t 
entirely, to Prandtl Number variation within the 
boundary layer. Second, it is seen that the l;.umeri,aI 
spread of r is only from about 0.82 to about O.8;j. ;Ld 
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Fw. 3. Recovery factor for a laminar boundary layer on a fiat 
plate .in free flight. 

third, one notes that the quantity of Pr//2 represents 
that range within engineering accUracy and can be used 
for most engineering calculations. It is interesting to 
note tllatPrl/2 is very close1y equal to r only at "lf6 = 0 
and T",,/Tli = L·· . 

'Vhen experimental work is conducted in a wind 
funnel, the free-streamc9ndition becomes cold, unless 
the air is heated~ .. At any rate, during such experimen- . 
tation,one is usually operating at the lower temperature 
end of the scale for the various property variations. 
For a wind tunnel.with various degreeS of heating, the 
exact recovery-factor calculations are plotted in Fig. 4, a 

. numerical -value of 0.85 again roughly representing the 
results. These calculations have been substantiated 

; by experimental measurements at the Naval Ordnance 
Laboratory2 and the Massachusetts Institute of Tech~ 
nology,3 as shown in Fig. 5. Apparently the recovery 
factor fot laminar flow is well accounted for. 

Sta.nton Number-'-As with the recovery factor, the 
Stanton Number can be.computedeJi:actly for laminar· 
fiow, including variab1e properties. The results for 
fiat plates in free flight and in heated wind tunneis are 
given in Figs. 6 and 7~ respectively. The curves of Fig. 
7 represent only the insulated plate case. Comparison 
of the figures for the insulated plate case show that the 
effect of Mach Number is much smaller in the wind 
tunnel that in free flight, ceJ;tainly at the lower tunnel 
supply temperatures. Thus, at supply temperatures 
around WO°F., one could hardly expect to see any 
ei'fect of Mach Number on wind-tunnel heat-transfer 
data. This conclusion, as well as fair substantiation of 
the theory, is indicated in Fig. 8 in which are plotted 
KOL heat-transfer data2 corresponding to some of the 
recovery-factor data in Fig. 5. 

A.s far as laminar flow is concerned, 1t appears that, 
for moderate supersonic speeds, the theory can be de- . 
pended upon to yield ac{:urate heat-transfer coefficients, 
in spite of the scatter of experimental data owing to the . 
difficulty of measuring the generally low laminar-flow 
heat-transfer rates on fiat plates. This conclusion fol-

. luws because the analysis ise.xact and the fluid proper­
ties are well known at moderate temperatures. 

Application to Cones-Theabove results for flat plates 
can be applied to cones in axial flO\v by merely multi.-.. 
plying the flat-plate heat-transfer at the sanie . 
local ~fach Number, local ReyllokI~ :Xt.mbcr. and wall-· 

to-Iocal-free-stream temperature rat.io by Va. 

Turbulent Flow 

Until the day comes when the boundary layer can be 
controlled and held laminar, it will be necessary to live 
with a certain amount of turbulent flow. Indeed, for· 
insurance, the designer should assume fully turbulent 
flow. The bitter consequences of such an assumption 
will be seen later in Fig. 22 where it is seen that, for a 
Reynolds Number of 107 and moderate supersonic Mach 
Numbers, the turbulent heat-transfer coefficient is about 
10 times the laminar value. 

Recovery Factor-With turbulent flow, the energy. 
equation (in terms of mean quantities) can still be 
integrated, and a general expression for recovery factor 
in terms of shear stress (to be obtained from the mo" 
mentum equation) derived)' 4 However, with .turbu­
lent flow, the momentum equation cannot be integrated 
for lack of complete knowledge of the turbulen.t mech­
anism, and therefore simplifying assumptions concern­
ing shear and velocity distribution must be made. 
. Assuming a linear shear distribution with distance from 
the walland dividing the viscous subregion into the 
laminar and transitional layers as von Karman had 
done,S one arrives at the following formula for recovery 
factor:l.o4 

[ 
2 10 [11'2 3, 

T = PrT 1 + K- "".:- (1 - PrT) - + (1 
'2 . 6 2 

Cf {(prL) [5 (PrL 25· -. -. -.. 1 .+2In 1 +--
2 PrT 6 PrT 

[ 
7 (PTL . ),] . 

In 6·1n 1 '-. -. - - 1 -
8 PTx .. 

pir) J+ 
l)J + 

In 8·1n [1 + ~ (~~:- 1) J} ] (6) 

for O. 7 ~ PrT ~ 1. In this expression, PrL and PrT 
represent the laminar and turbulent Prandtl Numbers, 
respectively, and K is the mixing length proportionality 

o,e61--j-~:::--:::::""""-"",,,,~-----+---,-+--, 

0.eo
O
I..---'""'2,..---=:;--4--5 --;s---::---::----=9---"C10 

.... ACH NUMBER, .... 3 

FIG. 4. RecO\'ery factor for a laminar boundary layer on an 
insulated fiat plate in a wind tunnel for air. 
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. ~ FIG. 5. Comparison of theory and eJCperiment on recovery 
factor for laminar boundary layers on :flat plates and cones in a 
Wind tunnel. 
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FIG. 7. Local heat-transfer coefficients for a la.:r:tinar boundary 
layer on an ins:u.lated flat plate ina wind tunnel. 

FIG. 9. Recovery factor for a turbulent boundary on a tiat plate 
as a function of Reynolds Xumber for air (.If;, 0). 
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FIG. 6. Local heat-transfer Cb€::m,~eIl~ for a laminar boundarv 
layer on a fiat flight. -
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FIG. 8. Comparison of theory and experiment on local heat­
transfer coefficient for laminar boundary layers· on cones in a 
wind tunnel. 
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factor usually taken at 0.4. Altliough the e-xpression 
. was derived for incompressible flow, it call yield ap­

proximate trends for compressible flow. 'Villi laminar 
flow, the recove:ryfactor was independentof ReY;lOlds . 
NUlnoer. \\Then the recovery . factor as well as the. 
tt;:rbuknt Prandtl Number are assumed independent 
of Reynold;N~~-turbulent flow, it will be 

. uniquely necessary that r = 0.88 and PrT = 0.86.·· 
Hence, but of these assumptions comes also anttmerica1 
value for the turbulent Prandtl Number. 

Fig. 9 shows Eq. (6) for various values of PrT, but 
with PrL = 0.71. Also plotted in Fig. 9 are some ex­
perimental data from the Ballistics R.esearch Labora­
tory,6 M.I.T.,3a.ild NACA.7 The independence of the 
recovery.:.factor data with Reynolds . Number appears to 
be a good assumption, and the data fall. close to the 
theoretical value of r = 0.88 corresponding to Prr 
0.86, It is seen that Squire's PrL l

/
3 ,,; (0.71)1/3 == 

0.892 isa good approximation toEq. (6) for PrT = 
·0.86. 

Eq. (6) for recovery factor can be extended to com­
pressible fiow,appr')ximately, when wall conditions are 

,introduced in the frictiOn coefficient. Thus the factor 

shOuld be multiplied into c, wherever c, appears in 
Eq~(6). and then the compressible flow values of 

. c,ate used {see Fig. 13). It will then be found 
that . the . Eecov~ ta;ctor_is:. e.~§.~~~de~n.~t 

j 
0 .. 88 J.----t-:::~_:_:_I..:... ~-+-I---j---c----,; 

/ . I ....... - ·1 ~ --'"]. 
'" .""".otfIIIII"'" 1 

'TuRBULENTGns r-- j t 
Re=107 .j..! .0.87 
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0.85 

'ins 
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Ma 

i 
! 

! 
3· 4 5 

Fm. 11. Recovery factor for a turbulent boundary layer on.a 
fiat plate in free flight in air. 
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Ma 

FIG. 12. C~mparison of theory and experiment on1<?Cal skin- ... 
friction coefficient for turbulent boundary layers on mSUlated 
:flat plates. . 

. of Mach Number at leastfo~ moderate supersonic 
;Peed;, therefor~stifying the use of the data in Fig. 9 
when the theory was plotted for -i}[o O. Thisinde­
pendence is indicated in Fig. 10 where Eq. (6) (with 
PrT = 0.86) is plottedvs. ]\hch Number for a fiat plate 
in a wind tunnel at a Reynolds Number ono'. Fig. 11 
shows the variation of recovery factor for a fiat plate in 

. free flight in the atmosphere. The stronger variation 
with Mach Number is due essentially. to the stronger 
variation in la:rninarPrandtl Number in free flight than . 
in the unheated wind tunnel. The laminar-flow 
recovery factors are shown in Figs. 10 and 11 for coni­
parison purposes. 

In conclusion, it appears that a recovery factor of 
.. 0.90 is accurate enough for most engineering calculations 

assuming a turbulent bounda..-y layer~. 

Stanton N umber-.. :11$. :meIltion~da'boye, it is not possi­
ble to -integrate the momentum equation for turbulent 
motion, and therefore other means must be utilized in . 
order to include. the role of the momentum law in the 
calculation of heat transfer. Vv"bat is wanted from the 
momentum . equation is the momentum defect, or,· 
rallier, the friction coefficient, for use in Eq. (4). Also, 
as seen from Eq~ (4), it is necessary to compute the 
Reynolds .analogy factor s, which,1ike the recovery fac­
tor, will depend u,pon the friction. 

(a) Friction coejJici.ent: A semianalytiCaImethod oJ 
obtaining the local friction coefficient for high-speed 

. turbuient flow is through an extension of ,'on Karman's 
mixing-length incompressible-flow theory to take into 
account density and viscosity variation :with tempera-
ture. .The reSult isl, 4 . 

(7) 

where 

IX = (2A 2 - B)/(B2 + 4A 2)1/2 

fJ = B/(B2 4A 2) 1/2 

.) 

) 
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A2=:' ("Y ,-.' 1 M 2)/,' (T. "IT.),' , ":2 6 It ~ 

.B =[(1+ 'Y; I J1/)!(Tw/To)]-1 

and in whichf(n) is a function of the exponentn in the 
pOwer viscoSity law p. = renst.· Tn. It will be found 
thatj(n) depends upon the law assumed for mixing 
length 1. Thus, when the Prandtl mixing length l = Ky 
is assumed, where y is the distance from the wall normal 
to the flow, then fen) = (1/2) + n; and when the von 
Karman mixinglength 7 =; K(du/dy)/(d2tt/dy 2) is as-
sumed, th~f(n) = n. ' 
, . There seems to"be no really valid theoretical reason 
for favoring either assumption for mixing length. For 
T .. /To == ,l,both assumptions lead to the same result. 

,. However, forT",/T. ~,1, theabovedifferenceinj(n)ap-. 
pears. Therefore. it seems that the choice of :tnixing­

'length law must be left to experiment. 
Fig. 12 shQWS a plot of the theory for local skin fric~ 

tion on an insulated plate using the two choices of mix­
ing-length law. The ordinate is the ratio of compressi- " 
ble);o incompressible friction. AlsO plotted, are floating­
element data of Coless and Korkegi.9 The data seem to 
fall between the two·mixing-length choices. (Of course, 
it must be considered that probably too much is being 
expected of the mixing-length theory itself.) 

Another test of the theory can be made using average 
, skin-friction data. The equation for the ayerage fric-

tion cOefficient defined by , 

1 i X 

- " Ct. dx 
x Q 

is 

0.242 
~--------=-= (sin-1 a +sin-1 ,8) 
C 1/2 ('Y - 1 

I~ ~. 

(8) 

For insulated ,plates, the ratio of compressible to in~ 
compressible average friction is shown in Fig. 13. The 
directly measured naean data of ChapmJ.l1 and 
and the integrated local data of Coles~ are also ploLted in 

, the Figure. It appears that these sets of data are not 
sufficiently consistent to allow a decision on the mixing­
length law if the mixing-Ieng"ili theory is to be adhered 
to. More experiments are required, particularly at hy­
personic Mach Numbers where the effects are greatest. 

A further check on the theory can be obtained from 
free-flight data. Under transient conditions of free 
flight, the wall-to-free-stream temperature ratio Tw/T/j 
is Close to unity, whereupon the last term in Eq. (8) and 
the effect of f(n) disappears. For T ",IT. = 1, the effect 
~f fen) would also diSappear from Eq. (7). In Fig. 14 
lsplotted the mean-friction theory of Eq. (8), assuming 
the similarity law for mixing length-i.e., fen) = n, 
where n is taken as '0.76. _..\Iso plotted in the Figure are 
free-flight total-friction-drag data of Sommer and 

'Short.ll The theory and data appear to agree well for 
Tw/To = 1. ' ' 

(b) Reynolds analogy factor: Fundamentally, the key 
to llie rate of heat transfer within a substance is in the 
availability of energy to betrimsportedand in the abil­
ity of the substance to transport that energy. This is 
expressed by the Prandtl Number, which is adimen­
sionless grouping of thespecinc heat thermal conduc­
tivity, and by viscosity-i.e., Pr = cl'/l/k. Thus the 
Prandtl Number should strongly influence the convec,.. 
tive heat-transfer processes. Indeed, the Prandtl Num­
ber is embodied mainly in the Reynolds analogy factor s 
of Eq. (4), with the Prandtl Number having a small 
effect in turn upon the friction coefficient Gf •• 

As with the recovery factor,integration' of L;'e 
energy ~quatiori a!S() yields a general expression for the 
Reynolds analogy factor.l. 4 And then, again, when a 
linear shear distribution with distance from the wall is 
assumed and the boundary layer is divided into a 
laminar sublayer; a transitional layer, and a wholly 
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turbulent layer, one arrives at the:rormula I, 4 

r r '1 
s "'" PrT L 1 + 5~¥ {5K (lPrr) X 

[~ + : (1 - pr~)] + 

(~~; -,1) + 1n [1+ ~ (~; -1) }} (9) 

fOf 0.7 PrT ~ 1. This fonnula reduces to the von 
Karman formulas when it, is assumed that PrT 1. 
Also for PrL= PrT = 1, then s ';"'1, which gi\7es the 
wen~known Reynolds analogy' formula-viz., Cs = 
(;//2. 

Eq. (9) is presented as the solid line inFig~ 15, upon 
sub;;titution of the tUrbulent Prandtl Number 0.86 [de­
termined from Eq. (6)} and a typical laminar Prandtl 
Number 0.71. Also shown in the Figure are the formtt~ 
lation5 of von Karman (PrT 1) and the estimate of Col-

" bum ($ = Prl!3). Thus, it is seen numerica11y( for the 
particular example chosen where PrL = 0.71) that, 
wlnleColbum'sesti:i:nate is a good approximation to 
Eq. (9) with PrT = 0.86, von Kannan's formulation 
yields a result significantly higher. 

The effect of compresSIbility on $ can also be esti­
mated in the same manner as with r. The results are 
plotted iD: Figs. 16 and ,17 for a flat plate in freeiiight 
and in a wind tunnel, respectively, using the l$minar 
Prandtl Number of Fig. 2. 

The Stanton Number can now be computed using 
. , CHQ = (1/$)' (cI;/2) , where $ is taken from Fig. 15, and 

cli is obtained from Eq.' (7). Whence the calculated 

, Stanton Number can be compared with heat-tnmsfer 
data with an eye to determine what mixing-length law 
should best be used. .' 

f-------+---+-,= Pr.=O.86 --. 
PrL :0.71 I 

. l' 
'0.80 /-----:---+--+------i---1 

..,...---:-..,...-~ ---, ,-
r~ 2/3 . (0.71) 

Re XB 
FIG. 15. Reynolds analogy factor for a turbulent boundary 

layer on a flat plate in air as a function of Rey'flolds Kumber 
Pl. = 0). 

Heat-transfer data obtained at:J\:LLT.12 for supersonic 
,::\Iach Numbers of 2.0, 2 .. 1, and 3.0 are plotted vs. 

J=teynolds" Nunlber in Figs. 1 S~, ·'1 VI ~tnd 20, respc-,cti~.;-eIy·~ 

Theoretical curves using s o.S:2:) from 17 and tile 
similarity law for mixing length [j(n) n] seem to fit 
the<.iata well. \\'henthese data, as well as other data, 
are plotted vs. Mach Number as in Fig. 21, an apparent' 
favoring of data toward the similarity law is observable. 

A discussion of heat transfer would not be complete 
without a comparison of the results for both laminar and 
turbulent flow. Fig. 22 gives the Stanton Number for 
an insulated fiat plate in free flight. The laminar­
flow curves are obtained from ,Fig. 6, and the turbulent­
flow curves are from Eqs. (4-)' and (7) assuming s = 
0.825 and fen) = n. It is significant tf,> note that the 
turbulent heat transfer IS of the order of 10 times the 
laminar heat transfer. 

An apparent difficulty in computing heat transfer is 
that the rate depends also upon the surface temperature 
often desired in the first place. Therefore, a tedious 
iteration process,discouraging to the engineer, must be 
resorted to, For engineering purposes, it is then con­
venient to have the Stanton Number as a function of 
Reynolds Number, .Mach Number, and wall-to-free-

. stream temperature ratio in the form of a nomograph. 
This has been done in Fig. 23 using s 0.825 and in Eq. 
(7) withf(n) = n. Thus, not only is the basic equation 
solved for a given wall temperature, but the Stanton 
Number can be quickly adjusted for changing condi­
tions . 

It is pointed out that the local and average values of 
the skin-friction coefficient are also determined in the 
nomograph of Fig. 23. Since these are based on ·the 
similarity law [j(n) = nJ in Eqs. (7) and (8), the per­
formance engineer shouldpl'Oceed-with caution in 'the 
light of the spread of data in Fig. 13. For drag calcula­
tion, it would appear safer to use the linear mixing-
lengfuasstimption, . 

Application to Cones-The turbulent heat transfer on 
a flat plate will equal that on a cone in axial flow for the 
same local J\fach Number and wall-to-Iocal-free-stream 
temperature ratio, provided the heat-transfer coefficient 
on the plate is computed for a Reynolds Number of one 
half that on the cone. 

BLUNT BODIES 

Laminar Flow 

The above results for flat plates represented the re­
sults for a boundary layer with constant external ve­
locity. The solution for laminar flow was found to be of 
the form CH,;\I'&;'o fl(Mo, Tw/T5' Pr,.;) , whence 

In fact, for incompressible flow, 
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FiG. 20. Local h~t-transfer coefficient for a turbulent boundary 
layer.on a heated fiat plate Ufo = 3.0 and T ",iTo = 3.3). 
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O.33.2Pt -2/3 (11) 

in which Re,.. ~ p;;uox! /lo' It thus fo11O\vs that as the . ' 

k,ading of the plate. is approachd~i.e" x""'" o--the 
heat-transfer 1;>ecomes exceedingly large. Thlsis a 
consequence of assuming the boundary layer thin in the ' 
first place, an assumption which is not true near the 

, leading edge. However, regardless of the accuracy of 
. the theory, it is evident that the heat-transfer rate 

would be greatest at the leading edge of a plate or at the 
point of a con~.Nowit is known that the heating rate 
at the stagnation point is finite: Hence, it appears 
proper to blunt 1eadingedges or n6s~ in 9rder to relieve 
,the heat-transfer rate at those locations. 

In the stagnation regions of cylinders and spheres, the 
heat-transfer problem can be solved exactly for incom­

, pressible flow. However, with high-speed flow, the 
problem is not amenable to exact solution. Xeverthe­

. less, approximate calct!lations can be made when it is 
assumed that the flow behind the bow shockwave is 
incompressible. 

The formula for the laminarheat-trausfer rate in an 
, incompresSible stagriation region is again found to be of 
the form. 

(12) 

in which x is measured along the surface from the stag­
nation point; and whereJ2 depends aIso upon the fore­
body shape." For cylinders,13 

j2' ,.,; cH~vRe:co = 0.570 Pr-O.
6

, (13) 

and for spheres, 14 

-0.6 f2-=0.763Pr (14) 

Of course, for incompressible flow, Po = P .. " iJ... = .. 
iJ.."", and T~' = T. ~ T",. Now, unlike the flat p1ate 
'where the velocity' Uli was constant along the outer edge 

... 
:z: 

1.0 

of the boundary layer, in the stagnation region lIa "aries 
with X along the. surface, In fact, Eq. (12) with Eqs. 
(13) and (14) ,Yen: derived Nij whe.re (3 is a 
constant. It tUTns out that for incol1-:.pressiblt nO\"-

, {3 = 4u,jD for cylinders and 3u",/ D for spheres, where 
the D's are the respective diameters, and 1t", is the veloc­
ityof the undisturbed stream. 

For supersopic flow whereby a shock wave stands in 
front of the body and forms a region of subsonic flm, 
around the stagnation point, it is still found,15 from 
measurement of pressure and calculation of velocity, 
that Ur; == flx, where fl is then a function only of the un­
disturbed Mach NumberJf., before the shock wa\-e. 
Hence, since Po and {ls are relatively constant in the 
subsonic region behind the shock, U(j = {3x can be used in 
Eq. (12) with either Eq. (13) or (14), for both subsonic 
and supersonic flow. Thus . 

qu:.t4t; '(2 .' 2' Po 'px'Cp (Tr - T",).) , 

. '\! ps{3x., f, ) ~ ( 1.1.5 . 

= J2 :i{3Ps/ll) cp(T, - T",) J 
from which it is generally concluded that in subsonic as 
well as in supersonic flow, the heat-transfer rate is a 
constant independent of x in the immediate neighbor­
hood of the stagnation point. As stated above, for in­
compressible flow-i.e~, .!."If '" O,fl 4u.,,/ D for the 
cylindrical edges of airfoils aud 3u",,/D fot the tangent, 
spheres of axisymmetric noses .. However, With super­
sonic flow, a practical solution for fl can be obtained 
when the Newtonian flow is assumed, whence 

{3 = u",~8 [(-y - 1)11£'" 2 + 2J. 
, D\.' (y + l)Jtf., 2 

'1 
i 

[1 
'Y-.1 ('Y- 1)]}[",2+ 2

J
'-Il/h -l)!}I/Z! ' 

--,. . ' , . }(16) 
2 2'YJi,/-('Y-l), . 1, 
, i 

I 
J 

U 5.1~ ~ ____ ~~-+ __ ~~~~~~~~~;;~~~;:~~::~~~~~~~~~ 
8 I' Q 

I 
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Rell'.a 

fIG, 22, Hea't·transfer coefficient as a function of Reynolds ?\umber and Mach ~umber for an insulated fiat plate. in free flight. 
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FIG. 24. Local velocity gradient at the stagnation point of a 
hemisphere-cylinder combination. 

in which u'" is the velocity ahead of the shock wave. 
It is seen from Eq. (15) that the calculation of the 

heating rate at the stagnation point depends upon the 
experimental verification of J2 and {3. The validity of 
Eq. (16) is seen in Fig. 24 where experimental values of 
{3 at the stagnation point of a hemispherical nose are 
plotted. A. check on J2 (CH/j V Rex,) is obtained in Fig. 

25 which shows experimental heat-transfer datal6 

atound a hemispherical nose at 1Vl '" = ·1.97. In spite of 
the Scatter of the data,it appe.ars thatEq. (14) corre­
lates roughly with experiment in the vicinity of the 
stagnation point. Also plotted in Fig. 25is a theoretical 
curve showing how cHBVReXfi decreases as x increases, 

according to Stine and Wanlass. 
As far as aerodynamic heating is concerned, it follows 

from Eqs. (15) and (16) that qW8lag""'" 1/Dl/2. Hence, by 
increasing the diameter of tangent cylinder or sphere, 
one can decrease the heat-transfer rate at the stagnation 
point. 

Since in supersonic flow the temperature will begin to . 
decrease at an increasing rate away from the stagnation 
regi9n, Po ;:ind JL.;willlikewise decrease, and conse­
quently, according t~ Eq.(15), qW8t"gwill also. begin to 
fall away· from its constant value near the stagnation 
point. Consequently, the heat transfer is a maximum 
at iliestagnationpoint so long as laminar flow is as­
sumed. 

Turbulent Flow 

The above discussion had to do with laminar flow. 
Indeed, it is expected that the flow at the stagnation 

u,--,..----'------'---,---------------,---

Pr=O,7 

::r -_. 
° 

~----_~---o-~-~~ 
I 

ir '8 i SHO~LOER~ .. /4-----~ 8 

0.5 x 1.0 

o 
FIG. 25. Local heat-transfer data for a hemispherical nose 

(JI ~ = 3.97). 

point will be laminar, owing to the low Reynolds Xum- . 
bers there. However, it is possible for the flow to be­
come unstable and eventually turbulent with ifl(~reasi,'l!r 
distance frt)m t1:c stagnation region. 
brings to mind the Prandtl-Eiffel experiments. It. is . 
recalled that Eillel's drag data, obtained by dropping 
spheres from the Eiffel tower, showed the well-known 
drag-drop for critical sphere Reynolds ~umbers above 
about 30(), 000 .. On the other hand, Prandtl's wind­
tunnel data did not show a drop. Prandtl explained the 
phenomenon on the assumption that the boundary 
layers on Eiffel's spheres became turbulent before 
separation, whereas his (Prandtfs) boundary layers re­

mained laminar. To prove Prandtlinduced 
transition by means of a wire trip, whereupon his' drag 
-coefficients agreed with Eiffers .. In the present dis­
cussion, however, drag is of no concern but, rather, the 
increase in heat transfer incurred by transition. 
. A· theoretical calculation for a turbulent boundary 

layer can be made when it is assumed that the velocity 
profile remains similar in the region of the stagnation 
point. It is also assumed that the flow is fully turbulent 
in spite of the low R,eynolds Numbers there; further­
more,·that the turbulence is generated hi theboundaty 
layer near the· wall, being produced by either roughness' 
or external disturbances which are amplified as they 
enter the boundary-layer region. 

For incompressible flow in. the neighborhood of the 
stagnation point, the heat-transfer rate is then found to 
be given by11 

qUl.laQ = ( )1/5' PoU;h(TT - Ttl) 
p"UuX 

JL6 

(17) 

in which for cylinders . 

( )1IS _ 0.040Pr-(2/3) Ja ;", CH6 RC"i .. - (18) . 

and for spheres 

(19) 

It will be recalled that the flat-plate result, assuming 
a power law for velocity profile, is also of the form 

J .... 
qu;pla!e = ( .)1/5' P.u.;cp(TT - Ttl,) 

P.U/j-"(. . 

JLa 

(20) 

where 

J4 = 0.030Pr - (2/3) (21) 

Thus, as with laminar flow, the forms of the equa­
tions are the same for flat plates or for stagnation re­
gions. (For the stagnation region, '1£.; = i3.\". again.) 
Also, as with laminar flow, the incompressible-flow re­
sults. of Eqs.(l7-19) will be used for supersonic flow as . 
well, provided the proper value of {3 is inserted. Thus, 
for incompressible flow, {3 .J.u", ! D for cylinders and :3 
u",/D for spheres, whereas for supersonic flow 3 = 

(u,jD)J(Jf"", )'). . 
Substitution of U/j = {3x into Eq. (17) gives 

) 
./ 

'\ 
,j' 
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"gustau = j:J{3~i.p.~/5J1.//5X~/5C]J(TT ~ Tu} (22) 

Hence, it follows that the turbulent heat-transfer rate 
increases with distance from the stagr;.2.tionpoint. 
Hmyever, with supersonic flow, P. and J1.. would gradually, 
decrease so that the turbulent heating rate would 
eventually begin to fall, thus yielding a maximum some 
place along the surface. Again, the reader is reminded 
that the turbulent heating rate given by Eq. (22) could 
prevail only after the flow has become turbulent. 

General 

A diredindication of the heating rate in the neighbor­
hood of a stagnation point is presented w-hen the equa­

, tions '[Eqs. (15), and (22) 1 are put in the follow-ing form 
(say for spheres): 

for laminar flow, and, 

:", .:....' 0.04, 2 ({3D)4
1

5 
qfl!sl<lg ,- p' 2/3 -,-

r' ,u"" 

for turbulent flow. Hencewriting 

then 

, , '(f3D )I/2 ( ,JJ.", )1/2 (Po \ 1/2 
Cgo> =0.763 - -- -,-; X 
,stag 'U",' p",u",D P'" 

( )

V2 
, , JJ.&" Pi- -0.6 

JJ."" " , 

for laminar"flow, and 

, ", (B"D)4/5 ( , , ,)1/5 (" )4 ... 5 C, = 0042 '- ~ P. X H CD stag .. . 
u"" ,p",u",D ,p", 

( )1/5(' )3/5 
, :: ' ~ , Pr- f2

/
3

) 

, for turbulent flow. 

(23) 

(24) 

(25) 

{26) 

(27) 

As stagnation point solutions, Eqs. (26) and (27) are 
plotted in, Figs. 26-28 as ~symptotes at x/D == 0 for 
M", =3,Pr = 0.7, and ReD", = HP,106, and 10'. The 
value of /3D/u;,; = 1.3 is taken from Fig. :24, and the 
ratios Po/p~ and w./Il", are computed from stagnation 
conditions behind a normal shock. 

Since the form of the heat-transfer equations is the 
~me for the stagnation point where lla, = px as for a 
flat plate where U& = constant [ef. Eqs. (10) and 
(12}, and(l7) and (20)], it appears that a reason­
able approximation of the heating rate oYer the en­
tire face of a blunt body may be gained by substi­
tuting the local value of{3 into Eqs. (26) and ,(27) 
and also by allowing the coefficient j to change with 
{3 as well as withgebmetry. For the laminar case, 

the value of j was taken from the Stine and \Vane 

lass curve of Fig. 2.j~i.e .. 12 = cHoVRe"~. For the' ' ' 
turbulent case; f was assumed to change iil;early with 
(3, the effect of geometn.- beingnegEgible-i.e,. chang:illO' 

only from 0.040 Pr- 2
--

3 to 0.0-12 Pr- 2
/
3 in going f~o;' 

cylinders to spheres. This type of calculation is carried 
out in Figs. 26-28 for a sphere for Qoth laminar and tur­
bulent flow-i.e., using Eqs. (26) and (27), respec­
tively. The ratios Po/ P"" J1.ol J1."" as well as (3, are com­
puted from Newtonian pressure calculations and isen­
tropic expansion from the stagnation point. Appar­
ently, from Figs. 26-28, the maximum heat transfer 
would occur at about the 4Ocdeg. angle if turbulence 
should set in, with the maximum turbulent rate increas­
ing relative to the maxirilUID laminar rate with increas­
ing Reynolds Number. 

It should also be pointed out20 that the turbulent 
shear stress increases as x(8/5) compared to the laminar 
increase as x. Thus the shear will also be large at the 
maximum heating region at about 40-deg. angle. This' 
is important from the aerodynamic-erosion standpoint. 

ROLGHWALLS 

The above discUssion had to do only with smooth 
walls. ' \Vhen the walls are rough, however, the rough­
ness would have an influence not only on transition but 
also upon turbulent flow itself. The effect of roughness' 
on transition will be illustrated in the next sections. 
However, the effect on local turbulent skin friction (and 
therefore heat transfer) is indicated by the following 
formula for flat plates: 

0.242 . 
AC,//2(T IC/T.)1/2 (sm:-l a + sin-

1 
(J) 

iAO + 10glO C ;C,/i2) (28) 

where E is the plate roughness, and x'is the distance from 
the plate leading edge. It is assumed in the derivation 
ofEq. (28) that the roughness protuberances are large 
enough to disrupt the viscous sublayer but not high 
enou~h to reach the sonic line. As with skin friction, 
the heating rates for- rough plates should be significantly 
greater than for smooth plates. 

SWE.":T AND FILM COOLING 

Even if the boundary layer was laminar at the stag­
nation point, it appears from Figs. 26-28 that the heat­
ing rate could stjU be excessive at extremely high speeds. 
Sweat or film cooling- are means of insulation that are 
worthy of development. They wouJd be partiCUlarly 
useful to shield the surface in the event of turbulent 
flow as IS also seen in Figs. :26-:28. Ihthe latter connec­
tion, it should be pointed out that blowing Into the 
boundary layer is a destabilizing agent and therefore 
should be applied with this in mind. 

BOUNDARy-LA YER CO~TROL AND TRA~SHION 

Now that the extreme cases of laminar and turbulent 
heat transfer have been discussed with some detail. it is 
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and ReD", = 1()$). 

necessary to examine the important problem of whether 
or not a boundary layer will be laminar or turbulent. 
Tlris is the problem of transition. The answer to this 
question could make or break an overall high-speed­
aircraft design because the aerodynamic heating rates 
for turbulent flow can be 5 to 10 times greater than for 
laminar flow.Vlhile transition is important to the de­
sign of such .systems as the cruising winged supersonic 
aircraft, it is critical to the design of the hypersonic glide 
and ballisticro.clcets~. .. . _ . ... . 
.... It is definitely known that low--speed laminar bound­
ary layers with constant erlemal velocity (pressure) 

. are uustable at relatively low Reynolds Numbers of the 
order of 100,000 and that turbulence usually sets in at a 
Reynolds ~umber of about 3;000,000. High-speed 
boundary layers on insulated surfaces-i.e., no heat 
transfer-do . not -fair much better. However,· falling 

. external pressure is a good Stabilizing agent for high­
speed as well as low-speed .flows; as in the case of the 
laminar flow airfoil which was purposely designed to de­
lay transition by increasing the percentage of chord 
O"I.'er which the pressure could fall. In fact, the word 
"favorable" has been applied to negative pressure 
gradients along thefiow because such gradients tend to 
hold the boundary layer stable. Ordinarily the pres~ 
sure gradients on high..:speed aircraft wings and bodies 

. are small owing to the fiat or slender shapes necessary to 
decrease wave drag. However, at the noses of bodies 
and at the leading edges of wings where the heat-trans­
fer rates are expected to be greatest, such as for glide 
and ballistic-type missiles, the falling presSure Vlill be 
most welcome. The falling pressure works tOViard 
stabilization by filling out .the velocity profile-i.e., by 
L.'1creasingthe velocity near the surface so that the fluid 
cannot fold over on itself so easily. 

Stabilization by Cooling 

Another effective method of boundary-layer control 
is to cool the laminar bonneL,,-ry layer at the SUrf2(:e, 

This process is a!ltomatic under transient 01 
ascent (boosting) or descent (re-entry). HOVlen~r, for 
cruising aircraft, some forced method of heat absorp­
tion, such as by fuel circulation mtlrin the aircraft, must 
be resorted to. Cooling promotes stabilization by filling 
Qut both the density and velocity profiles-i.e., increas­
ing the momentum nearer the surface so that, as Vlith the 
falling pressure gradient, the fluid cannot fold over on 
itself so readily. Of course, the opposite effect of en­
couraging transition would result from heating or from 
an adverse (positive) preSsure gradient. 

Theoretical estimates can be made of the cooling rate 
required to stabilize laminar boundary layers at super­
sonic speeds. As with incompressible flow where Ray-

- leigh and Tollmien showed that a criterion for insta­
bility was that the velocity profile have a reversal-i.e., 
o2ujoy'l 0 anywhere in the boundary layer-the 
criterion for compressible flOW18• 19 is that the gradient 
of the angular momentum be zero somewhere in the 

-outer fart of the 18:yer where 
U . 1 
-;t::: 1 - . 
UIJ - ~1{6 

i.e., o ( au) 
oy P oy u/na ;;;;.l-l/.tfg =0 

This is the so-called inviscid solution which is arrived at 
upon consideration of only the inertial and pressure forceS 
to the neglect of the viscous forces. For the incompres­
sible case with constant external velocity (the BIs.sius 
case), the boundary layer is always in impending insta-

, bility, according to the inviscid solution,because at the 
.wal1thecurvature of1:b,e velocity ~profile is always zero. 
For incom.pressible flow near the stagnation point, Vlher~ 
the pressure is favorable, the inviscid criterion indicates 
stability. For supersonic flow with constant external . 
velocity, the inviscid criterion indicates instability when 
theflow is insulated-that is, when there is no heat trans­
fer. It is then found that, as tlIe boundary layer is 
cooled, the layer becomes more and more stable un til at a 
given heat-transfer rate the boundary layer is completely 
stable. The wall-to-free-stream temperature ratio be­
low which complete stability is possible is shown in Fig. 
29. In that Figure, three sets of curves are drawn, de­
pending upon the Prandtl Number and viscosity law 
(which detennine the shape of the density and yelocity 
profiles) prevailing under the condition of motion 
chosen.211 It is seen that a limiting Mach X umber occurs 
in each case. A more exact (and complicated) analysis 
can be carried out which takes into consideration the 
viscous forces. For incompressible flow with any ex": 
ternal presSl+re variation, it is found that inclusion of 
the viscous forces in the analysis predicts stability at 
sufficiently low Reynolds Number so that there is a 
minimum critical Reynolds Number below which all 

.. disturbances damp out. Thus, a Blasius layer can 
really be either stable or unstable. depending upon the 
speed--:that is. it is not always in a condition of neutral 

.J 
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FIG. 29. Cooling required for complete stabilization of the 
laminar boundary layer for air. 
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stability as indicated. by the inviscid solution. In 
spite of a favorable pressure gradient such as near the 
sta&rnation. point, a boundary is to be 

· unstable at a sufticiently higb Reynolds Xumbcr-al-
· though at a greater ReYIWlds Number than for a 
Blasius layer owing to the added stabilizing effect of the 
falling pressure.· Finally, for compressible flow, the in­
elusion of the .viscous effects req~ires a greater cooling 
rate to stabilize the flow. In fad, it is orilyin super­
sonic flow that the boundary layer can be completely 
stabilized. The viscous solution for two-dimensional 
disturbances20 is also shown·in Fig. 29. 

It is important to notice in Fig. 29 thatthe cooling 
required to stabilize completely the boundary 

layer are witbinpracticalreach,certainlyunder transient 
conditions during which the wall-to-free-stream tem­
perature ratio remains low. Boosting trajectories should 
penetrate the stability loop from the left, whereas re­
entry trajectories should enter it from the right. 

Experiments have verified the .theoretical prediction 
that cooling the boundary layer delays transition. In a 

· current resea-rchprogram:!l conducted by North Ameri­
can kriation, a W-in., iO-deg.-apex"anglecone :s cooled· 
internally byprecooEng gaseous nitrogen so that tem­
perature ratios wen below the stability loops of Fig. 29 
are obtained. Transition is.then observed by means of 
magnified schlieren technique. Fig. 30 shows photo­
graphs of the boundary layer magnified 20 times nonna! 
to the flow. The testing w-aS carried out at the Jet Pro­
pulsion Laboratory 12-in. Wind Tunnel. The local 

· Mach Number was 3.65, and the Reynolds Number per . 
inch was 0.50.106• The top picture shows transition 
with no cooling; the next two show the successivede1ay 
of transition with increasing tooling. Fig. 31 gives 
transition data obtained frOm sucl:l phOtographs for1ocal 
Mgch NUmbei-s1.90, 2.70, and 3;56 .. In Figs. 30 and 31 
the COne was smooth and the turbu.1ence was low. 

Figs. 30 and 31 indiCate that transition can be .de­
layed by coolirig. when· the surface is smooth and the 

. tunnel turbulence low. However, for engineering pur-
it is necessary to determine . whether transition 

can still be delayed by cooling in the presence of surface 
roughness and· free-stream turbulence. Although' the 
answer to this question is now classified, it can at least 
be said that the effects of both roughness and turbu-

Fw.32. Effect of supply·strcilm turbulence .oo:r~~. ,~~~~~~itj(m as a 
function of :Mach Xumber (iero heat t1 

FIG. 33. Effect of roughness on transition as a function of lI.:fach 
Xumber (zero heat transfer}. 

lencein promoting transition decreases as the :!.lach:· 
Number increases. This is well observed in Figs. 32 and 
33 where the ratio .of the. actual transition Reynolds 
Number ReST to the smooth-body low supply-chamber 
turbulence (0.4 per .cent) Reynolds Number Reo. is 
plotted vs. intensity of turbulence in the tunnel supply 
chamber (u'ju)o and relative roughness (wire height k 
to displacement thicknessok*),respectively. Only the 
q.ataJor.:zero heat transfer are shown. The wires were 
set at 3 in. from the cone vertex. Also shown in Fig. 33 
is the low-speed correlation developed by Dryden.22 

Free-flight data obtained. by Fischer and Norris,2;!· 
Sternberg,24 and Snodgrass25 also seem to support the 
theory for smooth surfaces. 

EFFECT ON PERFORMANCE A.'''m DESIGN OF\VINGED 

HIGH -SPEED AIRCRAFT 

The delay of boundary-layer transition Hot only de­
creases the aerodynamic-heating rates considerably but 
also increases the pe..rformance of winged high-speed air 
vehicles. It is spectacular how many benefits accrue .. 
Aside froni the mynad of high-temperature problems 
(such as with fuel, oil,rubber; electronics) that are 
alleviated, the structural weights will decrease, and per­
haps even stiffer structures could be used .. And, of 
course, tor a given range and speed, the quantity of fuel 
would be less. There would, however.. be plumbing 
problems because undoubtedly the fuel or coolant wonld 
have to be circulated within the missile and perhaps 
through annular surface structure. 

An example oithe effect of delay of transition on per­
formance is easily calculated. A futuristic commercial 
air liner designed to fly from cOast to coast (say 3,000 
miles) at a supersonic Mach Number of perhaps :3 could 
very well have a zero-lift drag coefficient composed· of ,30 
per cent pressure drag and 50 per cent turbulent friction 

. drag. If the boundary layer could be stabilized by cool­
ing such that considerable laminar flow preyailed oYer 
the airplane surface, the skin-friction drag might be re­
duced by as much as 50 per cent, which would reduce 
the CD, by 25 per cent. If other factors remain constant, 
the range of the airplane would vary proportionally to 
the square root of the ratio of CD, with turbulent flow to 
that with laminar flow. In this illustration, the range 
would increase about 15 per cent--or -l50 mil~s on the 
assumed transcontinental flight. 
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AREAS OF FUTURE RESEARCH 

In looking o\~er the \'ast amount of recent effort to 
understand the mechanism of aerodynamic heating, one 
quickly mndudes that, altllOugh many.advances have 
been made, there is still alotto be learned before the en- . 
gineer can be confident in his design. Most of the a,'ai!­
able knowledge concerns the extreme cases of laminar 
and turbulent flows with zero or linear pressure gradi­
ents. Also, some understanding is evident in the. con­
trolof transition. Certain areas of research in aerody­
namic heating which must be explored further are: 

(I) Eff'ects of surface roughr:iessand free-stream tur­
bulence on the control of transition by cooling at super­
sonic flow for flat plates with cylindrical leading edges 
an4. for coneS with spherical noses: 

(2) Stu(iy of (1) for hypersonic flow with realistic tem-
... perature behind the bow wave. . 

(3) More definite data on turbulenth.eat transfer on 
flat plates. 

(4) Effed of roughness on turbulent heat transfer at 
ordinary snpersonic flow. 

(5) Stability of boundary lay~ near the stagnation 
point.' -

(6) Viscous flow solution at leading edges of plates 
and points of cones. 

('n Heat transfer in separation areas such as before 
control surfaces and in wakes .. 
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MEASUREMENTS OF LAMINAR SKIN FRICTION JfJlv IN SUP~SONIC CONE FLOW 

By W~ S. Bradfield, Department of Aeronautical 
Engineering, Universi~ of Minnesota* 

Abstract 

Measurements of laminar skin friction on a 150 cone at 
freestream Mach number 3.47 'are reported. The momentum loss 
techniqu9 was applied to velocity profiles obtained at Rey­
nolds numbers ranging,from 486,000 to 2,000,000. ' The Hantz-

' sche and Wendt transformation from cone to plate flow was ap­
plied to the results. The transformed coefficients show agree­
ment with the theor,y of Chapman and Rubesin. 

Notation 

Po .. Stagnation pressure of potential flow. 

pI • Local stagnation, pressure sensed by total tube within the' o , 
boundar,y layer. ' , 

u .. Local velocity within' the boundary, layer. 

ul .. Potential flow veloci,ty at outer surface of boundary 
layer. 

x ~ Distance measured from the cone tip along'a generatrix of 
the cone. 

,y .. Distance normal to the cone s~face. 

:f a Local skin friction coefficient for cone flow. 

Cf .. Local skin'friction coefficient for plate flow. 

Cr .. Average skin friction coefficient for cone flow. 

~ .. Average skin friction coefficient for plate flow. 

Ml .. Mac}. number in potential flow at outer surface of bound-
ar,y layer 0 " " 

R,c • Reynolds number based on conditions at outer surface of 
boundar,y larer • " , 

6* "'D~splacement thiclmess. 

" 

*The research reported in this paper has been sponsored by 
the Air Research and Development Command USAF under Contract 
No. AF 33 (038) 12918. 
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~ I • yh ;x Dime.,ionless variable tor plate flow. 

e .. Momentum thiclaless. 
V

l 
~ Kinematic viscosity at outer surface of boundary layer. 

Introduction 
" 

The investigation which is discussed in what follows 'was 
carried out at freestream Mach number 3.47 in an intermittent 
tunnel. Total pressure profiles, were recorded in the bound-

5
0 ' ary l~er on a 1 cone at various distances from the no~~ and 

yelocityprofiles, displacement thicknesses ~d momentum thick­
nesses were calculated. Skin friction coefficients were de­
termined and were compared with the theor.y. The variation of 
the distance from the nose of the cone combined with variation 
of stagnation conditions provided a Reynolds number range from 
486,000 to 1,909,000. The purpose of the present paper is to 
present a comparison of the experimental results obtained with 
existing theor.y, and to discuss the technique employed. 

Description of Apparatus and Techniques 

The wind tunnel used in this investigation is a 611 x 6" 
asymmetric blow down channel operated during this series of 
tests at Mach number 3.47. A photograph of the channel is 
shown' as Fig. 1. The model shown installed is a typical 15

0 
, 

conical model of the type used throughout the investigation. 
The flow inclination at the tip of the model (as measured 
after completion of the current investigation) was less than 
10 in pitch and in yaw. The potential flow Mach number be­
hind the nose shock along the outer edge of the boundarr layer 
was 3.1 as measured by total pressure tube and the distribution 
of the Mach number along the outer edge of the laminar bound~ 
layer is shown in Fig. 2. 

The primary piece of equipment used in the investigation 
is a conical model of the type shown in Fig. 1. A small pi tot 
tube (Ref. 1) was attached to \ne model for test purpose~ as 
shown in Fig. 3. The pitot tu:be dimensions were approxl.;·ttately 
3 mils by 15 mils outside dimensions with an orifice opening 
of approximately 1 mil in height. A photomicrograph of a typ­
ical pitot tube is shown as Fig. 4. 

Inasmuch as the tunnel operation is of intermittent type, 
it became expedient to utilize the pump up time between runs 
for adjusting and measuring the probe positions within the 
boundary l~er with tunnel windows removed. Use of this tech­
nique permitted the simplest kind of probe adjustment to be 
used throughout the investigation. 

290 

, ~'''f"''' 

i ' 

, Figure 5 shows the experimental setup emp19yed for de~ 
termination of probe location relative to the model surface. 
Precautions were taken through use of a long focus, low magni­
fication microscope during running to make certain that the 
probe did not change its position relative to the surface. 

Figure 6 is a shadowgraph showing a probe immersed in the 
boundary layer on the cone. Figure 7 shows the total pressure 
profile for Reynolds number 1,909,000, the largest Reynolds 
number for which laminar flow was observed. 

Data Reduction 

The total pressure data was'reduced to velocity profile 
information through application of the isoenergetic assumption 
(Ref. 2, 3, 4). That is to s~, it was assumed that the net 
energy transferred across stream lines of the boundary layer 
was zero. 'It was further assumed that the variation in static 
pressure normal to the cone surface within theboundary'layer 
was negligible. It was assumed that the effect of heat trans­
fer from the model surface to the boundary layer (due to the 
difference between stream equilibrium temperature and model 
wall temperature) had negligible effect on skin friction co-

;.' ~fficien ts • 
A 'velocity profile computed by this procedure is shown as 

Fig. 8. For the purpose of comparison, a profile calculated 
(Ref. 5) for plate flow at the same Mach number and Reynolds 
number is sho.wn. 

In order to effect a direct comparison of existing plate 
flow theory to the experimental results, the transformation of 
Hantzsche and Wendt (Ref. 6) was applied. A transformed ve­
locity profile for Reynolds number 1,909,000 is plotted as 
Fig. 9. The comparison of the velocity profile with theoreti­
cal results (Ref. 5, 7) is reasonable; however, the departure 
of the experimental results from the theoretical results in­
creases systematically as the surface is approached. This 
characteristic was also exhibited in the other profiles ob­
tained in the laminar boundary layer. 

, , The velocity profiles together with the density profiles 
obtained by the method just described were used to compute dis­
p~acement thiclaless and momentum thiclaless at each station in­
vestigated. The variation of dimensionless momentum thickness 

,versus distance along the conical ray is shown in Fig. 10. The 
function 

0.370 
a/x .. V fix (1) 

obtained from the results of (Ref. 7) is shown for comparison., 
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The momentum integral relation for oonical compressible 
flow (Ref. 8) was applied to the experimental points. The 
functional dependence of momentum thickness on Reynolds number 
is 

a/x. 0.664 R -0.542 
x 

(2) 

by least squares from the data of Fig. 10. From the momentum 
integral (with help from Eq. 2) the local skin friction coeffi­
cient in terms of momentum thickness becomes 

Cf • 2.92 e/x 0) 

and, by definition, the average skin friction coeffioient for 
the cone is 

CF • 

r: Cf(x)xclx 

L
2
/2 

(4) 

Using the results plotted as Fig. 10, Eq. 3 was evaluated. The 
result was then transformed to equivalent plate flow conditions 
through use of ~he Hantzsche~Wendt transformation to plate 
flow (Ref. 6) 

Cf .. V, Cf 
(5) 

The transformed coefficients are shown as Fig. 11. 
The function Cf(Rx) having been obtained, average values 

of skin friction coefficient were calculated in accordance with 
Eq. 4 and plotted as in Fig. 12. The transformation to plate 
flow (Ref. 6) 

2 ... r:l -CF .. 3' V 3 CF (6) 

was applied and agreement of the transformed results with flat 
plate theory is indicated. 

Conolusion 

The results of this investigation indioate that the an~­
sis of compressible laminar boundary layer flow over a flat 
plate m~ be applied to conical flow at about Mach number 3 
through use of the Hantzsche-Wendt geometrical transformation. 
The result obtained should be extended over a wider range of 
Mach number before any more general conclusions are drawn. 

It appears that the use of small pitot tubes in thin 
boundary l~ers will produce satisfactory results. However, 
there is a systematic divergence of the experimental re3~lts 
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from the theoretical results for velocity profiles which must 
be explaimid. 

(1) 

(2) 

() 

($) 

(6) 

(7) 

(8) 
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Fig. 1. - Jlach mIlIlber 3.41 channelrlth l5-.deg. conical 
IOOdel (side door raised) • 

Fig. 2 .... Kaeh number distribution at outer edge of boundar,y 
" layer, as measured by total pressure tube. 

Fig~ 3; - Momentum'loss cone with Pitottube attached. 
Fig. 4. - Pbltomierograph ot fitot tube. 
Fig. 5.- Equipment used. tor total presstll"e prObe adjustment. 
Fig. 6. -Sbadowgraph of CODe at Kach number 3.41 with total 

pressure tube installed, 
Fig. 1. -Total pressure ratio versus distance trom cone surface 
Fig. 8 ... - Comparison of velocity ratio llleae.ured :1.n cone 1'1011" 

to that computed for plat$ flo •• 
. Fig. 9~ - Velocity profile in the laminar boundar,. layer on 

. a lSo-deg. cone compared Y1thp1ate flow theory. 
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